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An introduction in to 2 two „en the one, that of a4 
perſpicuous and clear Method; and the other, that of an univerſal 
Latitude and Comprehenſion; where the Students may have a little 
pre- * every thing, like a Model towards a great Building. 
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AN well afured, char neither a poinpous Ti: 


tle, nor a Jonk | Preface, can confet any real 
Valve on a Book, if it has nothing in it to recom- 
mend it ; yet ſince its now become cuſtomary fat 
an Author to give an accgunt of his undertaking; 
I ſhall readily. comply therewith, leſt 1 ſhould be 
thought to be as careleſs a "indifferent to my 

eaders, as the man was to his rinct, whio went | 
to Court without his Cravat. | 

The deſign of writing this ſort Introduction 
yas for beginners, in order to render the entrance 
into this moſt ſublime Geometry plain, oY, and | 
delightful as poſſible ; which is generally very intri- 
Cate and narrow, tho' the fabject is adm able, and 
every part of it uſeful and entertaining. As the 
entrance into this Science will always be recome 
mended to beginners with better ſucceſs, when its 


Principles are explained by a variety of I N BD 


in an elementary way, t an by any other; 
zope I have hit upon a method, better adapted to 
eginners, by reaſon of its plainneſs and perſpis 
cuity, than has hitherto A 3 wherein T have 
endeavoured not to | ns le and confound, but to 
make things p lain an practicable, and have omit- 
ted nothin bat might be materially uſeful, witk 
de to t 28 Limits of this Introduction. 
be Book is divided into four Sections, as fo 


lows. In the Firſt are given the generation of Powe 


and notation of Indices or Expo ah, of which | 
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 . . ufeful in infinite Series and Fluxions, the want of 
: knowing how to expreſs quantities by Indices, I 
have often found to bela great hindrance to be- 
ginner s. EY | | 
The Second Section treats of Infinite Series, that 
is, ſnewing the Method how to put an Expreſſion 
into a Series, whether it be whole er a fraction, af- 
firmative or negative. 1. By Diviſion. 2..By. Ex- 
traction of Roots. 3. By the Binomial Theorem, 
wherein the Algorithm of Indices are greatly illuſ- 
trated. The operations at large are annexed, where 
there ſeems to want any, explanation; and in order 
to prove the truth of the inveſtigations, I have 
ſhewn how to reſtore the Original Powers, whethet 
by Diviſion, or Extraction, whereby the Learner 
will be enabled of himſelf to raiſe any multinomial 
to any-given power, or to find the root of the ſame, 
I have alſo ſhewn the uſe of Sir Iſaac Newton's fa- 
mous. Binomial Theorem, by a great variety of 
Examples; to all which I have ſubjoined a method 
for obtaining a Formula, for raiſing an infinitino- 
mial to any power, and ſix Theorems in Reverſion 
(( ( oo 5 
In the Third Section are laid down the Firſt Prin- 
ciples of Fluxions according to the Inventor Sir 
Jaac Newton, treating bath of the Direct and In- 
verſe Method; the Rules are illuſtrated with a great 
variety of Examples, as well for putting Expreſ- 
ſions into Fluxians, with ſeveral univerſal Theo- 
rems, as thoſe for finding of Fluents, To which 
are annexed ſeveral general Propoſitions for finding 
and comparing Fluents, and one communicated to 
me by that ready Analyſt Mr. Poole of Hereford. 
I be Fourth Section ſhews a brief application of 
Fluxions in Maximis & Minimis; drawing Tangents 
to Curyes; finding the length of Curve Lines; 
the Areas of Curves ;. the Surfaces of. Solids, ge- 
verated by the Rotation of Planes about an Axis ; 
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the Contents of Solid Bodies, to which are added 
above forty Fluxionary Problems with their Solu- 
tions at large. e 
In the year 1745, when I was in London, in 
company with the celebrated Mathematicians V. 
Jones, Eſq; and Mr. De Motvre, they expreſſed 
their great approbation of Mr, Emerſon's Book of 
Fluxions, then lately publiſhed, with regard to the 
method and neatneſs of the manner af his treating 
the ſubject, but were of opinion he began his book 
too high for beginners, and that his 4, 5, &c. Pro- 
oſitions were very elegant and uſeful in comparing 
of Fluents, but too difficult and abſtracted; I have 
therefore undertaken to explain them, by ſeveral 
familiar Examples, which the Reader will find in 
this work, The reaſon I ſuppoſe why Mr. Emerſon 
began his ſubje& high, was deſignedly; for no 
doubt, he conſidered that all authors that wrote up- 
on Fluxions, ſpent a great deal of words in explain- 
ing the firſt Principles, and ſometimes made them 
rather more obſcure by a multitude of words, and 
' beſides, laid the ſubje& ſo low, and upon ſuch in- 
correct principles, that the Science could not be de- 
fended againſt the Cavils of ſuch as were profeſſed 
Enemies to Science. He was determined to ſtop 
the mouth of theſe Metaphyſical Critics, that 
thought they could overturn the whole foundation 
thereof by their ſubtle diſputings. In order to this, 
he endeavoured to lay the foundation with all the 
accuracy and ſtrictneſs poſſible, and upon ſuch prin= 
ciples as could not be eluded by all the art and ſo- 
4 of theſe ſort of men. This being done, he 
haſtened with all ſpeed to raiſe the ſuperſtructure, 
paſſing more ſlightly over ſuch things as had been 
more fully treated on by ſome, and ſpending: more 
time upon ſuch things as had been paſſed ſlightly . 
- over by others; and dwelling largely upon ſuch 
Things as were wanting. But he never was ſo vain, 
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us to think that any perſon who is a reader of Flux- 


ions, would be content with his book, alone; (48 
if no Flowers of Science could grow in another 
Garden,) ſo that if they found themſelves at a loſs 
in the firſt principles in reading his book, as being 
perhaps too abſtracted, they might receive abun- 
dant ſatisfaction in every common author, but his 
book has met with the-approbation of the Learned, 
ſo as to paſs two Editions. 
In laying down the firft principles of Fluxions, I 


have adhered cloſely to the noble Inyeritor Sir auc 


_ Newton, and have in the general Definition con- 


fulted the Latin Comment on the Principia; but 
the ſame things are briefly laid down without uſing 
any infinitely ſmall quantities, or 'vanefcent Paral- 
jelograms; Which perhaps will be more accep- 


table to many of my Readers. In the firſt ge- 


s, 


o 


Sir Tſaac Newton has accompliſhed by inventin 


neral Definition, the Reader will perceive that there 
are quantities called naſcent and evaneſcent, which 
are here words of great propriety: - Naſcent quan- 
tities, or naſcent Incremenls, are thoſe when'they firſt 
begin to be, and which is daily applied to objects 
during the time they firſt begin to appear: as for 
inſtance, the flowing of a point generates a Ine, 
The very moment that the generating point begins 
to move, at that very moment an increment begins 
to be generated, this ariſing quantity is called a 
naſcent increment, or naſcent quantity. An Eva- 
neſcent quantity, or rather vaniſhing quantity (for the 
word evane/cens is a participle, and not a noun ad- 
Jective) is ſuch, that there is aſeribed to it a perpe- 
val diminution; that is, from that time the quan- 
Iny is going to van ln. 

the method of Fluxions, what Cavallerius wiſhed 
for, and offering it in a way that admits of ſtrict 
demonſtration, which requires the ſuppoſition of 


| "Po quantities but ſuch as are finite and caſily con- 


- ceived; 
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| ceived's 5 dy his Doctrine of Prime and Ultimate 
Ratios, he has found out the proper medium where- 
by to avoid the impoſſible notion of Indivifles on 
the one hand, and the length of Exbauſtions on the 
other. Perhaps it may be objeded, ſays Sir Iſaac, 
that there is no ultimate proportion of evaneſcent 


quantities, becauſe the proportion, before the quan- 


tities have vaniſhed, is not the ultimate, and when 
they are vaniſhed, are none. But by the ſame ar- 
gyment it may be aliedged, that a body arriving 
at a certain place, and there ſtopping, has no ulti- 


mate velocity ; becauſe the 9 before the 


‚ body comes to the plage, i is not its ultimate velo- 
, city, when it has arrived is none. But the anſwer 
is eaſy, ſays Sir Haac; for by the Ultiniate Velo- 
city is meant with which the body is moved, nei» 
ther Before it arrives at its laſt place and the motion 
ceaſes, nor after, but at the very inſtant it arrives 
that is, that velocity with which the body arrives 
at its laſt place, and uiib which the motion ceaſes, 
And in like manner, by the ultimate ratio of eva- 


neſcent quantities is to be underſtood the ratio of 


the quantities not before they yanith nor afterwards, 


vii 


but with whith they vaniſh. In like manner che 


ime or firſt ratio of naſcent quantities is that with 
which they begin to be. And the firſt or laſt ſum 
is that with which they Begin and ccaſe to be, (or to 
be augmented or diminiſned.) There is a limit 
which the velocity at the end of the mation may. 
attain, but not exceed. This is the Ultimate Ve- 
locity. And there is the like limit in all quantities 
and proportions that begin and ceaſe. to he. And 
fince ſuch limits are certain and definite, to deter» 
mine the ſame is a problem ſtrictly geometrical. In 
all this plain narrative of matter of fact, chere ap- 
Pears no incopſiſtency in Sir Iſaac Næuioms account 


of his methods, or leaſt ſhadow of his having. been 
; 2 e in his ideas. about them; as bas 
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been miſrepreſented by thoſe who find fault with 
him, for want of their rightly underſtanding the 


nature of theſe great inventions. This has been 


the grounds on which they will not allow Sir Jaa 
to have any great talent of explaining himſelf ; and 
indeed this has been' the opinion of ſeveral, bur it 


is certainly a very great miſtake; for he is the 
cleareſt writer for the number of words he uſes of 
any man that ever writ; he has no waſte words, 


nor does he want any, if one does but attend care- 
fully to the ſtrict ſenſe of the few he uſes; but the 
true reaſon of his not being underſtood. is really the 


difficulty of the ſubject; or perh a ps his e wee be: 
ing ſometimes not duly qualified ; 


- This Prince of Philoſophers was the firſt, wha 


introduced Indefinite Indices or Exponents of Powe + 


ers into. analytical operations; he firſt taught to re- 


| duce Fractions and Radicals and the adfected Roots 


of Equations, or any Power of a Binomial into a 
converging Series to ſquare the Curve. He laid 
down the idea of deducing the area from the ordi- 
nate by conſidering the area as a naſeent quantity, 
growing or increaſing by continual flux, in propor- 
tion to the length of the ordinate; and ſuppoſing 
the abſciſſa to increaſe uniformly in proportion te 
the time; and from the moments of the time he 


gave the name of Moments to the momentaneous 


increments or infinitely ſmall parts of the abſciſſa 


and area, generated in moments of time; the mo» 
ment of a line he called a Point, in the fenſe of Ca- 
vallerius, though it be not a: geometrical point, but 


aà a line infinitely ſnort; and the moment of an area 


or ſuperficies, he called a line in the ſenſe of the 
ſame Cavallerius, though it be not a geometrical 
line, but a ſuperficies infinitely narrow; and when 
he conſidered the ordinate. as the moment of the 
area, he underſtood by it the rectangles under the 


| geometrical. ordinate, and a moment of the ab 
. IV "69 + -» 5 N 50 = 3 
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cifſa, though that moment be not always expreſſed 
ir Jaac in his Compendium repreſents the uniform 
fluxion of time, or of any exponent of time, by 
an unit ; the moment of time, or of its exponent 


by the letter o; the Fluxions of other quantities by 
any other ſymbols'; the moments of thoſe quanti- 


ties, by the rectangle under thoſe ſymbols and the 


letter o; the area of a curye he puts for a Fluent, 


and the ordinate for its Fluxion: when he is demon- 


- ftrating any propoſition, he ules the letter o, for a 


finite moment of time, or of its exponent, or of 


any quantity flowing uniformly, and performs the 
calculation by the geometry of the ancients in fi- 


nite figures, or ſchemes without any approximation 25 


and as ſoon as the calculation is at an end, and the” 


equation is reduced, he ſuppoſes the moment o to be 
infinitely ſmall, and forbears to write it down, and 
uſes all manner of approximation, which he con- 


 Ceives will produce no error in the concluſion. 
. He ſays, in his Anahſis, Momentum eft ſuperficies 
cum de ſolidig, et linea cum de ſuperficiebus, et punttum 


eum de lineis agitur, i. e. that when ſolids are con- 
fidered as Fluents, their moments are ſuperficies, 


and the moment of thoſe moments or ſecond mo- 


ments are lines, and the moments of thoſe moments 
or third moments are points in the ſenſe of Caval- 
lerius; and in his Printipia, where he frequently 
conſiders lines as Fluents, deſcribed by points, 


whoſe velocities increaſe or decreaſe z the velocities 


are the firſt Fluxions, and their increaſe the ſecond. 


The method-of Fluxions has all the advantages of , 


any others, and is mote: elegant, becauſe in this 


calculation there is but one-infinitely ſmall quantity 


repreſented by -a ſymbol, which is o; we have no 


ideas of infinitely ſmall quantities, and therefore 
Sir Jaac introduced Fluxions into his method, that 


it might proceed by finite quantities as much as 
(ible 3 it is more natural and geometrical, becauſe 
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founded upon prime ratios of naſcent quantities 
Which have a being in Geometry, whilſt Indiviſibles 


on the contrary have no being either in Geametry 
or nature; there ate, it is true, prime ratios of 


naſcent quantities, but no prime naſcent. quan- 


tities. Nature generates quantities by continual 
flux, or increaſe, and the ancient Geometricians 
admitted ſuch a generation of areas and ſolids, 


when they drew one line into another by lo: 
cal. motion go generate a ſurface or a ſolid, but the 


ſumming up of Indiviſibles to compoſe an area or 


ſolid was never yet admitted into Geometry. The 


method of Fluxions is alſo of greater uſe and cer- 


tainty, being adapted either to the ready finding out 


of a propoſition by ſuch approximations, as will 


create no error in the concluſion, or, to the de- 


monſtrating it exactly. By the help of this new 


Analyſis, Sir Jaac found out moſt of the propoſi- 


tions in his Principia, but becauſe the ancients, for 
making things certain, admitted nothing into Geo- 
metry before it was demonſtrated ſynthetically, He 
therefore demonſtrated the propoſitions ſyntheti- 
cally in that Book, that the ſyſtem of the Heavens 
might be founded upon good Geometry; and this 
makes it difficult for the unſkilful to ſee the Ana- 
lyſis by which thoſe propolitions were found out. 
in 1665, Dr. Walls poliſhed his Arithmetice 
Infinitorum,. in which he ſquared a ſeries of curves, 


— — 


-whole ordinates were bg 4 I— = 4 ri 4 0 


i-, Kc. and ſhewed, that if the feries of their 
areas could be interpoled in the middle Places, the 


interpolation would give the quadrature of the cir- 
cle. Sir {aac (then Mr.) Newton, in the winter 
detween the years 1664 and 1665 (when he was 
only twenty-two years of age) upon the reading of. 


that Book, and conſidering how to interpole the ſe- 


ries of che areas, found thar the area of the circu- 
tar ſector ſtanding ypon the ure, whoſe fine is x, 
ba. 2 | | BF 
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ſeries, x — * — 5599 Sm pet b, c. 
and from hence he readrly derived the ſeries x+4x3 


+ e + 145 #7. H, bcc. for the length of 


the arc whofe fine is x, 9 no other conſideration 
than that the arg has the ſame proportion to its 
ſector, as the whole quadrant has to an ate of 99 


degrees. At the ſame time, and in the ſame man- 
ner, he found the 597 * — 4 + * — * + 


1y5 — 1x5," &c. to be the hyp erbolic area in the 


. rectangular qifperbaly ſuneſcepred between thecurve, 
its aſſy mptote, and two ordinates, whoſe diameter 
is x parallel to the other aſſymptote 

In the ſummer, 1665, being '6bliged to rerire 
from Cambridge on account of the Plague, he went 
to Bootbby in Lincolhſhire, where he computed the 
area of the Hyperbola by this feries to two and fifty 


figures. In the ſaine ſeaſon of that year, by ineans 
of an happy thought of ſudſtituting indefitiite in- 
dices of powers, he put the gh Fropoſition of 
that Book, Which Dr. . le rived at by various 


ſteps, in another language, and mtſt general form, 
in this manner; if the Abſciffa of any Carvilinezr - 


figure be calle £2 let 5 and * be Uninbers, and 


the ordinate erected at right angles be x " 8 the 
area of the figure ſhall be — 


ordinate be compoſed of we" 3 + and —, the 
area will be compoſed of two or more ſoch areas 


—x 1855 and if the 


taken with their ſigns ++ or —. In the bes 
Sinning of the year 1665; he found: a method 
of Tangents like that of Pudden; Gregory, or Slu- 
Aus, and a method of finding the Crookedneſs of 
Curves at any given point. And continuing to 


purſue the method of ĩaterpolation, he found the 
quadratufe of all Curves, whoſe ordinates are the 
e of n affected wich indices, whole, 


* 


the radius being unity, -might be expreſſed by chis 


bigs 
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fracted, or ſurd, affirmative or negative, together 
with a rule for reducing any power of a Binomial 
into an approximating or conyerging ſeries. For 
by interpoling the ſefies of the powers of a Bino- 


| mial @ + x . #* + 2ax ＋ *. * 3% + 30% + 


x3, &c. he diſcovered that He = a + i 


A fm —2 
— X Der += * N * — ＋ &c. 


1 
| where the index (n) of the power may alſo be any 
number, whole, or fracted, or ſurd, affirmatiye or 


negative, à and x any quantities, In the f. ring of 
that year, he found how to erform the lame "by 
continual diviſion and extraction of roots. Soon 
after this he extended the method to extraction of 
the roots of adfected equations in ſpecies. | And he 
was the firſt who.introduced i into Analyſis, Fractions, 
negative or indefinite quantities for the indices or 

exponents of powers; and by that means reduced | 


the operations of multiplication diviſion and ex- 


traction of roots to one common way of conſider- 
ing them, and thereby very much enlarged the 
bounds of Analy/is, and laid the foundation of mak- 
ing it univerſal. About three years after, that is 
in 1668, the Lord Viſcount Brouncker publiſhed the 


quadrature of e 0 this ſeries = 4 


— += + — 8 s- Kc. which is no 


| 3X4 + 5X6 . 
other than Mr. 1 5 ſeries which he 1 


before, VIZ 1-2 ＋2— 2 ＋ 12 —i+3i + 
1, &c. and ſoon after, this quadrature of the 


| hyperbola was demonſtrated by Nicholas Mercator, 
dy means of the diviſion firſt made uſe of by Dr. 


Wallis in his Opus abe publiſbed1 in the year 5 
be. where the een IS is reduced * per- 


N =p. 


* 


petual diviſion into the ſeries a + ar + af* + ar + 
| ar, &c. thus we may obſerve how far Mercator had 


any pretence to the diſcovery of the Quadrature of 
the Hyperbola, ſince Dr. Wallis had found the Di- 
viſion long before, and alſo the quadrature of every 
part of the quotient, which Mercator ſhould have 
acknowledged, when he put theſe two inventions 


xi 


2 


f 


together. Mercator, who was born in Halſtein, but 


This was the firſt appearance, in the learned world, 


_ of a Series of this ſort, drawn from the particular 
nature of the Curve, and that in a manner very 
new and abſtracted. Dr. Barrow,. then at Cam- 


bridge, where Mr. Newton (who was about 26 years 


| ſpent moſt of his time in England, - publiſhed his 
Logarithmetechnia in 1688, in which he gave the 
| quadrature of the Hyperbola by an infinite Series. 


of age) reſided, recollected, that he had met with 


the ſame ang in the writings of that young Gon 


tleman, and there not confined to the Hyperbola 
only, but extended by general forms to all forts of 


- Curves, even ſuch as are mechanical, to their qua- 
_ dratures,. their rectifications, and: theit centers of 


gravity, to- the ſolids formed by their rotations 


and to the ſuperficies of thoſe ſolids; ſo that ſup- 


poſing their determinations to be poſſible, the Se- | 


Ties ſtopt at a certain point, or at leaſt their ſums 
were given by ſtated rules. But if the abſolute de- 


terminations were impoſſible, they eould yet be in- 


finitely approximated; which is the happieſt and 


moſt refined method, ſays Monſieur de Fontenelle, of 


a 


ſupplying the defects of human knowledge, that 


man's 1 4 could poſſibly invent. To be 


maſter of ſo fruitful and general a Theory, was a 


mine of gold to a Geometrician; but it was a greater 


glory to have been the Diſcoverer of ſo ſurpriſing 
and ingenious a Syſtem. So that Mr. Newton. find- 
ing by Mercator's book, that he was in the way to 


It, and that others might follow in his track, ſnould 


natu- 


\ 
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naturally bave hren forward to open his-treaſures, . 
and fecure.thie property; which conſiſted in making 
the diſcoyesys But he; cantented himſelf with his 
treafure which he had found without regarding the 
glory. This manuſcript; upon Infinite Series was 
communicated to none hut Mr. John Collins, F. R. S. 
and the Lord Breuncten 3 and even this had not 
bern done but for Dr. Barrow, who, would: not ſuf- 
ter bim to indulge his modeſty. ſo much as be det 
fired. But hat is Gill, more ſurpriſing, this manu 
ſcript, which was taken out of his ftudz in 1669. 
contains beth the admirable Theory of his Series, 
und the diſcovery. and method of Fluxjons, when 


- 


he. was not 24 years of 28% _ 


— #75 - 2 Ja36 + 3% „ I STEENIANG ! Tutte = 1 ' 
Obvia canſpiciiaus, nubem pellente Matheſi; 
Que: ſuperas penetrare Domes, atque ardua Cali, 
Nzw Tout auſpiciis, jam dat coptingere templa. 
Siurgite mortales, terrenas mittite Curag. 
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hope the reader will not he diſpleaſed with this 
ſhore account, extracted from the Philoſophical 
Tranſafions, Commercium Epiſtolicum Coljinji, c. of 
the noble Inventor af Eluxions, and which more: 
over ſneus how young he was, when he made theſe 
eat diſcoveries, It perhaps might be wiſhed, that 
bad carried on my ſubje& farther, but I would 
baxe this remarked once for all, that I was writing 
for beginnets, and not for thoſe: who have made 
ſome proficiency in Fluxions, and have rather con: 
ſulted the:limits of the book, than the copiouſneſs 
of the ſubjett, ſeeing this is handled by the 923 
| verfally: learned Mr. Emerſan, the late Profeſiot 
| Simpſon, and others, in a much more elegant me: 
thod, than ont who hag neither leiſure, gor abilities 
for ſuch an undertakings neither is it in the leaſt 
ptetended that every. thing is here new, cr nope | 


Did 
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| the methad, 1 have treated it in, will appear to be 
clear and intelligible, fimple and eaſy to be appre- 
hended by thoſe who are not able to underſtand 
the more learned Authors neither do 1 preſume 
to compare this performance with theirs who are 
more correct, or detract in the leaſt from their juſt 
value, to give this any advantage z my buſineſs was 
only te pave, the way a little to thoſe who 'have / 
wrote profeſſedly on the Doctrine of Fluxions, and 
1 bope this will be found an uſeful Introduction 
thereto; in order for the reading of thoſe. At the 
| concluſion of the Bonk I-have inſerted ſeveral Pro- 
blems ſhewing the uſe af Fluxions, ſome of which 
are from the” Diaries, and my Miſcellanea Curioſa 
222 but the Solutions are entirely new, 


one tolerably vericd 1 in Arichmetie and Common 
* 0g e Mb 1010 ; 
But perhaps het} have! done, mey be locked L 
opon in this mercenary age, (where men regard 
Pluto more: than Miner va, ) as a meer amuſement 
or an uſeleſs ſpeculation, eſpecially in this part of 
the country, where theſe Sciences are not at alb re- 
gatded, theddiflike ariſing, I preſume, from mens 
prejudiee or ignorance of them thro' vheir educa- 
tion; hut it is a meer triſling excuſe for the Great 
to ſay they don't underſtand theſe Scitiices, who 
really ſnould be Patrons and Promoters of them; 
they would then grow into ſome eſtrem; and we Z m' 
might hape to fee. united in character, what has 
been ſometimes thought ene the Geaſs: 5 
man and the Geometrieian, 1 

de Kody: of the Mathematics has in all ages | 
e>dcountrics where learning hath prevailed, been 


Sc lenoe. it accuſtoms the mind to reflection, and 
gives it a habit ot .elofe: and demonſtrative reaſon 
ing. This ſtudy is 3 * to the Divine, 


Rr | the 


/ 


and I think more eakily to be underſtood, by an 


regarded as one of the moſt valuable parts af | 


the Phyſician, and the Orator, for it conduces miich 
to the improvement of the underſtandings and rea- 


j * 
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ſon of men, by enabling them to expreſs the truth 
of Nature and Religion, and give a juſt repreſen. 


tation of things as they are in themſelves ; and not 


give the mind the liberty of transforming them inte 
what ſhapes we pleaſe, and never bring them forth 
to view but in ſome diſguiſe of our own ; and this 
too often happens, that men, ignorant of the Ma- 
thematics, ate never more ſuperficial, than when 


they. pretend to go to the bottom of things. This 


ſtudy. is particularly tlie. baſis. of ' thoſe ſciences, 
which give us a clear. and extenſive, knowledge of 
the ſyſtem. of the world, and as they lead: us to the 
moſt profound reverence. of the AluidHry and 
wiſe Creator; ſo they free us from the mean and 
narrow. thoughts. that {pring from prejudice, ſu- 
perſtition and bigotry. In ſhort, the ſtudy. of the 
Mathematics is not only an agrecable;and beneficial 
[amuſement in a retired and country life, but is the beſt 
expedient for forming the minds of youth, by tak- 
ing them off from the fruitleſs and airy exerciſes of 
the fancy, and rendering them ſerious, diligent 
and inquiſitive. in the ſearch: of knowledge and 


truth. Nature hath left every man a capacity of 


| being- agreeable, though not of ſnining in com- 


pany. Thus we ſee how. human nature is debaſed 
by the abuſe of that faculty, which is held the great 


diſtinction between men and brutes; and how little 
advantage many make of that, which might be the 


greateſt, the moſt laſting; and the moſt innocent as 


well as uſeful in life; in default of which they ate 
forced to take up with dreſs and viſiting, or the 


more pernicious ones, of drink and vicious com- 


pany. Thoſe who addict themſelves to ſuch à ſcan- 
dalous kind of life, ſcarce think of, or attend to 
any one thing beſides; for now- a- days tis too com- 


mon to ſee licentiouſneſs paſs for humour, diſſimu- 


lation 
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— 0 ar honour; and waar for erer becom. 
pliſhment. * . i 9X 263 268 of, © 0909.” . 
Before l rake Jeave of the candid reader 1 can t 
but take notice here, of a miſapptehenſion even 
ſome good Mathematicians make with regard to the 
night e ſome 1 Problems; bo 


* 9 


| as for inſtance, given the equation * . required | 

the value of x when y is a minimum? ow. when 
this Problem is examined, it will neither have max- 
imum nor minimum. I he ak oak admits of 


W a minimun, is not x "ba ** 1 this will 
have a minimum. And the rule = in the en- 
OY Work 18 founded * 11 ame e 


T's 


oo 2 


viz. that - * is 1 ne as: __ and * the fone 
as a7, &c. for there is a grear deal of difference | 


7 | X | 
between 1 vi and 1 dos * = 3, then * or 25 N 
exceeds gol or 2, and when ** iS a minimum, *be- 
cauſe . > 5 vx, the hyp. 10g. * = — and the 
number is .606, &c. but it will by: no en 

* re nin 39s end 

wer, when i- 1 $145 HIP IRS 
- Alſo concerning the area eff ſome patent 
curves, as for inſtance, given this equation of a 


curve y = ax* + bi, to find the area? ' Now by 
Mr. Emerſor's Nr page 2 85 of his Fluxions, the 


area is 3 20% + =. without! any. Correction, wbich 


* 
av x 
correction will 9 be different under different 
circumſtances, that is, according to the different 
points of the abſciſſa, that the area is ſuppoſed o 
_ at, Here if we 78 the area to E 

| Wit 


- 
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| wich- the abſciſſa, then in the vertex of the curve, 
| both x, 55 and the area are = ©, on the general 


of fingle ralye of the, area a being f 59 * * — 5 N , 


ia abe vertex it will be _ * now to find 
5a 

in the 1 vertex # we fo 1 21 

5 e * 9 

w-botnfinitely greater than x, in that point, then 

ax will waniſn out of the equation of the curve, 


and we ſhall have * = byy/*, or Y = bY, 
: 3} 


| the value 'of _- 


whente che value of- — in the vertex 13. —; 


| „ * 
431358 
0 a 4 
19 : S 64 
EEBSRTTYT TOES IE ᷣ oo 7 = CO OO CTY mm” 7 4 "- N we 
: it 


($58 18 — 


10 which taken out of the 1 expreſſion of the 


Wt; a : 1 | 
0 ae Jeaves the oe area 557 + —= 

"1! i , — 282 [3 — — 9 "avs 
1 


* 2 
ee = 
- 


++ — Cos 2 a 5 Hir; be's an equation 
to à curve, to find the area, ſome expreſſing the 
area one way and ſome another; now for a right 
-underſtanding of this, we muſt obſerve, that ſuch 
curves have generally ſeveral parts or legs, and 
each ſeveral part gives a feveral area, and J imagine 
Mr. Emerſon's method will give ſeveral expreſſions 
for the areas, by reducing the equation to ſix dif- 
ferent forms, according to art. 5. p. 267, and then 
Hnding the area ſeparately for each form. Once 
/ mamaore, let the relation between the abſciſſa and or- 
dinate of a curve be expreſſed by ay e 


ati 
the area will be + 9 or it may 


9 4 ＋ 2, * 
n+ warn : 
2 - withour corre&tion. ; 


= 


and 


© etc 
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area is 2 — === without correction, 


4 a. 


which differs from both the foregoing; but theſe 
different expreſſions are all true, and I take them 
to ariſe partly from expunging ſome quantities to take 


in others from the equation of the curve, and partly 


from the ambiguity of the ordinate, which I ſhall 


now ſhew. As to the ambiguity of the ordinate, 
| i og 4 Co” 


whoſe equation is x +93 
==axy, and whoſe area is 
to be found; in theſe 


are the ſame powers of x 


22 — — for , and) for & in the 
5 aeequation of the curve, 


this equation ſhall not be changed, for this reaſon 


they return into themſelves, and are-made up of two 


nate erected at D will cut the curve twice in B and C, 
therefore y is either = DB or DC, and from this it 
is indifferent as to the equation of the curve, whe- 
ther the area ABD, or ACD be found; and hence 
comes that variety ariſing from the ambiguity of 


the ordinate. W 4 + 
And thus much I choos'd to ſay here by Way of 
Preface, rather than in the Book irſelf. — 
As my intention in publilhing this plain and eaſy 


ing of Fluxions, ſo likewiſe 1 hope it will give ſome 
caſe to the Teacher, by furniſhing him with ſo great 
a variety of Examples; I ſhall ſubmit my endea- 
yours'to the judgmens og the impartial reader, and 


as of y, ſo that writing x. . 


- 


* 


ſorts of curves, ſince there 


" 


parts exactly ſimilar. Whence if AD g, an ordi- 


- 
. 


- 
* 


» 


Introduction, is to bring Learners to the underſtand» 


hope he will not take amiſs, if any preſs errors 
thould inadvertently have crept in, conſidering my 


great diſtance from the preſs. 


A 


* er ; 
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"I XPONENT is a number placed over any 
I. involved quantity or power, to ſhew what 
© ©. height the root is raiſed; for powers, here, 
are nothing elſe but the products ariſing from the 
_ continual multiplication of CEEIEY into itſelf. 
The powers raiſed from a binomial robt (a + 5) 
have the ſign + to every term, And the powers 
raiſed from a reſidual root (4—?) have their ſigns 
+ and — interchangeably to every other term! 
The exponents or indices 6f the powers of (a) 
the leading quantity continually decreaſe in arith- 
metical progreſſion, while the indices of (5) the 
other do continually increaſe in arithmetical pro- 
Thus in the 6 power it is 46, a, a, 43, af, a. 
£ eee ,, 
To involve 4 + & to the 6 power without multi- 
plying the quantities at length, this is the 
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The power e muſt be made to conſiſt of 
one term more, than is:the index of the power re- 
quired, whereof the firſt and laſt are pure powers, 
the firſt of a and laſt of A, each inyalved to the 
power required, then all the intermediate Croke are 
to be made up of both à and 5, fo that the fum of 
their indices in any term is equal to the index of the 
required power. 

And ßor finding the coeFcients; r uncix, of the 
ſeveral terms, the firft is always 1, the ſecond is the 
index of the power re ne And, in general, if 
the #ncia of any ter tiplied by the index of 
the leading quantity (4) — ige by the number 
of terms to that place, it gives £ e uncia of the 
NEXL following term. 

Thus to find the 6" power 0 of a 0 B, the terms 
without the ance will be 46, , AK, 
A os '$ 0 ce unciæ {br coo cients, by 


| | 1 184 


Therefore a+ = 1 6205 5 I 7 +200 
+ 1,54%þ+ + 6gþ3 + 55 and 4 1 4 6a. 
18a — 20 o+\ 34˙⁰ — bgbs + 7 

fd Jſagc Newten diſcovered a theorem to expreſs 
any binomial (a +4) or reſidual (a — 5) in fim- 
ple terms. 

Let m be any power. at pleaſure, then the 15. 
power of the 8 6 + + will be a T = 


— — TUES ee. M—2 
6 Tn b+— 712 X u + - TT 2 
* 4 205 4 uin 2.m—3 K + 
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this ſeries the terms of any power may.very. "readil 

be found by owing the index of the ge 

This 6 Me. Tit 9 

Jp a+ X23 to. "ths. BY. payers. then. 
= Here n = 5 


IEC MS +. 


* 9 2 WT 
1.2. 5 n: Zuid YO obi 
Therefore a T5 = as + $4tb , + 10436 + 104*63 

+ 5ab+ + s. 


1. Whenee the index ef WE a — "ow 


333 2. of x is = x* 
+ 3. af K is = a, 
| 4. of xxxx is = * 
WY 5 of xxx i is WM x9 
ti ET £665 Ce ZN” 


*_ Multiplication” be Hi 


The un of the indices expreſſes a er; and 
negative powers, as well & affirmarive, gret multi- 
3 — by adding their — or exponents. 
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1. * ve * = 1 2 = 3 
v7 „ = x*E3 * 
„** X ot — 3 * = or d 
4. M Y A = / ION 
85 N bin Nn nn 
0 


In general, if we put m and u for the exponenjs *# 
any two quantities, then x expretles any power of 
47 4 as * 

N * | 

2. K* X X = a” = | 
, on v7 
4. ͤ . Athy 
Alſo x raiſed to the * power is RE 
And raiſed to the 1 power is = . 85 


5 Diviſon of Indice. 
The difference of the indices expreſſes the power ; 
and negative powers as well as atkrmative are ch 
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In general, r. A 
— 3 
2. — — 2 x2 4 
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4+ — — xz—m+zx 
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When any quantity is in the denominator of a 
fraction, put that quantity in the numerator, and 
change the ſign of the exponent or index; and the 
expreſſion is put in another form of the ſame value. 


F 


See Mr. Ener ſon 3 Algebra, p. 30. 
; I: 
Thus, 1. I isi. For Z = 2 
ets STS f q ON 
= I 5 
I 
8 3. 
3. 1 Sx 
9 
pa = 
la 
Ft: : 
a Dh | 
3 | 5 
5. 7 
T 
7 121 2 121 Wh 


g ＋ xx | 
EY B 3 


| I — 
b 8. — xx 
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I 


: | 
__ as 7-3 5 EY 
Pe Dee 3 
| I f 
7 A a 


aa * 


8 


aa +xx"* 
x 


— 
I} 


; 11. 


Alſo 12. 7225 may be expreſſed = hl * = 
aab 

a + x\* 
aab — 

emer EN .,, aab X as 


aab 


13. 


S PEG. 


The uth root of xn is = 
— © 
The zth root of x-» = K 7 
* 


2 m 
Alſo & * raiſed to the mth power I =x" — , 
D 2 
| And * raiſed to the "th power is= x a 2A 
— rn ia 
Alſo a” _ on = = ive 
* 9 | * FN = Ve . 
he roots of quatititics” be reſſed b 
fractional indices, thus, * N Ru I. 5. 


« 


Belt. -- re  Fiks DX10N "i 


Kn E. 


Divide the "Ws of the quantity by the number 
expreſſing the root, the quotient is the index of the 
root required. See Mr. Enerſons Algebra, p. 48. 
Thus, 1. Vx x. 2. EXCEL And, 3. WR; 
| Alto, 4 Var = art = ans. 

5. View'= jan . 
6. . = gant = a 4/2. 
7. Var = — Ja = = alxs * 3» 
Alſo, 8. #3 or * f = x* q 


— 
7 
[| 


1 
I 5 
2. ,, = — = 
. 
| . = 
3 VE — * = X=} 
: , R $ 
; © : 
8. Vi = a | 
„„ 
„E 


„ 1nTRODUETION. 


* — and — i denote the mh. roots, and th 


roots of any quantifies generally; they may be mul- 
tiplied and divided by the — rules, as s fol: 


OT 


E x A M. 


TOE IP! 
; 2 2 DS: ; * 
Alſo 1. 4 a* ' Givided Is "=== ne” 
= Es 
1 
E. rm 
2. + aided hy : = — — * 
_ * | 
* | 
3 1 
8.2 — 7 n 
1 7 divided by c = IDES 
"Ty 


If the powers be the ſame, then the power affected 


by the ſum or difference of the exponents will | 
The product bh quotient, 3 * * 2 
| E x 4 #, 


i» . "40 


E X A M. 
- LI | LN "np+ me 


power of xÞ-is = 2. N 


2 "Is 
3 rer N * = 
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Thus x. * af | is =# 2? And the 


Cor. 


Thus * x} 4 =, 
And oi xt = oft =P" 


9 | 


AR INTROD.UCT-LON : - 
Tn- Diviſion; 


— 


” ES 
1. « divided by a? = * * RO 


0 Pn —c 


* 


„ 1 1 
2. * divided by x” _ 8 = 


3 1 — 
3. 2 divided by —, er divided by 


I . | 
— þ #72 xR 2 
o 
= F 0 — 1 
3 Tel 


By changing the ſign of the inde) 1 
denominator into 3 — pang 


trary, the numerator into the denominator, 


A 
AA hs 


» — or- = x? 3 = ys 25 
A * 
5 V8, Mz 8 
& — . — _ — I — by 
3 — — —_— 5 PPE. 12 
3 ax x5 e 
3 x a * _ 
"PEI 2 nd = XI = xt 
; 3 x 11 , | 
Wen: 41 
*** = X35 = ofs j 
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Corollary. 
In like manner may they be involved, and "the 


| root extracted. 
Thus. The ſquare of &i is NN = x : 


The ſquare of x*'= * = * 
. 


The ſquare root af x7 is 9 . 13. off 
3 


Fe cube root of x is 53 r =at, 


SECT. 


”m 
* : 


Of - Infinite” Serien. 


\ N Y fraftional quantity, whoſe denominator 

is a compound one, may be put into an in- 

finite ſeries by diviſion z and fo alſo may a ſurd, by 

extracting the root of it in the manner of a deci» 

mal fraction, the root thereof is an infinite ſeries, 

and the law of continuation in many caſes is evi- 
- dent, by getting a few firſt terms. 


EXAMPLE I. 


L 


Find the value of - T — in an infinite ſeries, 
CS JC | 
1+3)4+0(I—j+3—:+75 &c. ad infinitum, 

Lb: where the law of continuation 
—;+0 is evident, 
is 
+x +2 
Ter 
0 
—ê— PT 
+xx+0 
Se 326.4. 7 ACOG 
. > 
: — 3c 
Fheretore N 82 —4 $—77 e &c. 
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* 
6 * - © - 
E. : 
; A A M. 2 | 
* | . s 
- ** . * « 
* py „ yy e © % i %* 1 wy. . ; 2 * 
1 11 * rr 
» - " 89 % 6 * & ®» 8 * 


Find the value 


5 =” 4 0 : EEE 
F in an infinite ſeries: 
I+X 5 


1D O- -*. &c. where the law 
„of continuation is evident. 


* 


AO 
— . — x, 3 


T* To 3 
o+ipa” 1 945» 


1 
1 


h — — —_ 
— 4 « 
y 4 
— wx &c, 
Co Ty * 
* — g 
* 
* 
3 


; . - 5 * 8 ; : 
Therefore 2 — - ＋TX—- AA A & e. 


6 


\ 
x 
* — 
-. 
4 
4. * 
* 
5 — 
282 — 4 
* 
Ta 
* "$4 
— a 938 
* 
E423 % — 
* % , 
— » 
Up . Y 1-S 
r 1 
8 . * * 1 ** . For % * 2 — — .. 
* +44 
of * o 
ad ** 9 . 
v " 1 * . 5 
» % Ge) 1 * bl * 1 
— — , . 
(ISS 0 nw — 2 = —— = 0 
3 R 
—_— / 4 
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ut An 1NTRODUCTION-: = ' 
: Ex N. 9. 
Let it be required RI ihe value of in to 
BI X . 3 W Wen 
infinite JOE: | qe | of 
> 6 4 
N ö Ietion b evident. x 
1—— cos us | 
— AY dens , 
8 3 
+ — +0 
4 | —_—_ — — 
2 — ad 0 4 — 
a as : 
| Nx e « 
+ — + f 
aa — 
XX 11 
3 
. 
— f DTS . 
+ 5:0 
13 h 
e 
＋ + 
- a+ . ap 2 = — I 
* 
3 
5 
+ _ &c. 
Proof. 85 
a —X ae \ : 
X be 1 — 3 = 1 — 2 
1 8 a 2 
2 „K „ 4 
1 4 8 Fe 


Ster. [13 p ir's FL! UXT oN 8. 


1 3 a5 | a+ 2 as 
Therefore 
4— * 


ce. the ſeries required. 55 


Gre 4. a 


> is a ſit, _- 


nr + = 1 1 + ihr 


2X x. 


To expreſs - 


IJ — — . WO Sel eg O40: 44. — — — ov « 
” 


i... , 408" 8x" 
8 4. a* a3 


N ED = . e * 4 —— 
91 4 
— * 
The for — — &c 
ws © of BY 18982 
227 E 
— — *% . — — 4 5 5 R * * 5 


* 3 


. 
Se 
of * 

\ 
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e 
2 0 find the value 9; 
Dae E - 23 = 


7 in an 22 ſeries: 


oe 7 3 

— 3 „ . . gag*—2958" 9 

— — — —— — — — 
« a 1 aa 


1 


Szet, 1 10 BLUXTON 8. 


a — 3 * 278 27 224 — 8154 — - 2787 
” tl mn” Bs WE „ 
5 8 1K . EN „„ eee — Þ 
IG 
= — Biaxt—2 „ — 81 
7 3 * 81 435 = = 
2243 | : 
a2 ee . : 
2 ood 5 SON WY" 290" 
Therefore == + = 4, — 
| = . -u¼, | 108. „ 


+ 522 &c. the ſeries required. 
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finite ſeries. Rs 
r 
har CoS — = — — = — &e 
EY... 
* x 
8 . 
7 
_ ny 27 
8 
| 8 
— 120 
5 T +9 | 
| 3 2 
ES: 
_ 
== 7 
oP es 
"1 -- 
96. 
+ — & 


„ — be given to find the value in an in- 


8 Proof. 


T7 
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3. — X 2 2 N — 2 


293 
I x3 1. — 2-1 * 
4. * +7 „ —2 — t_ 2 — 25+ = —_ 
a5: 71, x LI 
3 


Exam. 7. 
Let 


FT 0 am into a ſeries. 


3 — += +8 ane. 
1 + x» 


— XX — of 


+ x#+ © 
+ x+ + xs 


—# +0, 


— —_— 


. 


—_— 
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— 


870 r. Ii 1d FL UX ION 89 


9 Pp. 


48 þ xXx 


Find the value of . in dn infinite Jeries?. 


a + x 


#+$#)aa+xx(a— x + 2x hs 299 + — &Cc; 
E 
aa -a C e 


-a Þ+ xx 
— 4 — K 


—— — 


+2*x +0 : 


+ ro 
a 
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EXAM» 9. 


g | 
t it be required to put ——— into a ſeries. 


Therefore I = L_— 
& EI XX & 4 


Cesrollary. ih 


by the ſame way. 


E x AM. 
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E X A M. 10. | 
Let the value of —* ky be found in an infinite ſeries, 


Xen 


| . 9 1 | 7 
f—1) , , e. 


EWA. 11. 


Find the value of — is infinite ſeries. 


nd * 


ef —9y) a2 (x2 + ZZ + IE + YZ &e. 
* | 5 


L 


** 2 — K 
To 
| OM 
+ x2 25 


Arn 1 | 
VTREODUCTIO 

N . | | , 7 | * 
This n ene 3 
For ax + = 2 5 5 
x by 1 


8 : — r 

r ＋ A Ke. 

3 — i 5 
* — 


A 


P 
© = PE 
2 O > : 
jm _ 3 . — 
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Ex AM. 12. 
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Corollary. 
Hence . —— 2 . 
6+x 6 36 * 216 1296 
; 1 $f : | .” ds 1 
+ St | | 
„. 
1 5 
eauce = into a ſeries. 


T=—3x+xx)1(1+3x+8x* +2 133+ gx + 144 — 
I—2x-+xx r. 
| | +23x—xx+0 + 
Trug. | 
+8x'—34 +0 
—+8x*—24x3 + 8x+ 
+21%—8x++0 
＋2 14-63 T2 1% 
＋35*—2 l&＋ o 
r 
. e e rs 
＋144* —432* ＋ 144 


＋ 377 — 144 


&c. 


| Therefore — — Tas =1 + 3x +8218 


＋ 55x+ + 107 + &c. 


E x A Ms 


Th 
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Woh I 2 K . : b 5 3 
Reduce . into an infinite ſeries. 
I + x" 


I * 35 go Ter ie 63% +2 5x4 — . 
36x5 +49%* &c, 
1 +3x+3x*+x3 


— „„ 


- Re th ee 


| RO © 
| Tae 


7 


16K —23* —9 
a LL 6x5 


1 257.1 39%5 + 1675 
. 7 5x5 &c. 


= mith-—coat ion, 
— 36x5—108x5 &c. 


„ n &c. 


- 4X+ 9-16 2g. 
1 + x | 
— 36 + 49x* &c. 


Therefore 


E x A M. 
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Put. ins an alu. 


r 3—2)1 Ter- +x*(1 4 +4986 
_*þ81x* &c. 
= 30 + Jatngys 


— as 


gti -K + xs 
F 


—— —— 
— 


+252%—26x5+98* 
＋25*—75 * ＋ 75 &c. 


6＋—— 


E 


—  —— 


* 


＋49*—66* & c. 
+498%—147%* &c. 


＋ 81x* & c. 
+81x* &c. 


2 — 
Therefore THEE To = =1+ 9x" + 25X4 + 


JI — Xx 


49 + 81x* &c, 
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Ex Au. 16. 
— . — - int an ian 
. 
24 12 
| + - + _ 
30 I2 
3 60 O 
—_— = 
* x 43 
- = a 
** Py 
2 1 
* 1 
174 
= 
Therefore -. 412.30 
NN — 2K — 1 4 NN x3 


= 3 
— — . ¶ - — 
. CC CD — — 6 * 


— 
—— — 


== 1 =_ = = 
— — — 


FIR — = 
PE 
— — 


. I De 


— = — 
————2« — 
— 


us 
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a 


a 
Pu —— 
þ 757 72 into an 22 ſeries. 


07 + hab — ram 


| * 
09 + a 


1 


| * 
Therefore — 


an + 2x5 ay as y* 


.a ming 


Ex aA M. 
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* — — * 5 
Y 


8 = * AM... 18. vs 


tt. 4. | © | ds 2 
Find the value of 72 — r in an . ſeries. 


——— 7 +2 +2 + Lc. 


x — ay 
TS 
3 
+ 5 — — 
+ >+0 
1655 
” os 
EE ta 
| 1 6y3 64y* 
EF T8 
| 2 
La. 
x3 
Therefore * I, =rx:1+2 EN 3 
"D'S: . 
3 
8 aA 
3 ** 
Orollary. 
Hence by the ſame method of proceeding. 
a | abr aa re bg. 
1. —ů—— — K 14 x | 
15 r TIN 8 f W "Er 2" 
— 0 | 
+ —5- &c. 


2. And 


As tn RODVETION: 


3 e 
** X17. 


Ex AM. 19. 


, 
30 


zbec : 3 
Reduce ae F into a ſerits. 
þ K Bx 


, , 
271 Fa — WS. 0 — us — 
acc T bx Abc 24 24˙c* 2c“ 


1 


Therefore . „„ 
acc acc T bx 24 246 


3˙26 ry | 
zac? 20% * 
% . $*x* 


a 4c 125 
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1 
£ bigs 5.1 $028 iy 


24 27 zac 2446 22770 g 
by acc Pa * . | 


Jr N ,, Tint ; 
Eh + r &c. 


24 2 0C · ac“ a 
2 Be 
— v a 


ett OST Rn | at o dividend 


2 


Mr. Emerſon at page 26 of his 88 


from a, a given arch, finds its fine x = a — 7 + 


2 4 
And its cofine y = 1 — — + 2 * &c. 


— ſquare 
tan t; and — — — 
gent; Toline n 


OW — 
coſine 
radius ſquare 

Agd tangent 


Fortification and Gunnery, page 136. 


= cotangent. See my * of 


r . E x A M. 
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Ex AM. 20. 


8 e 


- — into 4 feries, 

2 = 720 0 1 
1A Z-) (144 e 
&c, ſecant. | 


I—O+ 112 —7 2 6 


1. . + _ 


Te. Wes: &c. 

2 - *r 40 &c. 

d FT 6 &c. 
— 


Explanation. 


Therefore | : =1 
5 LT + 24“ — n 
+ +a + £; 4 Þ+ 75 vi At = Gn 


F . = 


Stor. 11. NE 1 0 F L U X16 N 8.5 


Multiply 1 124 3 5 0 1 * 4. See. 
by 1—2 74 + . — — 8 & c. 


us 
. 


1 a 172 £5508) Tc. 
＋ 24, 2 a8 See. 
„ 

MO FECT bes = 


o .o . ‚ ‚ ‚ - CVE. 


EXAM, 21. 
Hud 4 — 4 41 ＋ iid e Sc. ſine in 
Lox HS are Ge coſine 


ti ſeries. 


I—La* +2 2 be.) * agg, al &c. a+ 
nM et tangent. 15 ” 


42—3a3 + 2 4.— 725 a? Ke. 


il *— 5.4" + 34s 47 &c. 
4 þ a* i &. 


* 


Ty 4 — Da? c. 
IF (2 mn 78 a7 &c. 


— — 
1 Kc. 


Operation explained. 8 


5 Wo 
bs 5 —3 4 3 4. 


— af — 3 t= "12085248 8 — 
1 3 35 245580 
FIE _ ab. oy | IANS 
3. 1 1 12 504045 8 72 — 
5040 720 | 3628800 
4320 be $a 
| . 
3628800 840 


3 neee ER 


[ 4 4. —— 1 <= = 63047 — 12047 — 51007 _ 5 
. · 9450 
| A Proaf. 
Mult. 4 ＋ = a3 — 2 as + BP: ar &c. 
3 15 315 
1 
32 2 e eee l 
OT Ui 24. 720 0 
I7 ; 
| 8+ — 3 + — 45 + — & &c. 
3 15 315 
DO es 5 a?! Rc. 
| 2 6 I5 
98 : 
250 , I , 
| | — = 47 &c. 
720 
— 24 + — &— t a? &c. dividend, 
6 1 120 E 


* —> * 2 


The in of x" are collected „ 


2 e 
315 72 © 22680 280 


; > — 

— . — Fr: \ 
— — — — 
* * * D - ** 2 


#4 
'A Cb. . 
wo . n eee, 
9 13 726 10800 720 
4 + Then 52. 49 — 1372013680 
3 280 720 2016000 
if I © 7. a 
1 201600 5040 a 
ä Therefore 


ser. If; 0 FEUXIONS 335 


hs I X 
Therefore g _ = — — Ne 
"om —&+ 2 = 47 c, cone 


24 
. 2 17 Tg 
is = 4 + — — > — &5 + 2 &Cc. the tangent; 
— OS TION _ 
E X A . 22. 
Find the valve — .. 8 
| 17 
A+ - + — Slot 2g Get f 
3 5 
in . | 
| * a+ = 5 L wc. ): - 
3 = © 3 5 3 45 
3 ee MY — — 8 cotangent. 
245 4725 ; : 
a 24. 2 


fore 


36 An INTRODUCTION, 
| SE 8 Proof. 


1 — 1 1 * oy 
, Mut. — - VA a o__ — 4.—.— 4.— 


47 &c. 
e ane 
Ok. T7 - 
by. 8, . = 4 ＋ — 45+ 0 
gs 3 » 5 * 


— 47 &c. 
3 „ eee 
1 1 2 5 
1— — 4— — 4 — — | Pn — a® &c. 
3 45 945 1725 
ty 16 3 
=—_ — 2 —— 4. — 2 5 4 &c, 
e 2835 
8 2 2 2 
+ —4.— — 65.é— — &* &c. 
15 45 675 
{1 
315 : 945 


| > ,--0 = + -odivid. 


d 
- i 
Therefore Pore > — ; 
a+ —&@+ — 4 + — 47 &c. 2 
— 3 15 15 
I a 4 245 a” 
— — — — — — — — 


Corollary. 
- Hence it 4 be a given arch; » the fine, y the þ 
coline, f tangent, &c. then | 
lis fine is x=@— > oe a” &c. N 
W 8 eo 5040 
—_— 7 „ 
2 24 8 


regen [=a + — & + — 45 + IL a? &c. 
. 315 


E 


C. 


5 25 


un — 1. 1 — 2. — 


Sxcr. II. To F L UX10 N. S. 9 


* 
* a 


* N 3 FP * C.. * 2 2 . 
Cotangent r 1 — — ——ͤ— r 


7 N 3 „ = 
— SK.. . "I Re OR Ps 
4725 

Secant 8 ＋ 4 +: L 44 ＋ or 426 &c. 

—_— 24 _ O 


Quantities n may be raiſed-to any powers, and re- 
duced into an infinite ſeries without the trouble of 


a long diviſion, by certain Theorems for that pur- 


poſe, ſome of which I ſhall ſet down as under; they 
are general, and een no more than the bare ſub- 
ſtituting of quantities. 

THEOREM I, 


M 17, —— I 


7 


LEH = An + mani x 14 2 — 
a + 1 . 4 x 8B 4 
1-29 & 


2 A- x 16B+ + &c. 
1 2 . 3 . 4 | 7 


TRHEORNE M II. 
| 01 ; 
A + 3B = = An + MAPS! x 3B+ 1 An—2 


e e 2 
* ＋ 22-7 


* 0 
7 


mm —. 1. 1 — 2. m —. 3 A.— X. N. r &c. 
1.2.3.4 | 


Tnrzorem III. 


AF Bax" = A" + mBA= x * 


I , 2 


AS X28 +; 4 


* 0 
p 0 0 
2 i 1 - 
.* „ 0 n 
* o — + * 


De *' 
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8181 BA. 4. 


SJ 2" 


— m — 2. 1 — 3 B. A- þ+ &c. 
1234 


TAHSOREZNM IV. 
2 bee Hep DS — 
2 2. 2 TT 1.2. * 


n. 2 ＋I T2. 4 21+ 1 ILT. an 


142.3. 475 1,2.3. 074 
Or thus. 
$5on 
nw SS nt” = as A 
| C | D 
Hl, ÞprQ 233, C. x 
2 a 1 4 
— D — & c. 
4 
THrOREM V. 
ä = ey 2 a 


— hy 707723. 


A, B, C, &c. Sod the Gs terms with their 
ſigns, and 2 is any index. 


TuBOREM VI. 


as 
* I — or 4&aa x TE = 4 + 1 
- Se -U ats 
25 "EL 1-2-2 
ad 


— 4 &c. wie | 
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An * 2 | 2A T2 
w + 37 + 2n ak | I 4 
— 75" + &c. 


Tazortm VII. 


2 +B*  & AB 1 I. Ana 


cc cc % AG. 
n. n—I. I—2A 3B n. I. —2. .- 3A 48. 
1. 2. 3 cc 1, 2. 3 


+ &e. PO 
TAHEZOREM VIII. 
Proms 1 . b.c x" 
EE 
am + bo" — Max — gx 
— — 


12 3 


* 


I oz &c, 


„ 


TRZORE M IX. 


pr — 21 Tz | 4 
a — X 2.4 — m — IX x8 ＋ un — I 


28 | Ss +: 2 ty 3 2 
914 gs 8 6h 5 


Theſe Theorems are al 2 5 aſeful-u to 
ſhew the generation of powers, both with regard 


to raiſing of quantities to any known power, m or 


u, or to reduce them into an infinite ſeries; the uſe 
of which I will give an inſtance or two by the fol- 


lowing Axtmpics. 


D 4 Ex Au- 


1 | 


abi. + &c. = . naa M aaB- 


* 
5 
4 
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1 EXANPEE. 3 


r be put into an infiite ſeries. 


This 24 to Theorem VI. 
Here aa I; A= a, Bx; Þ*=x, 
&c. and n 2. . 


N r 
mA x aaB* 6. 14 3.1“ 
z 2 © 5 „ 


5 


ED 


+ 6A 3 . 645 5 a5 | 
&c. 2 & &c. 
: | x * 
Therefore r or 
a — u a” a 
53 8 5 
— &c, _ 
. 85 1 


1 
Pat this expreſſion = Lin into 4 ſeries. 


hb — K EE 


m +3 +21 x aB. 24:18? 4-127 


3— 


Here a4 1, ADs, , W. Burgas, 


&c. and n S 2. Theo. 6. ; 
; ag 1 
Then To — — — | 
8. 5 | 89 A* : ag | 6&5 ' 58 341 
naaB 2.2X $777 10 nn 
2. — mms — 1 » 
: er PI 5 I'S A 33 


; m Tu X aaB* 6. 4 
„ 26 


. 


Szer, II. 29 + B L UXIPNS.. 
- — Bu eb X aaB: 3 24.8 _ 4.825 
. Gare : — as 


Therefore - = 3 hi PW a 3-4x* _ 


| a — — 9-09 . a+ 


* 4 . : 

PR 0 * - b % 
a5 . ron we Pts Hg 0 
9 * ; 1 . 4 

* 5 hy © 
a ; E * 
| | A M. 3 4 | "Ee 
Fee 8 * 12g. . (i * * 
£ ” we 9 0 - By 40-2: <a PR 7. 

* © "4 — * «+ — yo 


Find the value b TE 
„ 


[ 
WD +. oy Ys 


By Theorem hoon 5 — — 70 20911 


Here as = i, A then B* =9x% 


= SPN and #= 2. - 


da * Ws | * N 1 : ; — 
„ — * , 6 OE ND 
* 89 = By, 2 # 1 


1 „„ „ n N a 
g : 3 L k aw, £ — Is: CY 7 * + —— p 2 
A . 4 ad 3 Fo, of * W 2. * 11 ; Ml . 42 34 1 
* 7 * * K* 0 k # 
naaB 2. 3x tin 6 nomnimos d 
* 25% % oe > A 444. * . - 4 mu ; a, 
— mo 


2, 


An+1 BD 43 % bo 
nun rn X aaB* __ .- of 8.0 


. creme — = 8 88 


n+ n+: 21 X aa wa * | Wy 2x3 *% 


4. 5 | W 
„ 4 
&c. 8 ö 


Therefore 


1 
12 —ͤ— f 63 (5 


x3 | £ — 0 
— A | 


EA Au. 4. 


Find the value E-—=_ 


== in au infinite feries.. 
Here 40 2 1 4 8 , B = 3x, then B. = ga" 
B = 27%", and n = 3. 0 


1. 44 


= in an infinite N An 


n 


* 
— —— d ——— R —«— — 


42 


* ; 1 


Aw INTRODUCTION 8s: 
I, _—_—_— — —. 
A* a3 2 
na B 3. 3* 
vn Tu X aaB* _ 12.98% _ 6.9x* 
3. VVVTCC the” Rn. 
1 B] +291 X aaB? __ 60.274" __ 10.29x3 
* FN, Too. -e8 ” 
F 9x 
— 13 + 5 * — þ 
3 | 
10.27 x3 « W | 
- + &c. 


I now proceed to ſhew how a ſurd may be re- 
duced into an infinite ſeries, by extracting its root 
as in common Arithmetic, | 8 


Ex A M. I. 
Find the value f V1 Ax, in an infinite ſeries; 
or to extract the ſquare root of 1 — Ix. 


1 
7 
4 
x : xx 
N= 22 ＋ 
16 
„ xx 
2— — — — — ww 
2 32 16 
a” xx #3 
Xx — — =—— + — &c, 
32 16 6 


SECT. IL 7 Tb F L U x ON S. 1 


* 3x3 ** 
ne” 16 384 3 
„ 
a 7 
Now if the root 18 e e 8 
32 128 : 


be ſquared, it will produce x — 2x, which Frome 
the work to be right. 


K* * 25 | | 
Thus 1 1 a9 
x * * 
1— — — — — = &c. 
4 32 — 1 
* * * | 
465 8 128 
* * Xx 
"__ — &c. 
1 7 I” = 
wh x3 
— 25 + KERRY &c. 
32 128 
x3 
A” it 128 &c, 
] —> . O 5 O 


1 bd all ſuch m whoſe dimenfions exceed 


thoſe of the laſt term * FL to which the root is to 
be continued. 


3 : 
Therefore Wi — . 
4+ 128 


E x A M. 


L.. 7b 
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* A * * 4 « * 9 
4 0 * — * EN * 
s X A M. 2 
* * 5 \ . 


+ $62 O1 8 
Find the value of Wa + xx, in an infinite ſeries; 


or 10 extrats the fquare root of aa F x3. 


PEER x+ 4K 5 
aa + wx( a — 2 =  — — 
. * 24 843 6 1 1645 — 
* \ g _- — < 4+, 5 f — 3 . _ 0037 = 1 
ada. C 2 
SY 
22 YOTH M09. 6 330910 Mis 33 Þ 


20 + — — — — — 


LY 


5 7 


— 
22807 
&. 


£ 
I * 


"MOU . — oe” 


Therefore V aa+xx = @ + —;— * 


85 24 3 823 
* &c. , * - n 


2 - 6 > io, 
Mlb 8 +5 {48 5 


28. $6: 2 645 12804 
2 14 6 | 
| 24 84 16a 12847 


% 


Ka 
- 1645 


&c. 


& c. 


* 
. 


2a + 


Sec, II. o F L. UX 10 NS. 


x* * 6 „ 
ad oY — — == . ies 2 — 5% &c. 


45 


2 * I 04+ | 12845 
{ & * 44 * Yd Py 0p. 1 18 * & 
* —— © * 
2 „ 16.5 3246 5 
mr x x4 45 43 4 


fl $7339 R 8 
E s + 5 &c, 
1644 324 
== &c. 
i ITE n 2 83 . a. | 6k 
s . ; 
ad — * * O - O - O 
Corolla. . | 
Hence Vas — XX 2 
| "ol 843 1645 
43 CO WES - 
EPA 5 &c. N 
1287 5 
—ä—— „ 4. "NS & 
| 27 875 _ 
5%* 1 
12877 * 
2 2 a+: a® ö 
wy + 2X 8 * 16 0 
6 5 
1 | | 
128x7 || 
1 E X AM. 5 | 
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A INTRO 9 CTION 


Le it be required 10 entract the: — uare root of 


— or to exprifs the value of 
infinite ſeries. 


„ in an 
— x 


Before we can ena the root of — it 0 


be put into a ſeries by diviſion. See Ex. 9. Cor. 


Now 1 — ** 101 ＋ * + x+ + oY + ** &c. by 
diviſion, 


3% 


9 


Then 1+x* Te e &(4+5 + => + 


2 1 >) +> +$#6+8 +00 
=; 


> 8 6 
xs 
2 +x* ) 4. 558 
1 
x 2 = 4.2 
5 hs: 4 16 
4s : 
+ &. 
EIS 
Operation explained, 
. 24 N = 15 


+ | 
2. 2+ 


[er 


n 


1 


Szcr. III. 10 FLUXIONS, 
1 
D 


2 +3 x 3 


=, 


r 6 
Theref, 32 l go” 
; ae of . — 90 8 * 
5* 35x 
1. 128 Ec. 


aa thi mma = 275 _ 
PW 
W 
8 60 
24 — —) — 2bs — xx 
9 * | 


Ex AM. 4. 


2bx b*x* 
a a* 
bx* 


47 


— 


2 


a > wo — = Dn. _—_ my —_—_—— _ r — = yg nm es — r — DISD. ͤ ſD— — 
— = 
- — — — — 
PPP. ³ V A IDO EET : 
— — a PRI 


48 . a introDverion. 


« bx x 

Therefore FE = = EEE...” 

64 

19 3 34/3 8 2 

th * 2 — EFDF 

2 2 205 d 24 243 
X#*— — — — Xx &c. 

24 245 


E x A N. 5. 
Find the value of Va -N, in an infinite ſeries, 
— ( — * a 1 LOS of. „ 1565 x8 &c. 


24 8a 16a 25647 
a l 
n . 
24 — — ] — þ*x* 
24 5 
24 6 44 
is <- bg — . . 
a 84) 4a 
. S/  b*xs 35 
R 225. SG 
2 * 556 e 
Pn te x K 
4 844 6 
E Mc 
1645 84+ 1 645 
| 1885 & c. . 


| 2 ++ 
„1 beteſber * a = fg = 42 fa *. 2 oh JEN" 
| © Wis 2.445 
px 3.3 
1645 4.8.847 


&c. 


Multiply 


wal OI 


CG 


xc. 


iply 


e 370 FLUXIONS. 


Es - 
Mult; a= . . bu nh e. 

24 Fa 16a 25647 
by 4 2 EY OILY BK 2 156 "x" 0 
| 24 864 * 1645 TIE 25047 
. b*x* _ Igb*x*® . 

3 8a 164+ 250646 
= . , b*x* 5. box* 3. 
2 4a 16%. * 245 = 

4 6 8 „8 
„ b*x We 

84* 1 64+ 64.45 
E e : 
1644 x 32a _ 
J * 1550 * & 0 
— C. 
| agog* =: 

Produkte; © + c\Q; 4. © 


E x M. 6. 


Had the value of — — 4 aa 5 T, in an b 
jerles. 


| cf OW: 
1. Vas TA = = 4 &c. 
a 


43 a5 
by Ex. 2. | e 
2. Then © x : 2 E LA + 4 ee 
=x+= 2 4 4 &c. 
Therefore Z as ram . ad LET mn 
* 
4” ec, 
4 
E Ex A M. 


30 
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ENA. 7. 
Put 5 75 7 ＋ , K. into an infinite ſeries. 
"IO... LR 4a * r 4K 2 as? | a"x* 


C 
&c. by diviſion. 


2 Her m=c+ _ r 


Ex. 2. 


Add the two ſeries together, and the ſum is = 
aa 6 
VC 


a * 2 
as — — — — 4 8 
. =p os x . 


Ea. . 


Extract the ſquare root 7 rr — xx + = — 
3 


2x* 
C. 
4 6 
+ 4 & 
Tr—xx+ as &. — = 3 3 
gr” +57 27 2471 72085 
rr ; &c. 
3 \ | 
2/ — — | — XX + — 
2r Zr 
xx x4 
* — — —— 4x 4 — 
2r 475 
27 — 


2 


Srcr. II. To FLUX IO N 8. 


„ F 
Therefore 7 r = 2x . c. 2 | 
i „ 
wins. WR oe OR | 51 of® &c. 
1. 21 1.2.3. 47 1.2. 3. 4. 5. br 5 0 


- 


Ex a M. 9. 


Find the Es of TIT, = Xx, Or ibs aufen root 


of 1 — . 
| ( PER OY on: ut 
| So 128 | 


N — — — 2 — — &c, ſquare | 


* 
5 
* 
* 


Ay INTRODUCTION 


x © * 


szer. Il, r FLUXIONS 5 
Mult. 2 — E E nn 5 
* 32 128 2048 
by i 2-2 - 222 
W 128 2048 


- 


* 75 "I 2 — 7x rd 7 &c. 
4 32 128 2048 
AS... 3% 7% 

— — — : 
= 1 2g6 * GI &c 
— 3⁴² 2x” 9x 
32 128 102 
** x3 
2 fe 
128 512 
— 2 
— : 204. x 
Prod. 1— EZ © £5 e 


& ** * 5 x8 ; 
9 &c. 


” a at 
Ys + 16 + 6a &c. 
* ** 
28 
128 Ke. 


1 


Thus by involving the roots themſelves, the ori- 
ginal powers are reſtored, which prove the truth of 
the inveſtigations. 

| E 3 E x A M, 


* 


' 


5⁴ 
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E X A M. * 


Find the value of \ ES — 


— = Vcc — Vece K 
an infinite ſeries. | 
| & * * 

1. Vaa — Xx = 4 — — — — -— &c, 


py JOEY 2a * 843 2 1045 
by Cor, Ex. 2. | 


XX K 
2. EF 5 ns ns es —_— &c. 
2c 1 — 


w the former divided by the latter, the quotient 


c . 
axs x xs 8 
16c7 16ac5 164%'c Iba 7 8 
a RF ' | R ty * *, wes 
— — 4 — . X * * + JE. — 2 — — 
c 203 due 85 + 4acs dale 
"oo ASSES I 


167. ©. . 1646..." 164%} 154 


Of the Binomial Theorem, 


It has already been obſerved, that @ , if 1 
be a whole number, ſhews the! mi power of a + 5; 
but if m be a fraction, as 4, 4, &c. it denotes che 
ſquare, cube, &c. root of any 3 


Now a + a+Þ"=, an + mani += = an—252 
72.2 — . — 7 — 2. — 
SI 2 1 4 = 1. m 2. 1 —3 
fa, T5 6 3 2555 : 1 0 2 . 3 . 4 
9 + &c. | 
5 8 — 1 
Or 4 Ne X 


b 
4 
* i 


2 10 FLUFLON 


2 Ng X x © D 1 where 


4 
A. B, C, &c. 4 the firſt, end third, c. 
term. \ 


5 wm +1 b 
— a am +1, 
Ora+8Þ"=a 4 . "EA 
m 2 b m3 6 
eee eee 
And a — * = an — man—b + _ 85 52 252 
, 1 
m. m— I. n —2 . m — 2. m — 3 
"bs tes 2 Or „ 
an- 454 — &Cc, * 
b m — I b 
Im — Ma . £3. 
Or a—6 a - a ns n n 
„„ Eg 2 = Do Gee 


Theſe ſeries are univerſal, and As: for raiſing 
powers, and extraction of roots. 


__Suppoſe m=2, then &@ ITT =vIiii= 


a+6*, and to extract the ſquare root of 4 -+ 5, 
is no more than to raiſe a + 4 to the powor whoſe 
exponent or index is x-. 


| Thus = a*. 


_ 5 
p 
| 240 
3. 72. — 1 gn—2þ3 — N — 2 A 4 = = FE — 
"= Wb oy 
4. ys Face "iff = — L X — 2 X W 2 
1 
2 
Tr 
| 1645 N 


E 4 Therefore 


5s 


An INTRODUCTION 
b N. 4 þ3 
Therefore Va oY = 41 + 0 1. 160¹ 


Xe. 


Since therefore 2 power of a + 21 = an + 


1 vm — I. 1 — 2 

e * 1. 2 „ 123 

gn—3þ3 + MT: — a%—=4þ4 + &c. and 
155 


conſequently the coefficients or unciæ of each term 


: . — P —— . — 
come out as 7 5 mm — I u. n — I. 15 


1 „ +: 


this may eaſily be com- 
1.2.3.4 . 


mitted to memory. 


Now if we 12 P S a, and Q = - z then 4a" 


r — =Q, - 5 2 =Qs, &c. theſe ya- 


= 


lues being cabſtirured in the above Theorem, it 
will be 


r- r- G 0 
m. m — I mn—2 . ble 
[> #»% 1.2.34 

2 Qs &c, ly 
And if again we put Pn A 
— P"Q=B 
mam — 1 | 
en 
. 
— pets =D 
BY 3 ET | 
=. — P O4 — 
127 23 4 * 


Nc. Then 


Ss 


ab 
he 


Szer. IM, TO FLU E IN 5 


1 A 5 lacks - CER = 


AQ+ = 
* 3 


EO &c. 


+ 
If we would extract the root of any binomial 


a + b whoſe index is = then inſtead of n in the 


above general formula there be wrote By we mall 
7 
have this Bat "8 Theorem. | | 


I unn. n a mn — 35 
TD . 1. 2. 3. 4 


64 + K&c. or it will be 2 + 225 = TPU? 


3 25 C 'D 
=P" + — 
E 
Mo — 
+ — DN &c. 


This is Sir Jaac Newton's famous Binomial 
Theorem, 


C4 heb 


P+PQ*: = P X:1+ — . 
a 
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a Mt 1 — 1 3 — 2 m 
T4 7 xx = Q + — 
13 — 2.7] m— 3 
Cor. 2. 
1 3 mM b 
| = =@+Þ 3 = — — — X — A— 
FESL 427 , 2 
GS. 7 m +2» 6 m ＋ 31 
— 88 5 3 
b 
— D — Xe. 
- | 
C og. 3. 
| aii 
6 281 851 
— 0 AE&c. | | 
128B= 
TOk 
AC - ABI = ACE — 2 ACE X AB + 
AB* 3 
ac 


3.5B5 3.5. 0B. 
22 5 5 it 


4˙8.12A* 4˙8.12. 16A * | 


L . 


R. 


Seer. II. ro FLUXIONS. 
| Cor 6. 
A+B*t—A—B: ;,— B. 
r 


1.3.55. __ __1:3.5.7.9B) gc. 
4.0.8. 10A 4.᷑6.8. 10. 1 2. 14A“ 


The uſe of the aboye binomial Theorem, i is to re- 
duce. a binomial ſurd into an infinite ſeries; which 
is done by bare ſubſtitution of the particular letters 


or quantities in the given expreſſion, inſtead of thoſe 


in the general Theorem, carefully obſerving the 
ſigns; the ſame muſt be underſtood of thoſe 1 in the 
above general Corollaries. 


Knam 5. 


Jo find V aa + xx = aa 24 + xx Xx2, in 3 ſeries, or - fo 
extract the ſquare root of aa + XX, oy the Theorem. 


XX 


Here P aa, Q = — * = 1, # = 2, and 
. 
P“ aa: =a = A, 
n "Be * * 
CCC ON a <= By 
7 . 24 
go 1 Wt” 2 2 4 
TI n Sc. 5 
2n 4 . 843 
n — 27 F oe 3. Wct2 3 
zu 6 6 1 
2x9 P x* EY 
4845 10a : 
u — 33 1— 6 5 x* X * 33 
41 "Ov 3 EE LI 
gu. | 
328667 7 


60 


Ax INTRODUCTION | 


— _. 13 = a i ee EE 3 — 
5n 10 10 1288 „ bs 
* =P, - 
25043 mm = 
ESZ == SL =—_LxX 2M: 
6 12 | 12 4 25645 
. 22x" 
* „ ie G, 
Therefore e ent en | 
4 8a 166 
g 27 21x* 


— 


12867 25649 8888 1024a¹¹ &c. the ſame az 


Ex. 2. extract roots. 


Ex AM. 2. 
To find the value of V x — xx in a ſeries. 


xx 
Here Pg x, Q =— wo = — X, MI, 122 


Zee == a 
2 my CARS 


4 


Therefore Vr — x = $f — 157 + 1220 + 5d | 
"_ An &c. bY ES 


ETA AU. 3. 
Extra the ſquare root of ag — xx, or as — xl 


Here 


1 
q 


in a ſeries. 


* - 


Seer, ll, ro FLUXION S. br 


12897 a _ 
Therefore d Kee 
9 e 08 1645 
$ | 
— &c. | aa " 
12847 | 


Ex A M. 4. 


Expreſs in an infinite ſeries. 
Vat+sx 
Ko 


_—_ 
=8a+ x TZ A +X « 


Now > 
* a + * 


Eres A 
Here Pg, Q = —— 3, 1 IB; then 


— 3 
Pn = 2 — = . 
F 
7 1 a a 41 


Therefore Fo tow Se. 2 + 


"th Mi. 
w 5+ : 2265 — 
4 47 4 \ = 


EXAM, 5. 
Extra? the cube root of 4 + xi, 
Now Vai EF = 5 + @ + xilt, 


N = m=r; „ = 33 thei 


* 


11 


o 


hen 


— fo FLUXIONS” 6 


33 9 * 0" - - | 
W— 3 _ Ig. = ==: ww ow 
41 12 12 3 8 145 43 
„ ; 
= — —— = E, 
a 


K - 6 
Therefore V as + x: a3 4&1 — 4 7 —— 5 5* 
75 a+; "9 © 8448 
10x!'* * ; 


E x AM. 6. 
Find the value of 74 25 Ta or 5 ES E 
in a ſeries. 


Here P Q= _ S 


| 
wy = ab 8 
n a - A -t 


* == * — To. 55 
— 1 — I—5 _ —4 —2 MA©A\Y—x 
= —_ — X 
2N 10 10 5 5a+ 
AX — x5 3 2— + 4a*x5 — 2% 
„5 1 2549? 5 
— 
Therese re W1 + — 


2a — 4a — 21 &c 
8 
. SY, I Sn 
Extratft the cube root of a Flt, 5 
Now a + 4 — = 8a + If. 


s = 


Here P a; Q= =; 1 * 2 33 then” 
WD 


4878 8 


8 ST 24307 Ke. 


* E 


Find the value of - 


= or 4 X a, 


* —_ A 


5 in a ſeries, 
1 Here PS; Q 


- 


| ; mM 
ll 1 g; then P. = v = = = A, 


2 — S _—_ | a* 
1 ; 


Stor, 11. a. FLUZIONS. 


— — . 9.0 


Find the as of 5 or of =, 


in a ſeries. 

Here PF= 278; 2 = 2 =— 5 = 1, 
1 23 then P = pro "PE _ 2 K. 
. 85 Vater n 
=Y 3 — — . 
= "vari © = 2/2rs 5 a, n. 


— 
7 
Mm} —1—2 =, . 
G 22 27% air 
27 = a4” Va 27x N 

— —1—4 —3 1 208 © 

S8 ͤ 1 „„ 

F — 


4 


. 
|.” 
* 


As INT RODUCTION 


* | 

— 26, 32P\/27% =D. 

e e 3.8 . 1 — 

5 oe 2.27 V 1 
— 358.729 1 E. 

2.2.6. 8 327 Varæx _ = 
I 6 
Therefore Sar = t T/as * 


E 
2. 4. 44 Varx ＋ 275 x 3 


. 3570 


2. 0. 327 2.2.6.8. 327. 


Ex AM. 10. 


Extra? the biquadrate root of 1 — ax, or to Fe 
V1 —ax ="1 lt into a ſeries. | 


x 
Here P =1, Q= — n, MEL, A4 
and P/ = 11 = 1. 
1 Ly _.- 
— = = X I X— 2 — 
n 4 54S 
— LX X 
24 8 8 4 
ID #; 2 . X — X& —— 
gn. 12 12 | 4-8 Fl 
3.74 
4.8.13 


11 


4 


Ster. Il, 10 FLUXIONS. 


2— Ern 1 „ 2 3.2 2 307. 116 
"an 5 4.8.12 4.72.16 
pa res I1%* 2 
A aig 723 488 12.16 © 2048 
Therefore 4/7 = ro Bag 208, 
4 48 4.8.12 
. 11* 


Put TER = 


EAM. 11. 


44.8. 2-48.16 &c. See Ex. 9. extraction of roots. 


— l inte an * fries 


„ 2% bs 
Therefore Tal = 11424 I wan ond 
3 5 28 125 
& 25 
ons Sa 
- SE4W it 
Find Px —=5x* in @ ſerif 
F 2 Here 


+ 
Sy 
{ - 
y 


I 3 * ke by” - >. 6 a 
„ ns - n 
* * N 


* 
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— — 
ere Pn = — = =— —, =, 
H 5 Q 1 * * my 85 ; 


» = 2, and P/ = rx, 


|: ah 
bh, I Ot, Oy | 
4 27 e 4.273 
1 30 
4 27. . 2.4. br 
2 8 3 9 2 
8 2.4. 675 "= 2. 4 6. rr 7 


Therefore Vr*x — x = 2 * Sx — 


n 


27 4.2711 


3014 — 3 5e &e. 
2.4. 0 r 2.4.6. 877 


Corollary. 
By the ſame Theorem 1 + 1 T = = 12 ＋21＋ 
_ + — + — + 3” &c, and cli =1=—x 


WE, 12 40 
| *** T* X — 25＋ 
2 6 


2 ZX 4— zx — 22 X14 + 217 
I &c. 


— —ͤ—— —  —— 


24 


* 4+ 2 Z—23, x3 * 4222 22 +2*xx+ 


1 — x —£2 + 


- — — p—— — 


2 | 4 5S& 


— 


And 1 — — 1 3 n 32+22.x* 


— — &c. Theſe ſeries are uſeful in 


folving exponential Problems. 


We 


$zcr. II. ro F LUXIO NS. 69 
We can alſo obtain a Formula for the power of f 
an infinitonomial. 


Let the ſeries a — + deb er. xc. be 
raiſed to the p power, then will a 


at + NE) 15 Tpal-iczi + pab—'gz; 
49 x © 


a-ib'z- ＋ PX — ab—2 * 2bc23 . 
* * = NE - 
HER FR dc. 
Let the root NN 4a + bz + c2* I dz &c. 


721 


„E 2007-7 


3 


* + m X ——_— eee az &c. and if they 
be compared with the terms of the power of the 
Infinitonomial @ + r + c + az &c. raiſed to 
the p power, we ſhall have 

o = a* 

pat—bz = man =}, 


Pal απ ＋ X — ab—2þ*2* =m eee aneh, 


bald. y * — a- 2 x 1 + px tm X 


* ee. ab—3Þ32' —=M * 2 — * = TIS a"—3þ3 &c. 
ag i 
Whence 4 a, 
— = — * 
in 3 
* V 1.227 


© 


Ar INTRODUCTION | 

I ſhall not purſue this ſubject any further, but 
only ſet down ſome Theorems for reverting of ſe- 
ries deduced from Prob. 62. of Mr. Emerſon's Al- 
gebra. | a | 
. When equations of this farm, az + z + cz 
dz+ &c. = x, happen to ariſe in the ſolution of a 
Problem, the value of z cannot be obtained but 
by reyerſion of ſeries. 


E x A M. 1. 


Given az + bz* + £23 + des + ez; &c. =x a 
given number, then, 


THEOREM I. 


* — 2bb—ac 1 + —.— .. 
a a® as 


I ny FRE 2 2 — 
71 


47 


Ex AM. 2. | 
FZ + b2* + 23 d &c. = x, then, 
TRHZOREM II. | 
= bb +2bb—c x * SU dN &. 
5 Ex AM. 3» 
If az b c + di &c. =, then, 
5 THEOREM III. 


bx bb—ac abe 7 
2 4 30b—ac Xx + Sabe—4 4—1.01 
a a* 47 , g'® 
X ** &c. 


„ i 
F TN + 625 + dz Sc. = x, then 


TRREOREM IV. 


- ber + be x . Be 121 
K * & 3 8 
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WR . "BY AM. 5. 
if 2* o+ ＋ A d25 Fc. x, they, 


TntorReM V. 
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V + Wes 441 24 A. | 


2 
E x A M. 6. 
FA l + 025 + de Se. = 2x, then 
| Ta onA VI. 
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- 7 x all + L N * . . 
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cn a5 + 3 8 ec, 
"3 + 
"1 find the value * * : 


1. Divide by =» and it is x* + 7 * + 15 x5 


16 

+, - x Ne. 2 2. 1 
Or by ſubſtitution, * + * + cx5 + d * 
A. Now by Theo, 6. we have a S © © = A 


— * —84 


+ = gt + AZ &c. 


8 
5 2. 
| I 


I : 


24 83 


1 
— —_— 8 te fiud the wakes of *, or to revert 


tbe ſeries, 


„ | By 


r 7 


© 
ON = = 
— —— — 


— 


— CT 


1 FL 
| 
* 
7 
3 
N 
b . 


— —— cit 


An INTRODUCTION  : 
By tranſpoſition. | 


„ i put B+ put 


$f &. ; 
262 

Put n m S A, and 1—?=6, and 5. c, d, e, 
for the known coefficients of the powers of x; then 
ax + bx? + + x5 + d + ex? Ne. = A. 


By Theo. Hl. 


on A 4 bA* 3b*>—ac 44 Babc—a*d—1 26? 
nn. OS . - 
85045 gab*c-+ l0a*bco+ 5a*t*—a3 ,, 


The reducing of fractional quantities and ſurds 
into an infinite ſeries by divifion, extraction of roots, 
or by the binomial Theorem, is of the greateſt uſe 
in ſolving many abſtruſe Problems in Fluxions, as 
alſo the method of reyerſion of ſeries, or extract- 
ing the root of an infinite equation; as they ſo of- 
ten occur in finding the length of curve lines, &c. 
So that I would recommend to every one who is de- 
firous to be more than ſuperficially verſed in the 
Mathematics, to make himſelf maſter of them. 
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* GENERAL Drrinrriox. 5 
F we conſider quantities as generated by conti: 


nual motion, it is evident, that in equal ſpaces 
of times they will become greater, or leſs propor- 


tionally, as the velocity of the motion, by which 


they are ſo generated, 1s greater or leſs; and there- 
fore the velocity of the motion is very properly 
called Fluxion, and the quantity generated Fluent, 
For Flux ions are not magnitudes, but the velocities 
with which magnitudes, varying by a continued mo- 
tion, increaſe or decreaſe. And this is agreeable to 
the noble inventor Sir Iſaac Newton, who ſays, 1 


conſider mathematical quantities bite, not as con- 


fiſting of very ſmall parts, but as deſcribed by a 
continued motion. Lines are deſcribed, and there- 
by generated, not by the appoſition of parts, but 
by the continued motion of points; ſuperficies by 
the motion of lines, &c. therefore I conficer quan- 
tities which increaſe in equal times, and by increal- 
ing are generated. I ſought a method of defining 
quantities from the velacities of the motions or in- 
crements with which they are generated, and I call 
theſe velocities of the motions or increments Flux- 
ions, and the generated quantity Fluents.” There- 


fore | it is plain, that magnitudes. are to be conſider- 
IE ed, 
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Fig. ed, not under the notion of being increaſed by a re. 
peated acceſſion of parts, but as 


2 by 2 
continued local motion, or flux of their elementary | 


parts; and the quantities thus generated are ſaid to 
flow, and called fluents, or flowing quantities, and 
ſometimes variable, or indetermingte quantities; be- 
cauſe they are capable of receiving of an indefinite 
number of particular values, in a regular order of 


- ſucceſſion. Therefore any quantity may be ſup- 


poſed to be generated by continual increaſe, after 


the ſame manner that ſpace is deſcribed by local 
motion. | 


Hence in the method of Fluxions, geometrical 
magnitudes are not preſented to the mind as com- 
pleatly formed at once, but as riſing gradually be. 
fore the imagination, by the motion of ſome of 


their extremes. 


2. 


Thus the line AB may be conceived to be traced 
out gradually by a point moving along from A to 
B, either with an equable mation, or with a velo- 
city in any manner varied. And the velocity, or 
degree of ſwiftneſs with which this point moves in 
any part of the line AB deſcribed, or at any mo- 
ment of the time of deſcription, is called the flurion 
of the line at that place, or at that moment of 
time. Or, if we ſuppoſe with Mr. Robins, there 
is an unbounded ſpace ACB formed by two lines 
AB, AC, and there is another line DE erected on 
AB; now if this line DE be put in motion (ſo as 
to move always parallel to itſelf) as ſoon. as it has 
paſſed the point A, there will be a ſpace bounded 
on all ſides between thoſe three lines, for when DE 
has flowed or moved to FG, they will include the 
ſpace AGF; it is evident, that this ſpace will in- 
creaſe faſter or flower, according to the degree of 
yelocity DE ſhall move with ; for though DE move 
with an equable motion, the ſpace AGF would not 
for that reaſon increaſe equably; but when the line 


AG 


A» „ 70 


> oe aac os 


"0 "- £ ic * 1 eig La Ro. n 


Sror. III. To FLUXIONS, 


AC was fartheſt diſtant from AB, the ſpace AFHFig, 
would increaſe faſteft ; now the velocity wherewith $, 


the ſpace at all times increaſes, is called the goons 
of that ſpace. 


Or thus, 
"FRY I. Indeterminate quantities, which ON” 


ng ilies; but thoſe which always remain 

232 others increaſe or decreaſe, are 
called conſtant, or determinate quantities. 

2. Suppoſe the ordinates BC, BD, ſo move al 
the baſe AF, with a motion always parallel to 
themſelves, that the ordinate BD always remaining 
the ſame, the point D may deſcribe the right line 
GDd; and in the mean time while the ordinate BC 
continually increaſes or decreaſes, the point C may 
deſcribe the curve ACc, then the abſciſſa AB, or- 
dinate BC, curve Ac, and the areas ACB, AGDB, 
are indeterminate, or flowing quantities, but the 
right line BD is a conſtant quantity, 


nally increaſe or decreaſe, are called variable, or 


3. The flowing quantities, as AB, BC, increaſ- 155 


ing in equal times, with a greater or leſs velocity 
by which they fncreaſe, become greater or leſs as 
they are generated; for if the point B always move 
with a ſwifter velocity than the point C in the line 
BC, the increments Bb of the fluent AB, will be 
greater than the increments Ec of the fluent BC, 
generated in the ſanie time. The velocities with 
which thaſe increments Bþ, Ec, generated in the 
ſame time, firſt begin to be, namely, till bc cone 
cide with BC, are called Pluxions. : 

4. The method for finding Fluxions of flowing, 
or determinate quantities, is called the direct method 
of Fluxions; and the method for finding Fluents from 
Fluxions is called, the inverſe method of Fluxions. 

5. The velocities, by which the increments of 

owing quantities, generated in the ſame time, firſt 
gin to be, are uniform. Da- 
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velocity of the ſame point in the direction of Ec, 
according to the various nature of the curve ACe, 
will indeed be various in different parts of the curve, 


be in the direction of Ec; fo that when the point 


form. Q. E. D. | 


proportional to the ſpaces gone over in the ſame 


from A to c, will be the fluent 54; and the ſum of 
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DEMONSTRATION. 


Since the curve Acc can be deſcribed by the mo- 
tion of the point C, moving with any finite velo. 
city, if the velocity of that point, in the direction 
of CE, parallel to AB, be ſuppoſed uniform; the 


namely, in Cand c; but by how much the nearer 
the point c ſhall approach to C, ſo much leſs will 
the variation of the velocity in the points C and e 
coincides with C, the variation of the velocity 
through Ec ceaſes. Wherefore the velocities with 
which the increments of flowing quantities, gene- 
rated in the fame time firſt begin to be, are uni- 


6. Therefore when the uniform velocities are 


time, it is manifeſt (Art. 1.) that Fluxions are, in 
the ratio of the increments, generated in the ſame 
time, while they firſt begin to be, or ultimately va- 
niſh ; therefore to find the relation of Fluxions, we 
muſt take the increments of the fluents generated 
in the ſame time, and to conſider the prime ratio 
of their naſcent increments, or the ultimate: ratio 
of their eyancicent, as the relation of the Fluxions. 

7. Hence the jum of the Fluxions is as the ſum 
of the naſcent or evaneſcent increments, but the 
ſum of all the naſcent increments is the flowing 
quantity itſelf; for if the whole area Ach be ſup- 
poſed to be divided into parallelograms as BE, and 
the number of them to be increaſed, and, the breadth 
Bb be diminiſhed ad infinitum, the ſum of all the 
naſcent increments B, from A to 3, will be the 
fluent Ab; and the ſum of all the increments Ec, 


all 
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all the Cc, will be the fluent arch Ac; and the ſum Nei 
of all the parallelograms BE, the fluent area Ach; 3. 

(by Lem. 2. Principia, Lib. 1.) therefore the ſum 
of the Fluxions is as the flowing quantity. 0 

8. Since any Fluxion, either of the abſciſſa AB, 
or of the ordinate CB, or of the arch AC, may be 
looked upon at pleaſure as uniform; it appears, 
(Art. 5.) that the firſt Fluxion of the ſecond, third, 
&c. Fluxions, may be conſidered as conſtant, and 
may be expounded by a finite conſtant quantity. 

9. Wherefore, when variable quantities have their 
Fluxions, which again may be variable, it is cer- 
tain there are Fluxions of Fluxions, or rather, va- 
rious infinite orders of Fluxions; and the Fluxions 
of finite fluents are called firſt Fluxions, thoſe of the 
ſecond, ſecond Fluxions, c. 

10. Draw the right line V TH, which let it touck 
the curve in C, and meet bc and BA produced, in 
T and V; let b return into its former place BC, 
and the ultimate form of theſe evaneſcent triangles 
CEc and CET is ſimilar, and their ultimate ratio 
that of equality, (by Lem. 8. Principia.) therefore 
the firſt Fluxions of AB, BC, and AC, are as CE, 
ET, and CT, the ſides of the triangle CET, and 
may therefore be expounded by thoſe "= Why Or, 
which is the ſame thing, by the des VB, CB, and 
VC, of the triangle VBC, which is ſimilar to the | 
triangle Tn | 

11, Since the areas BC ind B are Jafirihed 
in the ſame time by the uniform motion of the or- 
dinates. BC and BD, thoſe naſcent or evaneſcent . 
areas will be as the Fluxions of the areas ACB and 
ABDG, (Art. 6.) but the naſcent arca BC does 
not differ from the  parallelogram BE, (Lem. 3. 
Principia); therefore the Fluxions of the areas AC B 
and ABDG are in the prime ratio of the naſcent 
parallelograms BE, Bad, or (becauſe the fide bd is 
common) in the ratio of the ordinates BC, 97 5 i : 


Fig, _ 15. If about the centre B. a circle be deſeribed 


3. 


cle, and the Fluxion of the curve conjunctly. 
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with the radius BC, and carried with' an uniform 
motion along the abſciſſa AB, and at right angles to 
it, it will deſcribe the ſame ſolid which would be 
generated by the revolution of ACB about the axis 
AB, and the Fluxion of the generated ſolid ABC 
will be as the product of that circle drawn into Bb, 
the naſcent increment of the abſciſſa AB; and the 
Fluxion of its {uperficies of that generated ſolid will 
be as the product of the perimeter of the ſame cir- 
cle into the arch Cc, or the naſcent tangent CT; 
that is, as the circumference of the generating cir- 


117 10 DEMONSTRATION, 

The naſcent parallelogram BE; does not differ 
from the naſcent figure BieC (by Lem. 2. Principia, 
Lib. 1.) and therefore the naſcent iricrement of the 
folid, generated by the revolution of the parallelo- 

ram BE about the fide BS; and this folid is a cy- 
Ender equal to the product of the area of a circle 
deſcribed with the radius CB, into the altitude By; 
therefore the naſcent increment of the ſolid, gene- 


rated by the motion of the cirele CB about the axis 


AB, and therefore its Fluxion is as the rectangle of 
the area of the circle into Bb, the naſcent incre- 
ment of the abſciſſa AB. Likewiſe when the naſ- 
cent arch Cc coincides with the tangent CT (Lem. 
7. Princ.) the naſcent ſuperficies, generated by the 
revolution of the figure BC, is equal to the ſu- 


perficies of a fruſtum of a cone, and therefore 


equal to the product of half the ſum of the peri- 
pheries, whole radit are BC, bc, into the ſide CT; 
or becauſe Ic = BC, (by Lem. 2. Princ.) equal to 
the product of the periphery of the eircle whoſe ra- 
dius is BC, into the ſide CT, or naſcent arch Cc 
therefore that product is the naſcent increment of 
the ſuperficies of the curve deſcribed by the revo- 

. lution 
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lution of AC, and conſc 


13. By che like arguments, we can find Fluxions 
from fluents expreſſed by calculation, by inſtituting 
an analyſis in finite quantities, and inveſtigating the 
prime and: ultimate ratios of naſcent and 'evanef- 
cent finite quantities. And theſe: are tlie princi« 
ples of the calculation of Fluxions, viz. 1. Since 
Fluxions-are in the prime ratio of their naſcent in- 


crementa, and in the ultimate _ an their eva- 


neſcent (Art. 6.) 2. Fluxions may be expreſſed by 
thoſe increments when they firſt Shaka to Nr or, 


laſtly, are vaniſbing. 3. Conſtant quantities have 


neither increments} nor decrements, and therefore 
have no Fluxions. 4. If there be ſome quantities 
(among thoſe that are determinate) which decreaſe 
while others increaſe, the Fluxions of thoſe that de- 
creaſe are negative; for they are as e incre- 
ments, or as decrements. (£29717 © 

14. Flowing quantities are denores by *, y, 2, Vp 
&c. the laſt letters of the Alphabet, and conſtant 
quantities by a, b, c, d; Se. 


equently is as the Fluzion Bi 
ol that ſuperficies, (Art. 6.) Q. E. P). a 


3. 


The Fluxion of x de- with dio over it, and 


Fluxion of & is , or ſecond Fluxion. 
of y / the Fluxion of / is j 
of 24. Rx of Z is 2 
. v is v 

Kc. | &c.. 


Sir Jun Newton, in | his Principia, lays down this 
LE MMA. 


The moment of any genitum is equal to the. ma- 
ments of each of the generating ſides, drawn into 
the indices of the powers- of thoſe ſides, and into* 
their coefficients. continually. - | 

He calls any quantity a genitum, which is not 


made by addition, or ſubduction of divers parts, 


but > grnermed or 3 in afithmetic, by the 
multipli- 


— 


[1 


bo 


Fig. multiplication; diviſion, or extraction of toots of 


\ 
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3. any terms whatſoever; in geometry by the inven- 


tion of contents and fides; or of the extreams and 
mean proportianals.” * Quantities of theſe ſorts, 
ſays he, I conſider as variable and indetermined, and 
increaſing or decreaſing, as it were, by a perpetual 
motion or flux; and I underſtand their momentane. 
ous increments or decrements by the name of mo- 
ments. But finite particles are not moments, but 
the very quantities generated by the moments; it 
will be the ſame thing, if inſtead of moments we 
uſe either the velocities of the increments and de- 
crements (which may be called the Motions, Mutas 
tions, and Hluxions of quantities) or any Nn quan- 
tities proportional to thoſe velocities ? 


Thus if the moments of any — A; B, c, 


&c. increaſe or decreaſe by a perpetual flux, :or the 
velocities of the mutations which - are proportional 


to them be called a, b, c, &c. ſo that while A be- 
comes Aa, B heeomen B, C becomes C c&c. 
The moment of Ar will be iH 


of A; — S 33 A 

of A+ S 44A3; 

of Az — = 24 A* 

of A3 | — = 44A 7 

of AF — = aA 

of Ab! —— = — Az 

of A2: — , — 243 

of Ai . = 
1 dec. 

And in general that che x moment of any power A* 


2 
will be = — —aA = = , And alſo the moment of 


- A*B will be 2 AB + bA:, the moment of the ge- 
e W ABC will be gaA*BiC* + 


4B C. 
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0 + wana oP. and the moment of the g ge-Fig: 
hefated | quantity 8 — or A=, will be 30 AB WF 3 N 


25A B— &c, aig the rectungle AB will be aB Ty 
138. Now if inſtead of A, B, C, &c. we 155 
5. 2, &c. and inſtead of the moments a, 5, ©, &c. 
we write &, y, 2, &c. the ſenſe of the Lemma is, 
th the moment or Fluxion - 2 

of * 18 I _ 2xx © [302 mt f 
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8 = v o 4% + ap# 5 
, The Fluxion of a quantity compoſed of ſe. 
van terms by + and , is equal to all the Flux- 
tons of all the terms joined together by the ſame 
ſigns + and — thus ang TEE of a + 4 N 
will be 4 — 5. 


f DzMOMSTRATION. 
» The increment of the whole quantity 4 ＋ * — 5.5 


1 waning | in a given time, 8 equal to the — 


” 144 
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Fig. ol tho iverements of and y.y and ſmee 2 ; A Con 


3 


ſtant quantity (Art. 14, it hath uo increment, there- 
fore the naſcent or evaneſcent increment-of 4 + x 


is eu Ahe difference of, the naſcent or eva- 


neſcent increments, of & and q N hut Fluxions are in 


„ 


the prime ratio of thein naſcent inersmentæ there- 


a fore the E luxion of the whole quantity 4 4 9 5 


is x —9. Q. E. D. ix 10 nem ach 2557 
N. E. If while x increaſes y ſhayld deereaſe, the 
Fluxion of 5 would. be, negative. namely, -, and 


therefore the Fluxion * —y would become x + 5, 


which always muſt be carefully obſerved... -... 


them in their firſt ratios, as ariſing or 


16. Hence it is evident from the aboye Demon- 
ſtration, that Fluxions are not the velocities of the 
increments conſidered as actuaſty generated, but as 
ariſing or beginning to be: generated, and are ex- 
actly in the- prime ratio of the increments, conſi- 
dered as in the firſt moment of their generation. 
<« So that the genuine ſenſe and meaning, ſays Mr. 
« Hodgſon, of finding the-Fluxions of flowing or 
« determinate. quantities, is to find the velocities 
& with which they ariſe, of begin to be generated 
in the firſt moments of formation. Ad the ſame 
+ way of reaſonipg, obtains, whether we ponſider 
«the firſt or laſt ratios of the velocities of the in- 
ce cremental parts; that is, whether we conſider 

| inning 
« to be, or whether we conlider them itt their laſt 
„ ratios, -as'vanifhing-and-ceaſmyg to be.. 


%. Hchag been; ſaid, that the Fluxian of xy is 
3% + 431.48 thjs;'is-the main or funda manta ll point 


in the method of Fluxiens, te find the Elugion of 


che prodoct of. we, fipwing quantities, it will be ne- 


ceſſary to give the following „ 4 ad ix 


Dipmons r rien 

Let the right line BC mode Along the right line 

AB, ro which it is perpendicular, and let C, the 
| extreme 
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extreme Point thereof; deſcribe the curve Acc; let Fig. 
BC move to be, and compleat the rectangles BF, 4˙ 


5; call AB, æ, BC, 5, conſequently the rectangle 
will be 4j; while BC moves to 6c, the increment 


of rhe rectan ngle BF or y is equal to the ſum of the 


rectangles BE, EG, C; but the rectangle EG is 
to the j EB, as Ec to BC, and to the rect- 
angle Cf, as CE or Bb. is to FC, or AB; & re- 
turning again into its former place BC, and while 


Ec and EC decreaſe, and at laſt ultimately vaniſh, 


it decreaſes too, and at laſt vaniſhes; or the ratio 
vf the erage EG to the rectangles EB and f 


becomes unaſſignable, therefore (by Lem. 1. Prin- 


cipia) the ſum of the two rectangles BE, cf, be- 


come ultimately equal to the ſum of the three rect- 


angles or parallelograms BE, EG, Cf; therefore 
the naſcent 1 increment of the rectangle or parallelo- 
gram BF or xy.is equal to the ſum of the two naſ- 
cent rectangles BE, Cf, or to the ſum of the pro- 
ducts of , into the naſcent increment of y; and of 


y into the naſcent increment of x ; and therefore 
the Fluxion of the produẽt of xy is xy +yx, W hence 


the Fluxion of ax is ax, becauſe à is 5 * | 
dupa, and hath no Fluxion. Q. E. D 


Or thus. 


The ſame may be . another wy, from the 
abovclaid Lemma, viz. 


Briton ries bm" = 
Let there be a rectangle OACB under two va- 5; 


| table lines OA, OB, continually EI on each 


fide A, take Ae, Af, equal, and Bg, Bh, equal 
parts on each fide B, ſo that if à and þ are quan- 


tities proportional to the moments of the lines OA, 


OB; ef be equal to a, and g = ; compleat the 
rectang les OgEe, ObEf, and draw FE, which will 


paſs chrough C, the point of concourſe of the lines 


G 2 AG, 
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Fig. AC, BC, (becauſe of the parallels, and the lines 
5. ef and gh, likewiſe biſected in A and B) I ſay, that 


the ſum of the trapeziums EFef and EFgh will be 
equal to the moment of the rectangle OACB but 


the ſum of the trapeziums is had, by taking the 


difference of the rectangles OzEG' and OfFH, which 
is Of x Ob — Oe x Og; or it is OA + Af x 
DUB + 5 — OA —AeX UB — Bg; and putting 
OA = A, OB = B, Af= Ae 2, Bb = By = 
34, the difference of the rectangles will be A + 24 
* B ＋ 4 — A- 4 XxX B — 4 =AB + aB + 


A b — AB + 245 + 5A — 44 aB + 


5A; and if we ſubſtitute x for A, y for B, and & 
for a, and y for 6, it will be xy +yx, as before. 

But to prove that the ſum of the trapeziums 
EFef and EFgh is equal to the moment of the rect- 
angle OACB, if any lines, as ST, VX, howſoe ver 
unequal, be perpendiculars on SV, and TX be 
joined, and in the middle of SV. there be erected 


o. the perpendicular YZ, the trapezium STXYV will 


be equal to the rectangle SV x YZ; therefore the 
trapezium EFef will be equal to the rectangle AC 
x ef, and the trapezium EFgh equal to the re&- 
angle BC x gh. Moreover, becauſe ef and gh are 
proportional to the moments of the lines OA, OB, 
that is, proportional to the velocities with which 
OA, OE, increaſe; or, which is the ſame thing, 
to the celerities by which, while the rectangle OACB 
increales, the lines AC, BC, are carried forward; 
the rectangles AC x ef and BC x gh, will be as thoſe 
lines AC, BC, and their velocities conjunctly. But 
the Fluxion of the generated rectangle CACB is 
proportional to the cauſe which produces it, and 
that cauſe is the motion of the variable lines AC, 
BC, with which they are carried forward, while 
OA, OB, increaſe; and though while thoſe lines 
AC, BC, are carried forward, and the lines OA, 

1 a OB, 
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OB, may increaſe, we can get no ratio of this aug - Fig. 
ment or increment, while we conſider the Fluxion, 6. 
or the naſcent increment of the rectangle; for in 
the very beginning of this naſcent increment, theſe 
productions of OA, OB, are evidently nothing, and 
when firſt they are ſomething, others now, as AC, 
BC, are aſſumed greater than the former; there - 
fore the momentum of the reangle or parallelo- 
gram OAB, or the momentaneous cauſe of its mu- 
tation or Fluxion muſt be determined from AC and 
BC, and from the velocities with which they are 
carrie on; nn enen 
Let there be two parallelograms MNm#z, PRpr, 7. 
make MN = PR, and let others be conceived like- 
wiſe: equal to theſe which, flowing from MN and 
PR by an uniform and parallel motion, are carried 
forward in the direction of Mm and Pp, fo that 
they may arrive at n and pr in the ſame moment 
of time; it is manifeſt, that the areas Mn, Pr, will 
be as Mm, Pp, and likewiſe the velocities of thoſe. 
lines flowing from MN and PR, will be in the fame 
ratio, and conſequently the areas Mn, Pr, will be 
in the ratio of their velacities, But if MN, PR, 


be nat equal, the areas will be as thoſe lines MN, 
PR, and their velocities conjunctly. And any in- 
) crements of the rectangles ViNmn, PRpr, made in 
, an equal time, will be in the ſame ratio; and there- 5. 
3 fore the naſcent increments will be in that ratio too. 
3 Whence it follows, that the increment of the rect- 
: angle OABC, ariſing from the motion of AC, is 
t as AC and its velocity conjunctly, and becauſe the 
8 jncrement of the ſame rectangle OABC, ariſing 
d from the motion of BC, is as that line BC, and its 
'» velocity conjunctly; therefore the whole moment of 
e the rectangle OACB is the ſum of the products of 


Ss AC and BC, multiplied by the reſpective velocities, 
wich which they are carried forward, and conſe- 
884 f G 3 quently 


CI 


86 


A IN TRODUCTION 


Fig. quently as the ſum of the rectangles AC 1 7 and 
5. BC x gh, or finally as hel ame a * Wanne 


RFef. ide. E. D. 


e TE: vo 
7 be ee Eſſay on Fluxions 1 N in my 


Miſcellanea Curioſa Mathematica, and as that book 
bas been long out of print, I ſhall inſert part of it 


here, which perbaps may be more FOOTER! to 5 of 


"my Readers than the above. 


4 DajonerRATION of the firſt principles of. Fuvux- 
1ONS, without uſing amy infinitely june ee 
or vaneſcent Parallelograms. 


I. If two right angles AB and CD are ſuppoſed 


to be generated in the ſame time, by the uniform 


motion of two points A and C. then the velocities 
of the generating points will be to one another in 
the ſame proportion as the lines themſelves gi and 
the proportion of theſe two lines will be directly as 
the velocities drawn into unity, or as any two 
ſpaces very ſmall, or of any length whatever, de- 
{cribed in the ſame time by the generating points. 
Therefore as the method of ſubſtituting algebraical 


characters for lines is arbitrary, as for inſtance, we 


may call AB, y, and CD, x, fo we may expreſs the 


velocities of the points, whereby theſe two lines are 


uniformly generated, by what characters we pleaſe, 
for example, by y and x, the former letters with a 
point over them; or theſe velocities may be re 

ſented by two lines Aa and Ce, paſſed over in the 


ſame time by the points A and C. The velocities 


of the points A and C are the Flaxions of thè lines 
AB and CD, which are properly expreſſed by ) and 
*, or 19 and 1%, and repreſented by Aa and Cc, 
any tuo lines bearing che ſame e do we 
eher "_ the yen do. Diel 


0 
\ 
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Again, the line AB may be conceived to be traced Fig. 
out gradually by a point moving on from A to B. 8. 
either with an equable motion, or with a velocity in 

any manner varied. And the velocity or degree ef 
ſwiftneſs, with which this point moves in any 
of the line AB, is called the Fluuon of this line at 
that place. 
Hluxions then in general are 1 — 8 wich 
which magnitudes, varying by a continued motion, 
increaſe or diminiſh; and the magnitudes themſelves 
are reciprocally called the Fluents of thoſe Flaxidus. 
And as different Fluents may be underſtood-to bt 
deſcribed together in ſuch manner, as conſtantly to 
preſerve ſome one known relation to each other, the 
doctrine of Fluxions teaches how co aſſign, at all 
times, the proportion between the velocities, where- 
with homogenequs. mages, varying thus toge· 
ther, augment or dimigiſn. 

This doctrine alſo 1 on the her hand, 
how, from the relation known between the Flux- 
ions, to diſcover what relation the Fluents themſelves 
bear to each other. It is by means of this propor- 
tion only, that Fluxions are applied to geometrical 
uſes ; for this doctrine never requires any degree bf 
velocity to be aſſigned for the Fluxion of any one 
Fluent ; and the proportion between the Fluxions 
of magnitudes is aſſignable from the relation Known 
between the magnitudes themſelves: |! 41; 

| II. If the two rectangles AD and EH. are e ſap- 9. 
poſed to be generated in the ſame time by the uni- 10. 
form motion of the lines AB and EF, always pa- 
rallel to themſelves, along the lines BD and FH, 
then the rectangle AD will be to the tectangle EH, 
as AB drawn inte che velocity of its motion is to 
EF, drawn into the velocity of its motion ; or AB 
into me Glo aut of the een B is to = into the 
| 89 4 velocity 
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That is, if we call AB, 4; EF, 5; BD, y 


FH, x; and the Fluxions of BD, 15 of FH, x, as 


11. III. But if the two lines AB and EF ſhould be- 
12, come variable, and flow uniformly along BD and 


' 


nn the ſame time by the lines bc and Jos taken at the 
or T 


velocity of the point F, as the rectangle AD to the 


before; or repreſent them by the 
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aces Bb and FE,, 
or bn and ir, paſſed over in the ſame time by tbe 
lines AB and EF; then will ay be to bx, as the 
rectangle AD to the rectangle EH : and the velo- 
city wherewith the line EF is moved, drawn into 
that line, is the Fluxion- of the rectangle EH; 
which are properly expreſſed by ay and bx, and may 
be repreſented by the rectangles Ab and Ef, or an 
and er, deſcribed in the ſame time by the uniform 
motion of the lines AB and EF. * 85 | 


FH, the lines DC and GH ſhould increaſe uniform- 
ly from o, or the points B and F, till they become 
DC and HG; then it is evident, that by ſuch a mo- 
tion, inſtead of the rectangles AD and EH, there 
will only be deſcribed the triangles BDC and FHG. 
And the triangle BDC will be to the triangle FHG, 
as the rectangle of the genera:ing lines (taken at 
the ſame time) into the velocities where with they are 
moved along; that is, ſuppoſing DOC = u, and 

HG = 2, at any time the Fluxions of the triangles 

may be expreſſed by / and zx (ſuppoſing BD and 

FH repreſented as above) and may be repreſented 

by the rectangles 56 and ff, or cn and gr, deſcribed 

length they are in any one moment of time. Hence 

IV. The Fluxion of any quantity whatever is 
equal to the rectangle or product of the generating 
quantity, drawn into the velocity of its motion; 
and may be repreſented by the rectangle of the ge- 
Bae ᷣͤ hr ans > 
ed ey en A0 
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4 line proportional to the velocity. This definition Fig. 
is plain and general, being _ underſtood, and 12. 
applicable ro all Florions; as 1 thall afterwards £ 
make appear 4 7 
V. If the Fluxion of the keftangle of two va- 
fable quantities be required, or by what motion of 
two flowing quantities the rectangled patallelogram 
EFHG | may be deſcribed, | anſwer thus | 
Let the point F move uniformly along the line 13. 
FH, while at the ſame time the line HG uniform- 
Minereaſes from o at the point F, till it becomes 
a to GH; then it is evident, that by that mo: 
; non there will be deſcribed the triangle FHG. And 
at the ſame time ſuppoſe a point from F moves uni- 
formly to D, while the line DG increaſes uniformly 
from o at the point F, till it become = DG; then, 
for the ſame reaſon, by that motion will be deſcrib- 
& the triangle FDG. But theſe two compleat the 
＋ les; therefore if we ſuphoſe FH =DG=x; 

D = GH =y, and expreſs their Nuxions by 
0 by y, or repreſent them by the ſpaces fb and 
&, paſſed over in the ſame time, the Fluxion of the 
nals FHG will be properly expreſſed by yx, and 

' repreſented by the rectangle bb; and the Fluxion 
of the triangle FDG expreſſed by xy, and repre- 
ſented by ch, by Art. III. Hence the Fluxion of 
the whole rectangle DFH is properly expreſſed 
by. yx + xy, and repreſented by the two rectangles 
1 and bb, L fay, repreſented by theſe two rectan- 
gles, which are proportional to the Fluxions, but 
are not the Fluxions themſelves. For the Fluxions 
are rectangles under the generating quantities and 
yelocities, and ſo far as velocity, which is a pro- 

ty of motion, may be repreſented by a right line, 
bf far and no farther, may the Fluxion of the rect - 
angle be repreſented by two rectangles ch and bb, 
* the lines cd and fb bear the ſame propor- 


| tion 
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Fig. portion to one another that the velocities do, where. 
with the lines FD and FH are generated. = 


1 - 


- . 


14. VI, Hence it will be caſy to find the Fluxion of 


i 


= 


5 


the parallelopipedon AH; for put AB = a, AD 


= b, AF A, and its Fluxion , the Fluxion 
of the ſolid will be abx, and may be repreſented by 


the little ſolid ABCD abed, being ſuppoſed to be 
generated by the uniform motion af the plane ABCD 


along the line AF with an uniform velocity. - 
VII. In like manner if the lines AB = x, AD 


= „, and AF = 2, be all variable, and their Flux- 
ions be x, Y, and 2, then while x and y move uni- 
formly along AF, they will deſcribe the pyramid 
AFGHE, and the Fluxion will be xyz. Suppoſ- 
ing them to increaſe from o till they become FE 
and FG; z and y by an uniform motion from A to 
BE, and BC by, and uniformly increaſing, will de- 
ſcribe the pyramid AEHCB, and their Fluxion 
will be zyx. And, Maſtly, while z and.x move uni- 
formly from the point A along the line AD, and 
uniformly increaſe till they become DG and DC, 


they will by ſuch a motion deſcribe the pyramid 


ACDGH, the Fluxion of which will be zxy.. But 
theſe three pyramids compole the parallelopipedon, 


and therefore the ſum of their Fluxions, viz. 2x 


+2yx +92 will be the Fluxion of that ſolid. Q. E. I. 
Hence the Fluxion of xy is xy +3x; and the 
Fluxion of xyz is x + #2y. +,29X (= x92 + xyZ 
+ *); but if x =y = 2, then the Fluxion of xx 
or & is = xX + Xx = 2xx, and the Fluxion of 
XXX or * is Z XXX + XXX ＋ XxX, 3XXX gx x 
Mr, Emer/on has proved this from other principles, 
at page 23 of his method of Increments, which ſee, 


6. VIII. Bur now let us ſuppoſe, that the line HG 


ſhould not increaſe uniformly, but that its ſquare 
ſhould always bear a certain proportion to the {pace 
paſſed over by the point F, then the line VG, in, 
E | - + | | 88 <a 
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ſtead of being a right one, will become a curve, andFig, 
the area FGH not equal to the area of the triangle 16. 


in Art. III. Yet till ſuppoſing that ſpace gene- 
rated,” in the ſame time, by the uniform motion of 
the line HG, from the point F to GH, the Flux- 
ion may be properly expreſſed hy q (calling GH, y, 
FH, x; and its Fluxion &) and repreſented by the 
rectangle ff or gr, the difference here, and in Art, 
III, conſiſting only in y, or the line gf, or the pro- 
portion that GH bears to FH. Hence alſo it will 
be eaſy to find the Fluxion of a ſolid, generated 
by the rotation of any. curve around its axis, or by 
the uniform motion of a circle along a right line, 
whoſe radius increaſes in any given proportion. 


4 
„ 


= 


. c, a, are conſtant quantities, never increa 
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Durer MzTzoD or FLUXIONS. 
© PROD. Es 
7 0 Len the Fluxion of any fmple variable quantity. 
"* EL . 


JU T a dot over the variable quantity and it 
is the Fluxion required. 


"EXAMPLES, 


1ſt, The Fluxion of x is x, 2d, The Fluxion 
of y is . 3d, The Fluxion of z is 2. 4th, The 
Fluxion of x + is x + 5. 5th, The Fluxion of 
4 ＋* is x. 6th, The Fluxion of þ + yis y, fora 
and 5 are conſtant quantities, and have no luxions 

Again, 1ſt, The Fluxion of x —y is & 
Of a—yis —y. 3d, Of a—x is —&. A The 
Fluxion of x h 2 vis & ＋5 12 — v. 5th, 
Of 2 — is x - 2 — 5. öth, The Fluxion of 
b +x—c +2z+@—y will be K + Z—j 3 for 

bg or 

decreaſing, and cannot undergo any change, and 
therefore (by Art. XIII.) have no F luxion, 


PROP. II. 


To find the Fluxion of any given power of any ua- 
riable quantity. 


R Ul E. 


Multiply the index of the given power by the 
Fluxion of the root, and then multiply chat pro- 


duc 


e hed 
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quct by the power of the root whoſe Index is leflen- 
ed by 1, and the coefficient of the term together, 
gives.the Fluxion of that term required. 
This may more briefly be expreſſed in al gebraical | 
characters, thus Mmax"—x is the Fluxion of @ "as by 


the above Rule. 


EN 4 M P 1 Es. 
1. The Flurlon of * is = 24x = 2xx 
2, — of & is =2x3"1x = g 
3. — of xiis = A = 4% 
4 — of 7ax* is 6X jont—u=3 pax. 


1 n 


* 
* o * £2 [3 4 a” 
4 a # * 4 « - + #5 > 


"PROP, III. ne: 5 


7 0 fad 0 the Flas of the yen of frat vo- 
riable r | 


; Rows 


Maltiphy the Flurion of each one by 1 8 
of the reſt of the quantities, and the ſum of the 
products thus ariſing will be the Fluxion ſouhts 
Art. * | | 
Or, 

The ſum of the products of the F luxion of ITY 
factor, multiplied by the product of the other fac- 
tors, is the Fluxion of the inne when multi- 
plied together. | 

The ſame may 'be expreſſed in algebraical he: 
raters thus, univerſally, 

A The Fluxion of * is = Yanx"—1x + 


An- y, 


Il. The Fluxion of ryeze is = Yu -i + 


z -i T r iS. 


III. The Fluxion of x is = e 
+ ππ Pu τ * W 2 "x e 
& c. | 


E x 4 u. 


y4 
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«5197 B. 10 £3 0 Þ! wget M2 3 

2015 HM 1 0 * PLES 18 

15 The Fluxion of "xy h'= 9 ＋ IP mids 
== 66d 14 T7 5 . 4 each = 8 . 
* ER of wis S + 2v, here mand 


are each = 1, 
3. — of lag + &. 
4. — —— of Y is S + XR), + D. 


„ 


wk =” l = 


or ec 


„Put * = 1. chen XYZ. will. be = = vx. and conſe 
quently the Fluxion of Hz is = Fluxion of vx; 


but the Fluxion of vx is xv + vx; and 9 = = 2y + 
52 ; now if in the Flukon' of 40 + v there be 


pune ay fot v, and * i for d, we: ſhall have 
+ 9X23 + 23x = y2x# + * ++ 0B. and the 
k e way of reaſoning gf other products. 
5. The Fluxion 1 x92v will be 4 + 1 
S + r. 

6. The Fluxion of eu, will de = 9245 
2 . T* 39319 + * 41 + * 
5 ο = = 2y\2*v5xx + 3x S + 47 u P 
8 N vd. 3 5 


+ ,% * 


N ** 4 
8 4 «4 $ 4 


eee PROP. "oye 


Given any equation involving Fluents\ of „ quans 
tires to find the Fluxion. 


? 1 1 
283 121 
12 60) - C0115. 


IR 1 k. 


Multiply every term of the equation ſeparately 
by the indices of the powers of the Fluents that arc 
in it; and in every ſuch product, change one of the 
roots of the powers into its Fluxion, the ſum of 
all the ptoducts joined with their proper figns, will 
be the Fluxion of the equation ſought. 


E x A M. 
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Stor. Wy res FLURXIO NS- 


* ” 
* — „ "hs * , Wot * 1 — „ wn 1%, 4 * 574 * 2 1 
"0 * YN $ % + 7 4 7 SI 15 5112 K 2 7 77 Y ” L x i n 


=_ ii E AAN. 1. ay 3; 28 92% e 2112 
2 is the Fluxion Y this e nation * — 
42 + by = dix. $5 0 N 
ts The Fluxion of v will be ae by Prop. II. 
2. — m be IV 
3. * of + n will be 24 25. 
Wie Ae ＋ b will be LOS 
A will be 2x. 1 


Therefore ANIN — K — 1 Tb 


. H, — 


is the Fluxion required, 


wb 


E x A NM. 


What is the Fillion of 221 — — le- Hay — 
o b „ at. —y + My 

, Is The Flurion of 083 n= 3a . U bp 

2. — of — 3 is N 

3. — of + ag is. = o# + og. 5 

X ——_— 4 OT 


— of — 3 is = — 359. 
Therefore the Fluxien of 49%—bx* + Oxy —= V—y7, 


will be = gart ce af S. fe v. o. 
Ex AM. 3» 


12 NY e = * 30 5 be put inte 
Hadan. 


.. The, Flaxjon 1 18.55 — 161 I N b+ x * * 9 
— ghz = = 4 — oa ag 


bag 1 8 ? 1 - N 
"We = 
PRO P. V. 
To * the FHlunion of « any 8 8 
; | IR. 
R ul x. 


Multiphy the Fluxion of the numerator by the 
denominator, then multiply the Fluxion of the de- 


nominator into the numerator, /aboract. this laſt er 
6 


2 = CE PIE 0 
is 1 „ 


Sg 


. 
- * 
r nn 2 ͤ ͤ Kb . : 
— __ : . 
— 22 n — — 
S rr T9 £24 - . * "- M5 — 


* 
VI. 
Ly” 
42. 
4 
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duct from the former, and divide the remainder by 
the ſquare of the ee _ wu nen 


required. & 
Or aniverfaly. 7 eee 


The Fluzion * 75 e 


2 
5 s b. Where N denotes the  numerg 


and D the denominator: | 5 · — 
Ex A 1. bag 
What it the Fluxion ES Ted or at? 


itt, 4 * 2 4 and, 2d, 7 =o): then 
SAX the Fiusion. R Fot 0 2 is 2 1 


8 


Ii 1}: 


* Or n [4.903 E "yn 
Put 5 2 25 then x = 2, in Flutions K 2A 
25. 0 ad 8 — — — 9. for 2 
in the expreſſion OT pue is equil —3 het 
9 my VUA. 
„„ 
Ex A M. 2. 


13. 


Y 


Required the Fluxion of — 


Then the Fluxion of 2 = ws 2 by the 
farms way of proceeding. 


 » Wa 


E xa. 
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E X A M. . 3+ Sl 


Les wa or ax he PN into 4 Flurion. 


* F 
; wn * AX * 4 0 


All the Flaxicn of = nd be = x = 


Cara, 
The 7 of 2 wil be = 


mac 
r il 1 


Ex A M. 1 | 
What's the Fluxiol of - 


—? 
I, 2 * 2 ＋2 as + 28. BSA aA, 


42 * — 22 
2. N 2 = K. Therefore = = 

g a Rage 4 + 2 2 
42 8 05 n WA 


E x A M. 5. 5 


£ . 
©” L - 


I 
801 Put . into 2 Fluten. 


[1:33 IJ 4n#7 43 


* 7 © 


- : . F 7 Ts. —IXX 
Thus the Fluxian of. — or = "$a 
_—_ x 


Xx 


» Sh 
' 3 


| N 3 0 n * 1 » . 81 = * 
Alſo the Fluxion of — or is = 


1 


+", Hig wy baue. 


The Fluxion of _— or >", vill be be — mr 1 

e 3 3 f 
— — al 9 

v I K 1 Do n | 
. e Ex A M. 
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inte "Fluxions. 


: Pat 
- y 1 


1. * K * +5 =xX t = NN D. 

2. K N R AE D* N. 
3. Then ben x + y* = + 2x9 +9 = DD. 
Therefore E — 7 — 
TTT 

Fluxion-Tought, = = = ND=NÞ, > 


| bt - © 
1 I=E ON TE: 
CSF IS. — 
Put 2 into Flixions. + 
8 r ne 3 2. 


K . 


Then 2. * XX TY = Sx + 2y = Nx D. 
3. * +JXz=2x +25 =D xN. | 
Therefore — = * r, the Fluxion requir- 


| r 
ed, — 1 ND. 


DD 


EXAM. 8. 


Required the Flyxion of T. 


7. 2% Xy* = 25 1K. 
2. % X of = 2%. 
Therefore 2 —. is the Fluxion required, 


3 9. 


To put — : into Flurions. 
The 


Srev III. ro F LUKIONS 
ot, 
The Fluxion i is = — 2 * —— * * 3 


3 
PET _- 
| FAS oF: 


To put © 5 into Fluxions. 


1. 34 * y* = 98. 
2. 6949 XX = 5x39. 


Therefore A . is the Fluxion required; 


EW I. 11. 
x2 


To put —— =: 1110 Fluxions. - 


2. The Fluxion of * in 2 will be = 22*xx 


2 
1. The Fluxion of 2 in x*2* will be = _ 27725 TR ; 


3. Then z a + 22xX X y = 29x22 + 
BK 1 

4. And 2 x5 = 21 = = - DN. 

5: Therefore 2 MT e is the Flux: 


Unruh. 


The Fluxion of = FT 77 will be = 


3 +15 I. - 22 See Mr. Emerſur's method 


ion . 


2 ＋ 2 
of Increments, page 23. 
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To find the Fluxion of powers where furds art 
x: tan | 
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An INTRODUCTION 


R u l. k. | 
This i is the ſame Rule as in Prop. 11. viz, Mul- 


tiply the index, the F luxion of the root, its power, 


whoſe index is leſſened by 1, and the coefficient of 
the term continually, for the Fluxion of that term. 
This may more briefly be expreſſed in algebraical 


charadters as a general formula, thus. 
> 


1 


I. K* in be in Fluxions = . 


II. The Fluxion of x® is = = xn * =— 
K2 „. 
i I — ON £4 
III. The Fluxion of — or x” is = — — 
| 2 wo ©: 
— 7 —] , 
8 Ns 


E. X A Ms 35 . 
Required, the Fiuxjon of Vr = xi? 
3 x 
1. 238 = ** 1 2 


Or by Formula I. 


x 
Here n Sa then * 7 2 tank = == 
— i e 
= E x A M. 2. 
Reguired the Fluxion f Vr = x* ? 


8 


Here 1 — 33 then * 4 * 3 * 
2 * 7 

— o—— 

3 XxX * rw ox 

Ex AU. 3. 

What's the Fluxion of Vr = = alt 2 


By 


SECT. Ill. To FL-UXTO N 8. 
| By Formula II. 


— 21 


Here m = 2, # = 3; then — 7 K = 2 
f = 
2XX 
IK AN K. F 
1 | 6 
. COROLLARIES. 
1. Hence the Fluxion of Vx or x*, is = * 1% 
| ARE.” 1 
3 7 — 2 R 2 K. 
g 8 > JM . 
2, — of Vx or x, is A & = 3x" . 


L 


4 . . . | 
3. — of Vx or , is AA x*x, 


I 
Put V aa + xx = aa Tul into Fluxions. 
1. 2 X 4a +" =X + 2xx = + X a+ wx 


X 29% = 200 AR 
28 aa ＋xx * aa+xx 
Or thus. | 
Put z= aa + xx; then 22 = as ＋ xx, in : 
Fluxions 225 = 2xx and by ide 4 = = = 


2XX xX 
——_ ——w —— —— —— 
2 aa+xx Y aa+xx 

EX AN. . 


Given Vaa-xx = SAA Nx to be put into Tune, 
Then + X 44 — xx3" 3 — nth = NA NN 


the Fluxion required. 


— XX 
Je — 2x — — 
1 = aer Tan 
Or thus. ER 
Put z . - xx, then x* = aa — xx, bur 22S 
has , — XX — 2 XX 
= — 2XxX IS = —S 1 
— wy » 6 3 -> 22 N 
— X * 1 ö inne 8 
Vas — xx H 3 E x A Ms 
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we ee 
E x AM. 6. 
Find the Fluxion f Wars — xx = 21 — "i 


Then = x rx — K! * 2137 — 2XX = 
21K —20X _ KN we, 


2V/2rx—xx azræ—-xx —V 2T— 


Or thus. 
Put z Varx — xa, then z* = 27X — XX, in 
27 — 25 | 
Fluxions 22 = 20% — aK, and 3 ES 
2122 TX—xX 

— = the Fluxion ſou ht, 

2 zrr— r ar- 8 

Ex AM. 5. 


70 Io out. —— ax — N 3 into Fluxions. 

Then ax —y 3 is = 3 x ax = X 
wr Ly = g —"18axy* + Y* X aX — 2yy = 
ga — 184 + 99's - — 184'x*yy + 36axy'y 
— 18y5j = 3 & into 32 — Þa'y'xx — gaytx — 
er = 1209 — — by' Js the F luxion required. 


Ex AM. 8. 
Let it be reguired to find the Flexion of Wa +xx + xx" 
= & X aa + aa + xxl: ? 


Fut xV aa I xx = 2, then 22 = * * aa + wx 
or 22 = aax* + , in Fluxions 222 = 24'xx + 
24*xX +43 7 2 1 L 43% 


A*, and & = = — = => 
N 22 *. 852 22 aa TR 


Ex+2x'x 
rer the Fluxion required. 
Or thus. 


„Ma + xx may be put into an infinite ſeries, 
god ut its F luxion taken! in a leries. 


c | J. * 


418 a . > a ©. 1 


Seer. U. v FLUXIONS. | 
as 


CE warrants gy . 4 : 
I. a eee — "9... ORR 


843 | 1645 
E 
12897 
multiplying the ſeries by x, we ſhall have ak + 


+ 
2 a + 1 —.— &c. the Flurion of 


. 8a 1645 12847 
xV aa + xx. 
&4 0 | 
And by the ſame way of proceeding the Fh luxion 


f — FN — — . \F# £ ; Jr 
or xV aa FF = 


Or in a ſeries, 
* * * xx gx &c. 


- 
ON — — — — — — — 


24 8a 162 12847 


| Ex à M. 9. + 
Put x ay + XX = xx X ay + la into Fluxions. 
Let 2 = xxV ay + xx, then 2z = x+ X ay + xx, 
or 22 I ayx+ + x5; in Fluxions 222 = 4ayx'x + 
62% + axty, and & = K ELLE tary = 


4 +6x%%+axty 


IX LGN + ax'y _ 
2 f ex 
E X AM. 10. 


Put s ax + Waa x xx into N 


1. The Fluxion of y ad + * 2 7 — — 
by Ex. 4. 


2, Put z = Wax + aa + xx; then IS = 


T * aa + xx, in Fluxions. 


H 4 . 3. 22S 


&c. by Ex. 2, of e of roots; and 
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3. Tons =" ax + Va Þ+ #33 . 5 
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Fluxion required: 
| EXAM II. 


To find the Fluxion of V , v = a + . 
Then * + #1 x 2x7 = 3 * 4* + NIA x 


2xX = _ | 4a * — gat Vat+ x* the Fluxion 
2288 8 


required, 


Or by infinite ſeries, | 
x* 4 
Then 3 * Var = * N: 2 * 2 2 35 


xs 8 31 * . | 
e ee e I 
e e 


1045 12807 
| EX AM. 12. Oe 
To fnd the Fluxion of V la = — id *. 


Then * Tg 2 17 2 I; ob. — 


oxi, aft 


7 80 0. the Flux ion required. 


Or thus. 


pk 2 2 * xy, then zz = xy, in Fluxions 28, 


”x + xy'; therefore & = A = Joy : 


m_— 259 aye > 
Ex AM. 13. 
Find the Fluxion of * 


"iy — Jy = 39 . 


1 hen 


JA 


Fl 


II 


fi 


+» 4 
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Or than „ 
Put 2 = xy —3y; then zz =xy—yy, in 
Fluxions 22 S +3X—23), and 2 xy byxX—2yy + 


1 
- 
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* — — * PETTY —_ ** * 
py hk. G Jo — x. — — 1 — +: 3 ———— * 3 * 9 2 —— 8 
1 eat at tua — WV. YES DAE Te. LET — S A 
— — . ou ̃ — lu . ⏑—˙ . ee EE” 2 2 2 n 


23 
xy + 9X — 2 9 
5 2 9 = . i 
x | 


EXAM 14. 


Required the Fluxion of == + be — 5 I 2 | 
4X3—3ax" + Za +43 

This muſt be managed i in the ſame manner as to 
find the F luxion of a fraction. | 

l. The Fluxion of the numerator is = 2ax*+24's. 

2, Of the denominator i is = I2Xx 'x—Gaxx + 3. 

Then 24XX + 20*X X 4 — ax + 3a*s + . 
ſubtracting from it 12x*%% — ax + 34's Xx 
ar + 24x + 4, is the Fluxion required, when di- 
vided by the ſquare of the denominator. 
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Ex A M. 13. 


Required the Fluxion of 222 oh oe. ? 
SE 55 | SIe mx | 
1. The Fluxion of «the numerator is ' = 
4 — 30" xX + 2c — N X mx — tx ＋ $ ſub- 
tracting from it 2mxx—1% X f. dr +cx a, 
and divide by the ſquare of the denominator. 
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Cx 


15 . 1. The 


4 
r 
— — 


IJ 


3 


E 


=D... . * Lo 
K oe, 3 
* Foe” EDI x ** 2 * ? * 
7 
24 


" 8 
* 5 3 
2 une, —— 
- EI, — 
> <A> 


A : 
— A 6 - 
7. wt 


— — > 
PP A a 


— 


106 


An INTRODUCTION 
1. The Fluxion of . = 4y%y. 
2 — of az) = 342*2, : 
3. oo - Of . 2h. | 
4. . of by = by. | 


5 — of — = 2 —.— 3 c — 
r e . gba .. 
24 + 2c | 
"OE 
| 4ayxx + 8. $ a ax'y. 


289 5 
by Ex. 9. 
Now collect the Fluxions with their reſpeCtive 
bgns, and we ſhall haye 4yy + 34 2 — 249) +by+ 
3acx "x + 209% __ Aa + 6y*x + * for the 


aat 26 & 2 ay 28 
Fluxion of y+ + azi—ay? +by+ — — — Xxx de Eh 


I ſhall here ſet down a Table of ſome general 
Formulas, or univerſal Theorems, by which quanti- 
ties may be pur into Fluxions by bare ſubſtitution, 


— —— 


— 


 FrvenrTs. FLUXIONS. 
I. ** 2 m- l 
II. ax" maxm | 
III. wy vm i- LN ν 
IV. a | m -i + ax"wy*—1y 
v. ay» wer- f. S 
T -rf 
VI. K 1 1 1 ＋ 19x" Hin i. 
| | 1 
. I 33 m 
VII. 8 | BT 


VIII. 
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FLUENTS. | Flux lone. 
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PROP. VII. 
To find the Fluxion of Logarithms. 
R uv L E. 


Divide the Fluxion of the given number by the 
number itſelf, the quotient is the Fluxion of the lo- 
garithm of that number, 
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— EXAMPLES 


1. The Fluxion of the logarithm of x is — 


* >>. * * . 
— — — 


— w“ tf ape, en et 


2. The Fluxion of the log. 1 +x is 
3 WES - 5 ES | I + x | 
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For the Fluxion of 1 + x is x. 
3. The Fluxion of the log. x + y is — - 


| x+y 
4+ The Fluxion of the log. a + by4 l 

. N 

an +by 


PROP. VIII. 
To find the Fluxions of the Powers of Logarithns, 


. 


Proceed in the ſame manner as directed, Prop. 
II. to find a Fluxion, viz. multiply the number by 
the index, then leſſen the index by 1. 

Or by the nature of Logarithms. 


The Log. of the power of any number is equal 
to the Log. of the root multiplied by the index of 
that power. | 


Ex AM. I. 
Required the Fluxion of the Log. of xx? 
% 3 Leg . X*=3-= 2 Log. s, © 


2. The Fluxion of the root Log. x is —. 


x 
b 1 Fl 
3. Then 2 Log. x x © 22 Log. — the anc 

x „ 

Fluxion required. 
e pli 
1. The Fluxion of the Log. of ** is . log 
x 


2. The Fluxion of the Log." x or Lex is 


„Log. x * —. 
5 & | 


3. The 


he, 


Stor. III. o FLUXIONS 109 
3. The tabular logarithm of any number multi- 
plied by 2.3025851 gives the hyperbolic logarithm 
of that number. Thus the hyp, log. of 8 is 
2.3025851 X log. 8 = 2.3025851 X. 90309 = 
2.094415, the hyp. log. of 8, and ſo of any other. 
Rag is the Fluxion of the byperbolic logarithm of 
1. The Fluxion of 6 +xis = *. 
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43 


2. Then . =x Xx —— is the Fluxion of 1 
6+x 6+ | i 
| the log. 6 + r. | q 
9 5 . 2 8 7 
But x X = x = — bac —_ — it 
ö 3˙ e Deli Lv. A © 36 3 216 i 
y * * SER, * xx 1 
— + &c. by diviſion, = = — = 4 
go 7776 5 N 4 8 
& ax 4 * thi l 
Al 216 1296 776 HS Fl 
f 4. And 2.3025851 log. 6 =-1:791756, jt 
| ONE >” | A e iN * 
5. Therefore 1.791756 Þ'— = = + Em A 
TY... Nx WE aa 3 TO x 25 1 
— + 2 &c. is the Fluxion of the hyp. log. 'k 

6+ x, and ſo of any other, | | 

Alſo by the nature of logarithms we can find the 

Fluxions of exponentials, whoſe indices are variable 

he and indeterminate, i 

r R U L E. . I + 

The logarithm of the root of any power, multi- 
plied by the exponent or index of the power, is the 8 
logarithm of that power. = 


is E EXAMPLES: 

1. That * in logarithms is x log. a. 

2. That @ + D in log. is x log. a + 6, * 
* et 


a 


tis An INTRODUCTION. 


= Let X denote the hyperbolic e 4. 
Y the hyp. log. of 7. 
_Z the hyp. log. of 2. 


| Ex AM. 1. 
Required the Fluxion f X. — 2 


lis Fluxion is 2XX = 53 but 22 = therefore 


. 
2011 2442 2 
E x A l. 2. 


Required the  Fluxion of X. = 5. 
its Fluxion is ** = =, but X = 2 chere 
ES x 


Ex 4 M. * 


Required the Fluxion of * | 
I. By the nature of logarithms, the log. of a= 
- * log. a; its Fluxion = x log. a. : 
2. Therefore 4 log. ax is the Fluxion required 
Or thus, 
Pur 2 Sa, then log, * = log, z, that _ 


fore 5 = _ 


4 =log.z; in Fluxions x log. a = > and æ = 


ax log. a, therefore for z ſubſtitute its equal a, it 
will be x log, 4, or &* log. ax. 


| Corollary. 


The Fluxion of a + K will be = 2 6 pre pray: x * 
log. a + J. 
And of i is = u * log. 4. 


E x A M. 
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Ex AM. 4. 
A Required the Fluxion of 2. = . 
Let Z = hyperbolic log. of z, and Y the hyp. 
log. of y, then will a” =, in Fluxions * + 


2. , but Z = =, and Y = 2 2 by the nature 


of log. for E ſubſtitute its value — in the equation i 


K 


1 — Zx = Y, then — 5 2 = 8 Y = 25 . there- 


7 = 25 2 * Zyx -i ee ** 


Or con 


Put y 2, then log. 2˙ = log. yz but Ar 115 
2 =X log. z, then & log. æ = log. y, in F 2 1 


log, z# 4 # log. 2 = log. y, or log an + . = 


1 141 


A but y , then log. 4 = L, there- 


fore. 2* 0 2X * zi =, The F wes ſought, , 


Or thus, 
The Fluxion'of 2» is 2 4 Le eo — 
For the Fluxion of 2 is 2 2 ＋ 27 
Then 2 ＋ 2 T ZET = z2x+4 + 1 


Therefore if the index be the ſum, product, or 
power of fluents, it is but ſubſtituting ir, and its 


Fluxion inſtead of * and x in this. 
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As INTRODUCTION. 
wth +" 

SECOND FLUXIONS, 

E have already obſerved, that the Fluxion 

of e is x, of y is y, &c. and at Art. 9, we 


| ſhewed, that there were Fluxions of F luxions, ot 


an infinite variety of Fluxions, thus if x be the 
Fluxion of x, 


. Then x is the ſecond Fluxion of 5 x or Fluxion of £; 


x the third Fluxion of x, or 25 F lux. of K. 


* the fourth Fluxion of . 
&c. 
This being obſerved, the ſecond Fluxions arc 
eafily determined from their firſt by the ſame rules 


with which the firſt Fluxions are found from finite 


Fluents. Yet when we thus proceed to ſecond, 
third, and following F Tuxions, 1 it isconvenientto con- 
der ſome one quantity as flowing uniformly, and 
to write 1 for its firſt Fluxion, and o for the ſecond 
and following ones, by Art. 8. For inſtance; let 


the Fluxion of this Fluxion 4 be ſought. By ſup 


poſing x to flow uniformly, and therefore & to be 


| eonfiant or = 1, the ſecond Fluzjon will be L 


CoRroOLLARIBS: 
1. The Fluxion of x +y is ny 5. the ſecond 


| Fluxion of x + y. 


2. The Fluxion of x + 5 is & + J. the third 
Fluxion of x 4. 


8 The third Fluxion of x + ym, + © will be 
x . y—z + v, which is the ſecond. Fluxion of 


»+y—2+9; or the firſt Fluxion of -=. 
4. The 


2 


— mm  . an a] «a #. „ 


4. The Fluxion of «y has been found to be of 


+ yx, and the Fluxion of ay + y* is 2xy + N + 
* = ſecond Fluxion of xy, when x and 2 are both 
variable. 5 


5. The ſecond Fluxion of ＋ is 
N=. 


”. 
There is no difficulty in determining fecond, third, 
&c. Fluxions, they are found in the ſame manner 


| as the firſt, Thus the firſt F luxion of xx is 2Xx, 


* 
1 
* 
" 
% 
f * 
« * $7 
3. 
1 
5 
2 5 
N 
2 
. 
＋ 
WAH 
7 p 
. . 
tie 
72 
8 
** 
1 
© 
& 
4 
1 
W 1 
* 
14 
4 
1 by 
7 
1 
7.0 
is 
5 
+0 
4 
EF} 
My 
LY 
Wy. 
.. 
4 
7 
72 
1 
"1 
+a 
43 
F 45 


and the Fluxion of 2#x will be 2xx + 2x, or ſe- i 
| cond Fluxion of xx. For the Fluxion of x* is 2xx; fl 
; and if & be ſuppoſed conſtant, that is, if the root o 
; x be generated with an equable and uniform velo- 4 
city, the Fluxion of 2xx or 2 & will be (ac- 3 
cording to the rule x* = 2xx) 24 X x or 2xx= 2. il 
But if the velocity of & increaſe or decreaſe, then f 
1 i expreſſing the meaſure of it will be variable, and 4 
5 muſt have its Fluxion. Thus x* is in Fluxions 20x | 
; then the Fluxion of 2x X x will be 2xx +3 2xX, 1 
c god 107 1 
7 Required the ſecond Fluxion of x > | 4 

1. x in Fluxions is 3% and 3x X . again in | 

Fluxions '= 6xx * + 3 X * = 6xx* + * x the F 
d ſecond Fluxion required. SF * 
4 203 8 I | 

Required the ſecond Fiuxion of ** 5 } | 

be 1. K in Fluxions 1 is 4Xix, and 4x Xx A & ﬀ 
of 3x*x = 12x"x*, and the Fluxion of 4x * i again | 
g will be 4x3, therefore 12x*xx + 2 is the ſecond 9 
Le Fluxion of *. 13 | | 
| i 222 Uuverſalh. 1 

| 

{i 


” | 
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Uuxiverſaly. 
Let m denote the ad of any N quantity 


as * — 


Then 1. . is the Fluzioa of xn or its firlt 
Fluxion. 


2. mm — mun—2K% ＋* _— the ſecond 
Fluxion of xx. 


0 aman—3jo 4 3m" — gon 


+ ik, the third Fluxion of x*. 


Oo '+ &c. Now if any ot TO 


9 .* m M— 2 
& +a 4A + 204 * Dy 


(where o is infinitely ſmall) be involved; the firſt, 


- ſecond, . &c. term, will be W as the 
| flowing quantity (as * che firſt ſecond, &c. Flux- 


10n of __ quantity, Therefore - ET o oo 


is as the ſecond Fluxion of A *. See page 43 of 


Mr. Emer/on's Comment on Sir Lac Newion's Prin- 
cipia. 


Thus to find the ſecond Fluxion of &“. Here 
m = 4, by ſecond general above. 


Then mm — Mx—2xx + n = — 
+ 4% = 12x*xx + 4% the ſame as above. 
Ex AM. 3. 
Required the ſecond Fluxion of x 
Here m = 6; then 1 — max + . i is 


= 36 — bNα + GN = 30 + br, the ſe - 
cond Fluxion of x5, 


And if & = y2, then 2x3 = 2 / + 5, and ſo 


of others, the method being the ſame for all orders 
how high ſoever we go. Hh 


wm, ws DM woos ns 


12 
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INVERSE MET Hob or FLUXIONS, 


LUENTS are folnd from their 
inſtiruting operations the reverſe / 
which Fluxions are found from Fluents. 

The finding of Fluents is by far the moſt difficult, 
as well as the moſt uſeful part of the art of Flux- 


ions by 


ions, and this the noble inventor Sir Jaac Newton 


was pleaſed to call, Moleftiſimum et omnium difficilli- 
mum Problema, i. e. the moſt difficult and troubles 
ſome of all Problems, 


PROP, IX. 
Given an equation containing the Fluxions of quan- 
tities ; to find the Fluents either in fimple: terms, or in 
an infinite ſeries. 


1. To find the Fluent of any Gmple F aha, 


Kut x. 
Set down the letters without the dots over chem, 
they gre their RIES F luents. 


E x a M. 1. 
The Flint af 5 is K. The Fluent of is 3. Of 2 


E x AM. 2. 
Let ; * = a + 2. ts Fluent is x = 42 + 2. 


4 K ** 


thoſe by 


1s 55 
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PR O P. X. 


75 find the Fluent of any power o a variable quan- 
tity, — the Hliarion of root. | | 


Ru L R. =” 


ty 7; HU or ſtrike out the Fluxion 2 that 
quantity. .-2dly, Add unity to the index. of the 
power. zdly, Divide the quantity thus raiſed by 
that * e by uren the nN is the 
mn 2: 


Exam: th 7! 


8. m =y to fund the Fluent. 
1. Strike out x the Fluxion, it is = i. 


2. Add unity to the index m— 1, is = m 
mm, 


5 3. Divide by the new index ck is Lag = * 
GE Fluent required, ä 
Therefore the Fluent of mx"—1x j is * = J- 


Ex A M. : 


Required the Fluent of 2* =? 
1. Strike out the Fluxion, it is = 2x = 2x", 
2. Add unity to the index, is = 25 1 = = 2x", 


3. Divide by the increaſed index, it is= 5 =x>, 


Therefore the Fluent of 2xx = = r= 57. 
Ex A M. 3. | 


Required the Fluent of 3 2 
1. Strike out the Fluxion, it is 3x*, 
2. Add1to the index, is = 3x". - 


3. Divide by index, it is = = = =, * Fluent 


required. 75 l Ex A M. 


ser. NIL: | To FLUXIONS. 117 
* 7 Ex A M. 4. | | 


© Rs 1h a f gb 
A „ Did by Fluxion, it is = 35ax%... 
2. Add 1 to the index, is 354 


1 — * — ——— 2 


3. Divide by index, is = 25 = gars, the 


| 5 
Fluent ſought, as may be Tek, Free Wok the de | 
rect method. 


S rr Om CU Egeryr wd 
Fr 2 1 


n 


Conte vt 


_ SY . 
= 2 « <= — a 2x3 2 . 2 : 
c 


1. The Fluent of ix is = 


181%. 


j T he Fluent of art is 


T's 


3. TheF bent of xx is = 


* The F loca of. * is 


PROP. XI. 


To find the Fluents of fuch F. W as involve two 
er more variable quantities. 


Ru L. E. 3. 


1ſt, Multiply each term ſeparately by its variable 
quantity, 2dly, Divide it by its Fluxion and its 
new index. 3dly, Add all the terms together, and 
divide the ſum by the number of terms, gives the 
Fluent, N. B. This Rule only holds in Toe caſes. 


E xXx AM. I. 


| red the Fluent e * 5 
ET; | 7 75 


. 4 b . 
— —— 8 — = n 1 2 9 1 | - 
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2. Divide by the Fluxions &, y, the prod. is x, xy. 


3. Their ſym is = x + Y x, which divid- 


ed by 2, the number of refing; ir is ry Wy the 


PPY 


true Fluent, 
| p Ex A M. 


Required the Fluent T! 


1. Mult, 2, ayx 
by . 


Prod. any. _ ayxX 
2. Strike out the Fluxions, they become ay, h; 
their ſum, divided by the number of terms, is 


5 | 2 5 = axy the Fluent. 


Ex AM. 3. 21120 
Required the Fluent of N — * 9 3 os 22 
1. Mult, ya „ x29 , x92 ; 
by x y Z 


Prod. Yz % Ma 
2. Strike out the Fluxions, then prod. Sax, 
' X29, 2. 
3. Their ſum, divided by number of nm is 


_ 15 = r, the Fluent. 


53 —— 


Ex A u. 4. 


Required the Fluent of y2vx + x2v5 Al kia? 
1. Mult. rr, XZUY » Mics Da, 
9 5 N 
Prod. pony — — Sy 
2. Strike out the F luxions, and divide the ſum 
by the number of terms, we have 


Dt: — r wn = e the 


7, Kaas F 
rye Fluent, - 1 


ster. I, | no EL UXION 3 
EXAM. 5. 


Required the Fluent of. 20/240" xx Hh 3 22 7 * 
4x YV5212 + 57 U Pet 


IMul. 2 2*vxx , 3* Ku. '”, 4x ese, gv. 
by M111... 3 2 . 
| * 3 
prod. 25K bs, aj, ax N, 5x 124050, 

2. Expunge the Fluxions x, y, 2, , out of the 
product, and it becomes WE , gx*2%0557, 
4893524, gay i2ty5, © / 

3. Divide by the indices thus increaſed, and 


* 


we have. en 
25 f 
== Þ BO, here the index of & is 2. 
* 125 2 e, 1 ef y is 4 
pow | 5 
. — =, — of 2 is 4. 


WE 3 
= atv 10 {3 . of v is 8. 
Their ſum * + ** 249/593 + Ef y10528 + 
x 2*V5 = 4% "yiz+v5.. 
9.5 Divide by bomber of . terms is 3 Wow 


SM the Fluent required. See Prop 11; the 
dire} method of Fluxions, . b 


e * 
To hid the fun 7 or — — 2. 


3 ane, 
Em . — . EE ag. 
3125 To 2 . 
gi * "Then by proceeding a as the above, the F luent 
is = = = — e | 


104 2 14 1 E x A . 
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E * 4 U. 7. 
: To find the Fluent of — n * M 
1. e x and add 1 to the index, it is bes 
— 1 © NE 
3 V 
2. Divide by index, ir wilt 858 a" Wag * 


—M 


ria 


= _ the Fluent. | | hs . 
E 
Required the Fluent e i by 
1. Expunge &, it is — i 
2. Add 1 to the index of the numerator, or ra · 
ther take 1 from the index of the denominator, it 


A 2 4 1 0 OTIS n SH 
15 Fa nant — — FT 


3. Divide by the index, it will be = — ebe Flaent 


E x A M. * ii Mon 8 


Required the F. ent of — = or far ? by 


ni 1 * 


| I, Strike out x it is = ar, Add it is avi; 
divide e the index, it will be = =—ihe Five, 


0 crollaries. 3 


rere 
b The Flven of . X ; is.= — 2 5 


. | 4 
2. — 0 e N ans r 


„ . ee 


Src, II. f 10 F I. UX 10 N 8 


PROP. XII. 
if any term be divided by the feſt power of the va 
riahle quantity, a a, E, . . Er. aben ahr Fluent 
of thy term mu te found h al b 
— - Rv Ll . gs 


Multiply the given coefficient and the: ander 


2.302585 intd the logarithm of that variable quan- 
tity for the Huent of that term. | 


* wi 235 
Ad, te 5 2 dT 


4 4 


What is the Fluent, of Ip 
Now dess log. w, \is.the Elune ird. 


N 


. 


. 
" js the” Fluent of = 5 
Now 2,302 585 a * log. *, is che Fluent: 
Exam.” . "w - 
| Reguirad tbe Fluent 11885 bb 9 
Now 2 ESR a Fug, x 
YORK 2% 
To find te lau, U mene — you art 
er * \ „u. N DOSE 
'R v 5. 


W che radical quantities into ſimple terms by 
involution, except ſuch where the fluxionary part 
is in a given.ratie to the Fluxion of the root, and 
the roots of adfefted equations muſt be extracted, 
then proceed as in Rule 2. Ea 
E x A 
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"Exam 1. 


Te find the Fluent. of 7 Kor 


1. ere #-will be . nen 


LA 24 | 212 f 
2. Add f to inder, = a2 — „ * W 
: 242 1942 
| _ ide b FOR t MIA TY 
2 vide y nen in 1 ant þ = + — 
2171 <IOZ1157 » 3807 10 £5 10:7 % e r 
„ia 1£37 H :noau#7 + 485 Vi 
the Fluent. | 
This is general, and may be dense thus. 
EAA... 
Required the Fluent 4 1 eon 
* 
Here m=l n= 23 "tho, — 2 2x] the 


Fluent. 


as above. 


or thus by Rule -*; 
x. Strike out &, it will be = sf, _ 
2. Add 1 to index, it is = „4 = 2 N. 
3. Divide by index , it will be = 8 — 25 
| LI 3 


—— 


Ex A Ul. 3. e 


912 . 8 37. R 1 ; p 4 PA 


Required a be, 2 — * 7 — FEY 


2 bo "Baked out K, it will be = 2 7 My 


992 *. K bo 1% 
| i þ K - 
parts I to index, ir is = = = . 
. 18 95 3. Divide 


de 


IE 


Seer. II. 1 FLUX ION S. , ing 


1 1 
— ; ? 
om BE 


—. * 1 85 
3. Divide by index, chen he Fluent. 


— 
. 
- 


y 6 * 4 * 7 * \ 

Ws * 1 off ; {+ 448 To 
C OROLLARAIES.. .... ; 
WT * by C2 a 5 * 
W . * _ & * # L — 1 - Ws 
; + a 
1 PR N 
— 


— —— 


1. The Fluent of — 4 (3 Hibs. 
ö KA F 


* ”m a 
3 


= 
2. The Flyent of — > 2 4 n S 


* 1 
0 y * * * 1 a. 
n * r l 1 18 \ 
| ICY) 
* „ 
1 150 
— K . , 28 p : 
TT — 
1 How. © v2 4 £ + * = — ' þ 9 = 2. EY ”% 
: 4 © 4 4 « — SA 
5 — 9 * 4% G 1e 354;J38; 7 
— g - s 5 
* * i: 


* 2 N f 4 
And by proceedin as in = aſt e mple, ma 
all or moſt of the ding a. be che 25 nol — 
ions in the foregoing Table, where the Fluents are 
given to find their Fluxions, which are nt and 
are uſeful en 2 : 


* 


** 8 e : 
4 "3 54 b bo * 4. % 

> , a „ 927 
| v F 74 * «+4 F # kJ id * 


R wi ed the Fluent 0) —_— 
* LIE x vi: 2 bo | 
Op Tg. x 555 K = ] 
7 2x7 wi. i +. 
by the notation of exponents, Setz. I. 
2. Now expunge &, it will be = Serre 
3. Add 1 to index, it becomes N x3, 5 . 


4+ Divide by index, i it is SW = = x = = S NV 


R * „ 


Fs 2 en A : —_— 


the Fluent. Tp ee on 
oO has 1 Ex. * 1 
Her Fi 
CS AT, 
e 5 | 


=y 
x 
1 
1 
; * 
I 
1 
1 
; 
1 
; 
4 
1 
* & 
! 
J 
EC 
av; 
1 
| 
. 
7 
. £ 
þ 
Wi 
if 
4 
, 
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* by — 2 . V 9 — — — 6. — * :, 
2 nth r n 8 8 383 I . . r 8 * 
£ — ere SEE IP Po dt Dorn FED Beit} 1 oF en ES, 
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1_ I 
5 L = | 
Then * = A or VN. 
* 
Or thus, by Con. 1. 
Here m = 1, 22. 
Then x* = el or Vi. 
4 e 5˙ | 

| What is the Fluent of 2* == or” F 


3 U 
1. Strike out the e it Ge be = = I 


. Pivide by th index, it is = = 5 = ol 


ra 
1 

Vas the Fluent. | 1 — 0 5 5 

1 Fa 1259s th 

Required the Fluent of V Vi x X Xx or Ty Cz 

I, i ng out &, it becomes txt. | " 

. Add 1 to the index, is = i ain. ” 

-» Divide by the 3 it is = abt = 205 h 

he Fluent. 28 hes 11 on k 

AE x: M. „ „ 6 

What is ube Punt VoxvF x4, or ae Pp 

1. Expunge &, is'= alxil. : 

. Add x to/index, is = iel. 5 ; 

34 Divide by inder. it will LES = 2 322 

Axl the Fluent, 1 a 

| E X A M. 8. f 

Required the Fluent of al- 


1. Ex- 


— 
— 


"0 


2 
5 


X« 


Seer, II T0 FLUXXIION SA 
VI Expunge &, it is abr r 
2. Add 1 to the index abi — 4b r l. 
e eee pGhpagprg 
3. Divide by the index, = BE = 


3 
? 4 
, o 


nahi — 1 the Fluent required. 


5 R ul E "Ip Hoes 
But Fluents are much eafier found from Mr. 
Emerſon's elegant Table by a bare ſubſtitution only. 
This method of finding Fluents being ſo eaſy and 
general, I hope the giving examples in ſome of the 
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principal caſes will be both uſeful and acceptable to 


my Readers. Here it muſt be obſerved, that, 

In comparing a given Fluxion with the Table, the 
radical quantity muft be compared with the radical 
quantity; the index of the variable quantity within 
the radical, with the index within the radical; and 
the index without, with tbe index without the radi- 
cal, &c. ſo that by making equations between like quan- 
tities, the particular values of each may be diſcovered, 
in order to find the Fluent required. © 


In order to ſhew the uſe of the Table which ex- 


hibits the cafteft and readieſt methods of ſolving this 
moſt difficult Problem for finding Fluents, I ſhall 
{et down ſeverat caſes derived from the 3d, 4th 


sth, 6th, 7th, 8th, gth, and yoth Forms, and dif. | 


poſe them into a ſort of Table, ſetting down the 

Fluxions and their correſpondent Fluents over againtt 

them, and then ſhew their uſe by a few Examples. 
Though I call them Caſes under their reſpective 


Forms, yet they are no more than particular exam- 


ples deduced from Mr. Emerſon's general Table, 
and the Reader would do well to have the book be- 
fore him, when he is uſing theſe Caſes, which, when 
underſtood; he will be able to deduce others for 
his uſe, | 

4 But 
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But before the Table is conſulted, it will be pro- | 

per to premiſe, that Mr. Emerſon has given rules at J 
ages 104, &c. how to reduce a given fluxionary 

expreſſion to another, which he calls reducing the in. | 

dex. By theſe forts of reduction, a given Fluxion 4 

is prepared for a ſolution, when it does not fall di- 


rectly at firſt under any of the forms. As for in- "= 
ſtance in the following examples. 41 
ax b „ x | 
1. N is e , 
6 
* Ja V2a—x 
4x = aa x 
3. Vat Vita | KY 
4. = Via xx e V x. 
r 
6. — * * ; T aa = xx, 
aa xx 
4 3 2 : 


7. 24 25er * 420 II Tc Tab 


XV — * ** —1 + ö 


aa ＋L xx 8 1 + aa 
bbx—x*x . 
40 + A bb — xx | 
3 — * 3 — 2 + 
9: an + xx bb — xx © VV bb xx 
aax 2 
aa + * N — xx 
ax [a+ gx _ axis po l—_ 
10 6 Va + 3x. 


II, ad 


Stor. * 


ro FLUXIO NS. 


x Wan IV mam 


e Mn 1. 


png — FE X _ax7, —_— 


GA x ans, WA Go 885 
ages * — = a 1. f 
14. Ke + x = - TAN Al. 


13. &+2* 


4 N cc -: is = 2 agy *—yV/ c cc ‚ - 


5 2 + +53 "OR 


hy 


THE 
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[caſes Fotos 8. 
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6 oe —— 5 
{ | i 
7 ET =- ——— 3 
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8 Zi | 2 +=" | 
5 fp | 
. 6 +I XK _ 8 
9 F . 
| 7 +1 8 
| A 1 8 2 | 
| 10 e —— 4 al | 
| | « ! 4 | +I 28 f 
a TSZ IUZ — | 
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4 4-8 |= 72 X log. FE 4 
e 2 4251 log k ; 

— 25 q f 3 
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a # 
— R 0H 2 323 ] 


Gees. |. 5 Fivenrs. 
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3 iy 1 13 N 3 5 . 
'TFrox; © a FT. . 7 


* 1 — 1 ] 


© aa oo 2 5 8 

—— 2 

E hog VEE . 
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30288 
= | VB. + || 
* 2 30288 „ 1 9 | 

N 1 


2 e x log. vs + | 


= JT. 
7555 
"Dl 
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N 
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nu 


ren, Hs ut LUX 1 0 * 4. . 171 


Kn 
— = oa 73 Ne $63) - 
8 aerger F l. v ENT 8. 
G * N 8 #. w ' 4 1 — 


OL Ty - in Ns arch whole X 


d = 3 57,1 23. MOT .s FE 

18 * . 4. 488: - fine = * na. = 
by . 017453 « þ "Oh. ob * hp 2( 

nn —. 15 ey 

r 


— 2 ca ew. — 


CY 017453 \ 7 Sea ns 
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1 Ae, TI fine=z 0 85 N * 21 
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* 7 Pn 4 . * 1 i 0 4 1 
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V. B. Theſe Tables I 1 publiſhed in my NM l. | 
lanea Curigſa. Meibematica. but as that book | 
ſince is out of print, 1 have, rat the deſire of ſome 
friends, republiſhed them here; the ule of Which 1 
e Dad vx ef 10 „1 9169 yl 


1 * 
= OE "x 4 12 1. N K 
* , 


N 


What 15 2 Fluent of - = 2 


This belongs to. Caſe 1 I. Form; 3: where we haye 
a4, b = , 12 75 * Dog Then the. Plu- 


ur of FRI Xas = 0 = 2 


K 2 4 — 


32 An INTRODUCTLO * 


— XV X ee x — 


ou ns, Ay Ap OO 2xß—2—ꝛ—nn2g—ů — — 


2 
TERA Ex AM. 2. f 
| _ Required the Fluent of a aa TY, or r fel 
X 
By Caſe 2, Form 3, we have « = as, = Þ 


2 e n r 2. And Fluent of aa + xxl K 


5 ( D e 2.6 L 
i I" xs ENV >” — 


244d + 2xx 
W V . 


E x a M. 2 


dune, the Fluent 7 5 


X 

By Caſe 1 I, Form 3. we have a —_ =1, 
2 nx, 1 2. And the Fluent of as + z x 
; xX 18 = . = aa 2a + ll = V aa Px. 


— anon _ CHAP ps 5 2 


or aa TE 


>. — = ET ER 
4 


5 Exan. 4 
—— 


2 fink the 2 Fluent of — FT ron) * X 


— , | 
By Caſe 1, Form 5, we - bave « = 8a, 6 =— I, 


2 x, 1=2. And Flueat of aa — r- x — 
| aa —xx\* = call = AN Va = 
xx a = ———— = aa aa — xx. 


1 * 2 ö 
| EAA U 5. 4 
'fo fad the Fluent _of dex as _ Th — 
2 71 — —? : 
* 3 Ve. 2 | 


1. For 
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1. For the Fluent d/aa —bow X xx; by. Caſe 
11, Form 3, we have a = aa, 6 = — bb, 2'= x; 
„ = , whence Fluent a* — xi = 


ny =) en eee 


* * * * — obb — 


— 


86 


15 X aa — brit; and the Fluent of 


TIC 
* . gp * =. 


2. For Fluent x V + bbx* = aa'+ bbxxl* 
xx. By Caſe 10, Form 3, 4 = aa, 62 = b, — 


due 1 gs | TW 
1e , and Fluent ee (<+6= * 


* +1. 28 
as + bbxxl# 3 aa J Nec: ng 
75 = ＋ * —— and Fl. 


ee g 


3; For Flint 2 or = * 9. By 


— = 5 X — 


n 
Caſe by Form 3. che Twas of a=jilj= =. = 


8 and Fl. == Ls ror 


4. For Fluent — _2byy, — 
| aa Va — yy 
44 — D by Caſe ſe 1, F Form 3 „Saat, 


— 1 


| now — 


K 3 | © phing 
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* 


9 1 e. 


; #34" M411 413 $ 
en by — — 26, F 1. = = 26v 2 . 


whence the whole Flue * is — 


. 
R SN fn 5 is 966 x 
e. Kb n 
8 Exam. Ge | 


By Caſe 10, 8 5. e * Wha « 4 2 
2 = l the Fluent e = 2 i 


24 1 2 * ©. 
— axe 2 * 
= EZ = . — ; he Fl 2" . X t TEST 
BY PL R 8 

cons 14 * 4 ＋ +a = Ei 855 8 WE TR 5 
* 68 aa + 49 wo fox + Y. . : 


EXAM = Wen * I 


\ Required the Fluent of * neal or . 
By. Caſe 3, Form g, 4 4, f = x. _ 


hence Fl. a + a Tl = — apes — 


Nye. * — — % 3 | 44 | PROT Nx £ 
, 


k . wood : W. EE 
cr ud the Fluent jc or aa * 
(= — ie 
afg-—XX . I 8 5 a 1 


By Cale c. Form 3, % = ab, 6 ==— I, N. 


482. whence: Fl. 40 — Fei . 


* = = 2 
| . Lee.. 
25 * E f 7 383 * 86 * ©. 
17 N 8 _ a © V4 
NY et RE . 
_— At he 4 © — 8 2 8 1 — » f wy '& 
} 9 ; ; ; 
\9 2 
PL ELF. 7 - 
DO Fo x A Ms 
* 13 irs 
* 
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Tg Ex A M. 9. 
To find the Fluent of — 


By Caſe 3, Form 4, we have a = 21 8 = ws 


z = x, whence the Fluent of - — 7 2 (== 


2, 39268 x log. a a+s PA That 1 "ke Fluent of 


x 
— is the h erbolic 10 icht of a + x 4 * . 
Pre \P 24 


Exam, IO. 


75 fad. the Fluent of _ 1 25 . 
By Caſe 4. Form $3 = 4b, 9 = 6˙ Z x, 


v0 Fhen ee © 230258 . x log. TERED 


85 4 N N = | 2b. ae 
| 4 Sy XX" 244 X 323 
. . * bog 
&b + bx. | 8 


+: PEJ 7 2 by Cit et 4, b. 6 = — 
4, 2 Sn and Flyent of E 220288 „ 


„4 7 — 4 4 


log. 55 and Flu 72 82 Stets! *＋ & 


log. . Therefore te Fluent Eng pet is 
2.30258 x log e + 2. 30258 * _ x log. 
| 5 A j or, if you pleaſe, the Pluent e is 
4 — x hyperbolic log of ub + oy he” —X 
he. Fe. 
a | m_ mne 
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| x I, a 5 XX. 
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EXAM II. 


To find the Fluent of * 


a ＋* 
fy Form 4» ve have & = as AS I, Z = . 
| 5 2. $3928 
Fra GH boy / * 


EXAM. 12. 
To find the Fluent 928 


75 
Compare this with Cale 4, Ar 5˙ 4 Dag, 6 5. 
then * be A 128 2 5 


gegrees whole Rare * is 2 = = 15 There- 


fore the Flyent of P ESE x de. 


+ xx 


grees in the arch whoſe tangent is Z, 5 
; Now if you deſire to work it into numbers, daß 
poſe, | for example, that 2 S 20, # = 43. then ; 


= 2-15 a tangent z look for it in the Table of 14. 
tural tangents, and you will find it belong to 65 de- 

rees and 3 min. nearly, that is, to ſomething more 
5 han 65% degrees. And to find the degrees ęx- 


actiy, ſay, 
As the difference of the two neareſt ; 


tangents in the Table (2. 1 5 10378 — 0⁰0¹ 6358 


2.1494020 =) 
To the difference between the leſſer 8 
and given tangent (2. I Es 5 ooo 
2.494020 =) 
80 is 1 minute 


Toa a Proportional part tq be | be added "aber flew 
re- 


"oa. 


. Fw 


„ Net Cir, þ 


5. 
* 


caſe the Fluent of — 


Seer, Il. 10 F IL. UX INS. 137 
Therefore the number 5 degrees belonging 1 to 


the tangent 2.15 i is 65 =>. or 65.0509 there- 


fore the Fluent of 1 is = = = 2227452 —_ £53 2 * 65.9560g 


— OX -017453 X65 060g 2 8.34063. 
© 20 5 


But if vou will ſuppoſe x infinite then —or Ly 


ET ANC A 


will be infinite, and the degrees belonging to che 
infinite tangent will | be 20s and Fhere e in this 


— will be - 6X.01 £74690 


= 


as” 


3x 
To 1 the Fluent of - — 2 


By Caſe 4, Form 5, we 150 a S aa, 8 I, 


x = 017453 
2 whence Fl. aa Fox — 8 X degrees 


in the arch whoſe tangent = _ = Z therefore the Flu- 


ent of 1 = 13X 017453 x deg, in the arch 


whoſe natural tangent is > rad, = _ 
E x AM. 14. 


FP * _ 
T 0 find the Fluent 76 e Of — 27 prong 


By Caſe 5» Form 5, we have « = as, Þ=6,. 
2 2 K whence Fl N98. = 24s x degrees 
= 1 f = awe. hes 


in 
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Aa AN TEODUCTION: 1 n goo 
©2 ** . 40 + * oy] 5 3 * 3 1 T9 3 5 * 
in n che arch, whole aan, e is: = F, = = 
"aa © | 
x be 5 85 . 8 . : a 5 
4 > 8 
* 3 Ex AM. 16. | 
4 . ax 0 *. 2 
ws” the Fluxios oſed be er 4K 
ti 117 propoſes ns =p EGT 


Xx 
in the arch, whoſe 8 is 95 


the arch, e rangent = Ye. = ago 
x degrees | in the arch, whoſe tangent is 2 . 
ON wn | 'ExAM. 16. 
70 find the Fluent of 1. — — 7 
By Form 5, 2 x, 1=4, 4 S ce, f S 1, and 
* * 2K. 017433 
Hunt; 3 Fx = 07% X degrees whoſe tan · 
5 is VE = = 27453 N deg. whoſe tangent is 
22 — 5 — 22917453 
5 and Fluent r 4 * degrees 


8 1 rm . 0 have «= &, tacks 


re 01 017453 


E x am. 1. 


To find the Fluent of * 


By Caſe 5, Form 55 we have 2 5 Wh B=% 1 
2 =# 


wo 
8 
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* mary * % 


Ents R 
2 — x, then Fluent of Df = to 
EX 98745 + 3 


= X degrees whoſe tangent is x 


Lc. ogg 
and Fl. aN — N * n 


2 X 017 


uch, whoſe tangent-is x = — 
degrees in che arch, whoſe tangent is LE 


Exam „ 

To fu. the Fluent of Ai or — 
IT x Xa 
Here, by Form 5, Caſe 1, the Fluent of 


te „ deg;. whoſe tngenk is 
Fey x) is 
2 or 2 and Fluent of — 1 . ad 
1 x | 1 + 7 
1 2 2 „, deg. in the arch Aare fl 
K?RJ — 4 | | Wa ö . — 17 | 55 | * 


4 


5 . 
To find the Fluent of 4 = 
Comparing this with Caſe 7 * 6, we have 
{SS = I, 4 &, 6 =2); ; whence Fl, - 


— - * 
1 

: * 4 

- . 


8 7 —xx 


{ 5 Ex 1 u. 15 oY 
75 FE the Fluent of — Wh > 


_Y 5 
2 this with Caſe 4. Thaw 6, we WY 
4a, = = I, 2 x, 0 — 2 in Mr. Ener ſon's 

: | Table); ; 


— 


- 


140 * TT EVE STLOM 
Tabic? : and Fluent ——— 2.30256 
24 — wx. 


15 M 2 
| = = 2. Rag X log. , 4 — and Fluent 


X'S 3035” BY 


X log, 


== 
Or . 


— — =. * 80 0 62 + 
log. aa ＋ xx + . 


2 =) ——.— 
Therefore the Fluent — = 3X2: 30258 
aa + xx — 20x | 

wy 44 — xx 


| Or Fluent - 


gan 
I x 


X log, 


2 * = (== 40 828 VB, 


20 3 Wy age? 

2 222 * log . Or, laſtly, Fluent _*__ 
Lf „ 

_ 1 re 

X log. 


Ga—xt 
= ) 23025 2. — — 


— and Fluent 6 = 


ag x 


a —xx 
aa ＋ xx— 2V a Ty 
3X2: 29250 x log. aa — — xx 
ad + xx — 2K 
So. that the Fluent may be expreſſed: any of theſe 


ſeveral ways. Now ſuppoſe you want to know the 
value of the Fluent in numbers; let a = 20, & 2 


43 3 then as x is greater than @, we will take the 


Fluent = = 3X2: 2 X log, . and —— 2 — 
„2 — 3 
63 


23 
of 


— = 273913] beck for chis number | in the Table 


ble 
V 


T 
0 


dier. Illi r FLUX IO * 
of logarithms, and you will find its * = 


043761 2 7 "i therefore the Fluent of - or 


—_ 
which is the fame, 23 bx; 4 3x. 30258 „ 
© 1 * 44 AF "20 * 


4376 127. : 
Or if you ſuppoſe 4 =20, and i = infinity, then 


= 1, whoſe © log. i is ©, and then the Hoa of 


—G6x _ = > 3X X 2.30258 „ 
2-44 20 * 


X © S. 


But if you will ſuppoſe @ = = 20, = 12, then 


== 5 4, whoſe logarithm is 0.60206, and 
6x __ 6x2.30258 

aa 43 

3 9.60206 


20 
And if . ſuppoſe 4 = 20, x = 20, ah 


144 40 
= = T5 = infinity, whoſe logarithm is infinite; 


then the Fluent 


o. ond 


=; 302583 * 


therefore i in this cafe Fl. Ste: = 6x32.30258 W_-. 


S 24 


infinity = infinity, | 
e 

To fnd ihe Fluent of - 

| Comparing this with Caſe 5, Yar 6, we have 
«= 46, 3 = 5, 2 = (n=2 in the original Ta- 


| xls . S388. > 
ble) whence Fl. 3 wo cb x bog 


Var... 2.30258 
, 38 * 


4 — x 
mags” 


a 5x 
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#71 TS. Hyg M. 4 F. ef) 0 iin 
E X AM 22. | 


| 1961 1 1 * „ WIL 1 
; "Jo — 
PS this wi Cal: 3, Form 6, where 


| = 2.30258 
= 48--bh, þ =bb, Dv, eg = 


N 
. Wee D Ln 2.302 38. 


— e loo. 
eee = X 8 
* VER R : ns -abb 1.8 2 2.30238 * 
aer = > 7 —— 
Vr 
18 Tn ner uired- 
Vaal Py | N " 


C GOL | *rpaay rt » 
E x A u. 2 3. 5 
75 fd the Fluent if L . Max — 
2112 £ ON T 5 aa e 


Tha Fluent of — vin 2. - is by Forn 


$ — 30258 x log. . ge age! is found 
Form 4, but it muſt firſt be divided into two 


max 4 Go PET. T beige e 
7 | E#-X8: Jivide the firſt 
1 Fr T * n fn. u Er 


parts == 


ma 


MEE 
E ba: ry 
* e ; tire by Form 4. 4 : r,“ b 


y — 1, . 1 Fluent Ff 4 — 2,302 2 
TI e e 

i 02 To. \adkes.” \\ 

x log. A IT +a 4 = — 2 58 x log, _ N 


.- . * 
2 « 


? . 


der. tz 1 to « FLAY roN 8. i. 
Again fo che Fibent or 2 E, ee 


N man ax Lx 
* 


17 77 whereh k 11 — Ape. + 35 ben by Form | 


—\ 


4 Fluent 1 47 5 2 8280 * . hence 
thergfore. the, Eladoc; i the. propoſed Fluxion1i: 
139258,X ogg. SSD logs EET, . 
* x log. a + x, or * by 2. 302 58, log. 
j= — ET Bae al as Ow” 
0 find the Flient of 7 nd pn ST; 


The Fluens of a + = = 1083 and 


Fluent V. 400 — xx is to be 8 with Cale Uh 
15 Form A. Fhere 4 = 400g =, x=2, 1 27 br 
ten N ihe = EOS = Dom, 

| Fe =, 
dicrefort the whole Fl vent is e ＋ 222 


Fa — 
* 


„ » # 1 " 
„ 
— - 3 4 
a . \£f . — WII 2 * 5 M. U 25. * 1 + a 


oa 
To - 4 be F * 84 jj XBa--- 3302, 
«fo LY 15 Zee, n 2a=xlt 
8 it with Form 24, Mr. Enerſon 8, Table, 
and we have e = = f = v- —33 * , G 
* , * = = 28a, b=— r = 1, D 


6a ＋ 84 = 40 * CARES 4 


therefore the Flux- 


, asc 2 
101 * _— —— $5 F Cob - — ' AAA 82 


. 
4 , * 1 f 
ade my ion 
k LP OF | W - Preys * SKA. 
o * y F 8 Y - 
7. 7 
x 


wr As INTRODUCTION 
ion will be transformed into . ow, = ons 

I 2 

= % . whoſe Flbene by Fotm i aid 


Gln el = e y ng Le 
therefore the Flu 5 ques 62.82 305 27 
＋ log. — 2. — 5 in which # x may be reſtored. 
< Ef a 36 


To find the Hen of £ art; — —.— 5 
—bx' as —— 
If chis be compared ith. Caſe 3; Fortn 6, 5 


have == d, f S 6, 2 =; then Fl. XDEK 


pony 
aged vo va * 
ve Ve 
than 6x. 4 
Or Fl. 5 = 8 wing Serv = 9 
E -N 


— 2. — - i 
2. 2.30358 | Ye V 
— X log. F; 7 for the F luent, when 


r is greater t than 4. 5 


Or Fl. — — | ab Be? 20 2 
; a—0x * og. — Me — 2) 
= ) = 2 — log. 2 2 ; the Fluent 


4 — 6x 
when 4 is 3 than 64. 


Ot, laftly, Fl. #2 


uͤnen 4 is greatet 


4 — (K 
482 We — 9 
N 425 =) 


deer. II. 10 FLUXTON'S th 
1 —6 + or 


77 RD D being the Flucht if a is greater 


than 6, TH multiply any of theſe by @, you have 
the Fluent required. 


2 
L te Fluent f — = be required. 


By Form 6, Caſe 4, 4 1 * ki, G = 1 
5 = 4 in the engel Table and 2 = *, = the 


” = la . 15 Va 25 x) 
2222 3; X log. lng 5 ihe Fluent when cr is 
4cc — „ 
greater than ; — e een 
Or Fl. R (oe log. 


= or c- &. © i asd 
* VA 2 3 == 

_ - 4* % X lo =, bei the 
7 =) 8. cc engt 


Buent when xx is greater than cc. 
Therefore the Fluent of 2 ig = 2092.02 38 


x) „ 
Comparing this with Form 6 there is 2 = 8 


7 23. ab, 8 c, and 9, or Fl. 3 — 


„i, CCR L . 02 5 log. Tce. FF 
E x AM. 38. 9 

= 1 

20 find the Fluent of —— 25 | 45 


4b. ex 
1 8 
e VAM. a 2.30258 X log: ; 
. * Va—=V/(2" =} 3V abc — = 
Yah 2 „hen abr is greater than cx | 1 


Jabs / ox3 © Ws 3 . r 


yy 1 
Ap 


wn a4 1NnTRODUCTLON 
jon vill be mender fe ins A 2 os 
v6 

- hoſe Flvenr hy Fotm i ai 


6. is 4 = ee, log. E 
therefore the Flue 3 is asg: 197 
+ log. — , in which * may be reffored: 
E11 36 e 

7 0. find the Fluent of — or — 


ar — 6x3 
if this be compired with Caſe 3, Form 6, we 


have a r d, Þ= 6, * =#; then Fl. WY 


TY 
2130258 Va +vGe 
| va * log. Vive het 4 18 greatet 
than 6x. 
Or Fl. ett (dx SRE. — 
1 5 VA log PEN -V =) 
2.30258 6x+ 
— X| 
_ "—- X log. 77 — = for the Fluent, when 


6x is greater t than a. £ _ 


Or Fl. — L. = — Klog. 222 


2—bx aſs — — 2 
= ) = 2 EEE x log. 24 , ; the Fluent 
4 6x 


when 4 is 3 than 6. 


Ot, laftly, Fl. G 
2— = (1; 8 | log & 
2 3 2 9285 8 4 
a + 62 — 24 4525 =) IF X log * 


4.2 Gr 


14211 


t 
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_. ro — bx. : OO | ES 8 3 
25. ——7z=> being the Fluent if 4 is greater 
than Gx, then multiply any of theſe bys 45 you have 


the Fluent required. 
1 


"Ia the Fluent 7 — 1 be el 


B Form 6, Caſe 4. 5 2 4 kt, 6 15 
4, in the © original Table and z x, then the 


Fluent af = == l/s x log, ev En ) 


5 F luent when cr is 


4c XS, 
greater than xx. h Holt 


Or Fl. — eee 
— * £ 


aa. 2. — ar- Fc : 
2 X lo . bei the 
VG A «„ =) == 8 *. ind 


ke when xx is r than 66. FT 
Therefore the Fluent of. is = 79X2:39258 


„K* ACC 
3 8 x + cc 
* ] cc+*x or = - 2 7aX2: 30258 lo! : + 
08. cc -u | 4+ ce * ; xx c 
Ex AM. 28. 


Fo find the Fluent of - OY 


Ser this with Form 6 there is 2 = 


$12 xx 
e 8 =<, and 8, of Fl. — 


VAM be, 2123288 „ log: 
22 RY a= 62" =) = | % 


2025 Ta, „when abi is greater than cx% 


| FR 5 | 
WY ide c 1 


oe 
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IE N 2258 „ N e 
VE Va e = | We- 
when cx3 is greater than 4b. 5 
Therefore Fl. RX = 3:90a8e , log, 


ab. —x za 


b/ab+xy/ox or — 2. 39258. log. Vc Val 


Va- |, watt c -ab 


Ex AM. 29. 


To find the Fluent of ALL, or . 
_ xa 
San gs this with FR 6, 2 =), 1=—2, 


=1, B = aa, and % Fas RE . 


1 Na 
5 Ts 25 ; 6 | 255 
2 28 2. 2.30250 AR 4 
” * V= N * = * — 12 
J 
* 2.25 o log, *. +6 when y is greater than «. 
— Oy 
FL A — log. Sx: %*—-\ 
OrF . (e pr 74 
a 

= +1 * 
2.30258 log * — 2.30268 x log a ＋ 
— 24 — — 24: f 


1 
when a is greater than y. 


Therefore Fl. . z. 30288 log 


1 aa — 2a 
re T 1X2 .30258 x log, . "IRE 
b ms. —24 — | 


| er 
To find the Fluent of — 


3 +23 Com- 


©. . 


r M ad  EIECS 

Ster Il: b FLUXIONS. 
Compare this with Form 7, and we have æ = 2, 

5 : 5 3 2 1 180 = 


A 3 5 


i 572 JE — "pH ; . 3 - 
60% x = 75 = — @=6. nf 2/2 += 


2 


&c. S coſ. 60 = +, 1 = cof. 180 = = 1, 
# = o, &c, P = degrees in the arch whoſe ſine is 
——ů— * ==, which is calily found from the 
Hd 33-2 5 

Table of ſines in the ſame manner, as the degrees 
were found from the Table of Tangents in Ex. 12. 
Alſo Q = o, &c. and by Cafe 1, A ==—-1, B = 


CCC 


7 7 , : p g 2 -., 2Y 6 "> £ 
2.302 38 log. 1 _ + 2 + 0174543 N P 


— 


15 | Cr ao 
+ 2.30258 x log. 1 + = 


Ezra 26 
To find the Fluent of 5 


Compiring this with Form 8, z = #, y = 8, 
o 2 
SW. B — mm , „ * — 455 * = as 
alſo 4 = 5, 90 =1, 2 180 = 0, & = 0, &. 
alſo we have 5 = cof. 90 = o, # coſ. 180 = 1, 
1 = 0, &c. P degrees in the arch whoſe fine is 


XX & | 8 
=, Q = o, &c. 


3 Vote 
a Kr 0 
4 


| Alſo by Caſe 4, A = 1, B, =, 
"bs All 


An INTRODUCTION. 
All theſe being * the Fluent i Is E X into 


— 2.30258 log. 1— 25 2 X 017453 "oh 


2.302585 log. 1 + — 


Now ſoppoſe 4 = 65 # = 41 „ then = — 2. 64, and 


XX 
. — — — 3 — — . 6 _— 
| log. 1 32 log. . 36 =— 1 is 302 


44 3698, and log. .1 + = Slog. 1.64. 2 14844. 


** FER b 
Allo —=— = = .539053 = F. P, therefore P= 


32.6192 degrees. Whence the Fluent is =2, 302585 
x .638542 — . 017453 X 65.2384 K — = dx 


0132753 and this being wrought out at length, 
will ſerve as an example how to proceed in other 
{ſuch like caſes, 


E X AM. 32, 


To find the Fluent of JJ = 
* 


Comparing this with Caſe 4, Form 9, we have 


, Z x, whence Fl. 5 


aa Tx 8 


2.30258 x log. x + Vas + af 
| Cor. Alſo the Fluent of 


| x log. e 
Ex AM. 33. 
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* , 


Comparing 


Fy — 
5 
4 1 
Ln * 
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Lathes this Oy Caſe 3, Form 9. we have 


| | 7 aa 5x 
2.30258 


5 . * Va . 
. 


5 05 . he propoſed.” 
* Caſe 4, Form q, we have a= 45 a ** 
= *, whence Fluent = 2. 30258 X _ Viet 


= r. That is, the Fluent of 


rr 7 

2.30258 log. Xx + Vai. Therefore 2.30258 

X 24 log. xx + Va#++ is the Fluent required. 
Or thus from the original Table. | 
By Form 9, 2=*, 1= 4, 4 g =I, whence, 


2X2. Dy A log, Vas + Vote, jake Fluent 


of - Vee and conſequently 2.302 58 * 22 log. 


xx + Was + the Fluent required as Rene. 75 
— 5 Exam. 35. | 


r -A 
To 4 th, Fluent or 
fn . 2 z NX 3 
By Form 9, 2 S Kk, 1 2 „ a= 2, 8-= 1 


whence Fluent = 2.30258 x2 log. Vr + W 5 
or rather, by the 2d way, Fluent = 2.30258 log. 


24 + 2x + 2/2ax + **; J or, by the 3d way, 
Fluent = — 2.30258 log. 24 + 2x — 2V/ 2ax--xx. 
Multiply * _"_ and we ſhall have the Fluent 


of 2.3026 X 84 log wx + 


L 3 y 2a+x 
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Via TX 2 — 2.30258 x 46 log. 20'+ 2x + 
2. 24% + #x = 2.30258, x 48 log. 28 + 2x — 
2/2ax I Xx. 


Ex A u. 36. 


To fad the Eluent of n 


This quantity, as it ſtands, not agreeing with 
pay of the OE” ds divide both numerator 


ES which 1 to Form 9. 


here 2 4. 7 = - 2, == 


—2 X —2 2.302885 : 
whence - 7 _ | RT 5 — % log. my” yh 
= * = 45 x log. CI ones = 


and b . 8 =—2. 302 alot” Loh VT 
SEO rain 9 E. 
ES "BEI . 


* — 
4 Fl F 
To find e Fluen of - = 0 — 


Comparing this wich Caſe Gy Form 10, we have 
A 

2 h _ _ 
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Comparing this with Caſe 3. Form 10, we have 


* 


24— * 


28 745 3 deg. in the arch gr fine = = 


4 2 24, G =1, = =x, whence: Fluent of 


. and Fl. — 1 4 
= 12 5 


X degrees i in the arch whoſe ſine = — * 20X==XX. 


Ex 4 N. 39. 
24XX 


To find the Fluent of 9 


By reaſon of the negative quantity — , com- 
fare this with Form 10, Caſe 6, where a S at, 


E 2 = , whence Fl. — = 017453 „ 


Vat 2 
degrees 3 in the arch whoſe ſine is - or 5 ; and 


the Fluent of Eh ws 01745 30 * degrees i in 


the WY whoſe ſine is 5 and radius 


e 40 
cart; 
ud Fluen . 
m 


By Caſe 3, Form 10, « = za, à =*, f = 1, 


whence the Fluent of xn - = 013453 x de- 
24—x 


at 


grees in the arch whoſ fine is — Va- xx, and 


| "> pF | Fl. 
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28 
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o 5 . , E oF 
017453 X degrees in the arch whoſe fine is ry 
\ — — 0 0 5 * 8 4 4 > ? _ 8 — a 


| * 24X — XX, and radius 1. | 
Ex A M. 41. 
3 _ty 
To find the Flue fm 5 
Divide by Y. then = is reduced to 


„ 
nt which belongs to Form 10, Cafe „ 
vbere æ S = 1, f rr, (1=— 2 in the ori. 
ginal Table) whence Fl. Cl: of of 9 
* Nn e 
is = 2453 „ degrees in the arch whole ſine is 
rr v 


| ede di wget 4 8. 
Ir —. And Fluent of — = 
1 INE RT 

: | } £7; S041 ILY 
— 017453 X degrees in the arch whole line is 5 
T ðͤ v 


, Havinc gone through the firſt ten Forms, we 
ſhall now proceed to the 11th, 12th, 13th, and 14th. 
| Before you can find the Fluenr of a Fluxion be- 
longing to any of theſe Forms, you muſt firſt have 


the Fluent of « +622", or at leaſt know that 
you can find it, For this is the key to all the reſt, 
without which it will be needneſs do proceed any 
further. „„ 
Therefore when any Fluxion is propoſed, obſerve 
well what your” is; and if by continually ſubtrack- 
ing or adding » to the index of z, you come at laſt 
ED | 179 a to 


11 
_— 


sꝛcr. III. 10 F IL UX ION S. 154 
to n — I, Or 2 — 1, for the value of ; then 
ſome of the foregoing Forms will give you the Flu- 

ent of a TE 2 = 9, and from this, the Flu- 


ent required is Had by Form-. or 12. 
Likewiſe by continually ſubtracting or adding « 
to the Index of the radical, "if you come at laſt to 
—7 for the value of h, then ſome of the forego- 
ing Forms will give the Fluent of GLE 
and the 13th or 14th Form, that of che Fluxign 
But to ſave ſome labour, conſult tlie notes in the 
margin of theſe Forms, by which you will kKnom 
whether the Fluent can be had by chat Form or 
not. If not, then your buſineſs is to transform your 
nut SOQRET Form (by dividing it by che va- 
table quantity under the vinculum). And then the 
ſame proceſs is to be repeated as before; and if nei- 
ther way will do, then the Caſe is deſperate. 
From what has been ſaid ĩt is plain, that if the Fl. 
T be but known, the Fluents of a +821 
x into 2 1 , A T, 2 J, &c. or in gene- 
ral 2 ill be known by Form 11; and the 
oy OTE , OCT EST N A 
Fluents of * + p21 x into 2 , 2, 
2 3, &c. or in general 2 ππ＋r. by Form 12. 
And alſo the Fluents of « + STI, 
TE, &. by Form 13 and 14: except 
the caſes mentioned in the margin. This being laid 
down in genkral, proceed we to fome examples. 
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a Fl. e = 


and i is 2.302 88 x log. x ＋ V 
by Form 11, we have a S rr, f = 


x o, 3 = — 
1 + 24) 52 (T6. Whence the Flu- 
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> and fo on by Form 21, Nor 
* K N 


e is had by Ferm 9. 
=, Whence 


— IT, , 1 =2, 
* rr xx, «= (n+ 


x» N. >= 25 Y.— 


7 that is, 115 


| LE = Famke ek 6 


—4 3 495 
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T bis 1 can Find by Form 12; if I can but ge 


the Fluent of =. But by Form 10, Fl. 
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75 — = 1745 x degrees in the arch whoſe 


fine is 2 * rad. 1. 
4x, 8 T 2 = 2s * oem 
Aa = I, * * 9. =— 3, 4 = 2, 15 


york = = = 2, then Fl, — 


4 


SECT 
= 
V 


0-10 {| 


deer. III. To FLUXIONS, | 155 
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Vr e 9+ n Try — 


To fn ti the Fluent of wg 228 a ry 
75 LAN 


—— = = 


Here we Fluent of x * do» + 3 "a "(by 


| N | "Kilo PF * 10 Fig Y £ — 
Form 3.) = —— C3 — ee 


_ — 


1. , 6 P 2 7 * ＋ 


7 = 25 A — Ty E = — 8 ds = 10, 5 Dal, 


—_—_— 


To fin the Fluent of — 


not 5. av—vv 


This reduced is 5 Now if 1 can a find the 


* 
Fl. 
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Lee = LE oy Kt. —42y 


, then by Form 12, I can find the Fl. 
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Fluent = 9, then by Farm : 12, 4 Sa, 1 
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Won: ˙ — 47 
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chat of * — 
at o 1 — + 5, by Form 13. But the 


FI. of = 7 — i bad by = % and is 
K ax, 1 * af 
ee SSR 8 X 
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Sect, III. 10 F L* X 1 ON 8. 407 
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& wx * 7 In = +xx 


=> — . 2 1 « 8 4 
F 


x A wm 
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To find the Fluent of — 2 Ip + 23) X 78 575. | 
which is in Queſtion 210, Ladies Diary. 


Firſt I find the Fluent of — + 
irſt I fin ent © > by Form 
2.30258 ; ee 
Vlc h is log. V. 2 ä — 
9, whic "0 - MH 2 75 N 
=" 
Then by Form 1 © = 2p, B. =. 1=2, 
O == 1 2 1, 7 2 = i0p T5 = 
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— A 2 
if Vipp TN. 7385 = = X 7854— 
* 755 . 1 
| | E x A a. 
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T6 find the Fluent of © = 2 * l. 
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By Forth 10, the Fluent j — ini 


e degrees in the arch 1 ſine is — and rad. = 


7 
13 chat is, the Fl. f e. And com. | 
Veen. — 
- paring x * — with Form 13, ve hae rl 44 
= u, 1 2, p 2 5 a S ee, G = — 1, J 0, Jo 
whence Fl. aa” $4. 2. ] 
3.200 36 5 
— A; that is, _ 9 + 5 eel 4 
Leer 
- 7 — , or, = 
6+ „ Feex— 4 — — ee e 
— F + —_ Vet — is, this multiplicd bf 
= gives the Fluent required. 
EXAM. 49. 5 
2 a 17 
To find the Fl 
fin e Fluent of ===; 
Fickt by Form 6, I find the Fluent of —— 
= 5035 * log. 5 = as Then by Form 14, — 
e 1 =—L, 1=2, 7 2 o, p =— 1, 21, 
Y a — 22, $=(n +1 + HA) 1. Then 7 
Fi. nation; = — $a en cen i 3 
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by Form 14, e ay = 5 I $5: 


b 
þp = — 2, 1 =2; y =a#+ — 79. 9. 
(nr +1 ＋ n =) I, then 


To find the Flient of <= © 


— XXs | 
To gh. e 


Proceeding as in * 46, FI: 72 = 4a +xx 


= X 2.50258 K log, SE e 


2 At- — — 
27 J + Xx = o. Then by Form Lt, * = 
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— 6 Si, 2 2 A „, 2 0 Ni 
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— — = ve. 


| e 6 
1 vi the reſt as before; then Fl. ; 


| 2a > ab 335143: 59 
Therefore Fl. = — 


Therefore F 1. 


b 1 1 5 
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grees in the arch whoſe ae is vv = g, by 
Form 5. 


To find the Fluent of v 
I +v+ eds | 
By FO 13,0 4s AZ1, @= I, B=1, «= 
—h,T7=h, = 6; d = 6; Y=lz then the Fl. 
27 — == LA $ = 1 


„ Git d f = = 4 to find that of 
558 
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ent required. 8 5 — 
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75 fad the neat of x X Vx + Veel. 
Let y* = x, and v* = 4 x, then x = 2%, and 


we ſhall have 2yy x Tol for the fluxionary quan- 
tity; chis dy involving becomes 23YX Y* + e 


+ 


qt 


now! e. = (by reſtoring. the value of 


MCU : E x 


. TELLS = &c. 
2 
Here the iſt, 2d, 5th, terms will conſiſt of lm 
ple terms only, whoſe Floents are eaſily found. To 
find the Fluents of the 2d, 4th, 6th. terms, pro- 
ceed thus. 


Cas E I. Let n * an odd number, the will m1, 
A- 3. 2— 5. &c. be even numbers, and it is evi- 


LA 
dent, that the Fluent of is 4 which 
. + * 


call o, then it is plain that x being given the Flu- 


332 ill be- 
ents of ap gran WT &c. wi given by 


Form In, al and when thete are had, the Fluents of 
VT ＋ 9 57·̈,çj * a+ Kc. will be had by 
erm 13. Theretore we ſhall have the Fluent of 

all the terms, when x is odd. | 


Cas II. Let u be even, then will a, 2—2, n—4, 


Ne. de even; and 1 it 18 evident, that the Fluent of 


= by Form 9 is had, which call e, then p be- 


ing had the Fluents of == 2 „ &c: will 


be had by Form 11, as LEM and . the Flue 
ents of 188 „ * a + EI" &c. by Form 
13 


1 — Pre G HT Ks... SS P os Ae Aa. aw__—_ Ak 2 Mi. 1 "OOTY Y 
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i3, and when x is aſſigned in numbers, the parti 
cular Fluents will be obrained as above. 

Thus have I here given a great variety of ex- 
amples for finding Fluents by the fi fourteen Forms 
of that moſt excellent Table in Mr. Emerſon's Flux- 
ions; what follows after will be about infinite ſe- 
ries, and tranſmutation of Fluxions; the purſuing 
of their explanations, will in no wiſe fut my pre- 
ſent deſign, and therefote maſt refer the reader to 
the book itſelt. 

As the finding of Fluents is a moſi difficult Pro- 
blem, and yet of the greateſt uſe in the whole prac- 
tice of Fluxions; ſo the learned Author has calcu- 
lated his Table on purpoſe with a deſign to remedy 
this difficulty; its uſe will appear upon trial to be 


far more eaſy and intelligible than any, extant, and 


no lefs general; for when the Table is to be made 
uſe of, there is not the leaſt difficulty in it, there 
being nothing required but à bare fubſtitution of 
quantities, which I now think to be the eaſieſt way 
in the world; and I ean hardly underſtand how any 


thing can be contrived more eaſy and at the ſame 


time as general. Since therefore, as Fluents' for the 
moſt part, however in abundance of inſtances, are 
much ſooner found by this Table than any other way, 
I much wonder it is not made more ule of, ſeeing 
it is ſo caſy, and the Fluents come out ſo neat and 


ſimple; yet many love to have recourſe to infinite 


ſeries, which is both very laborious! and trouble- 
ſome, though at the ſame time the Fluent by the 
Table may be obtained in finite terms, But if peo- 
ple will be prejudiced; and ſuffer themſelves to 
wade in intricate depths, when they might go on 
ealily and chearfully in the open plains,” I cannot 
telp it, but muſt leave thein to chuſe their own 
ways. Yer leaſt f ſhould be thought to depreciat ay 
the method of finding Fluents by infinite ſeries, 1 
is far from r me; for l am well aſſured, that in many 
W'% M 2 inſtances, 
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inſtances, Fluents cannot be obtained in any other 
way but by infinite ſeries, and often with much dif- 


ese Aer labour in that way too; but I would 


here be underſtood to mean, when a Fluent can 
be had by the aforcſaid Table, it is by far the more 
preferable way, and which I recommend my Rea- 
ders to be ready at, for which purpoſe the forego. 
ing Examples are given, to aſſiſt them herein. 

I ſhall now, according to my purpoſe, give a few 
Examples for finding Fluents by an infinite ſeries. 


EN AAM. 1. 
x 

„or of 4 === 
1 xx 1 + xx 


| Required the Fiuent of 


RU 1 R. 7. 
Put the Fluxion into a ſeries by diviſion, &c. 


Thus 1. 
I+xx 


by Ex. 3. Sea. II. 
2. Which multiplied by x produces x - x*x + 
X*X K + x*x &c. then by Rule 2. 


= 1— * +xt—x* + * &, 


The Fluent of r 
| I K* 
of 41 x* x == — — 
3 
of + * = + - 
Of — * = — of 
Z 
of + xx = + = 
. 


= Therefore Fluent is „ + ** 1 + 
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Now the Fluent of _* ie = 2.30258 X log 

I +xx N 1 

1 by the Table, and is had by inſpection. 
E x A M. 2. s 


T o find the Fluent of 42 aa 4 Ex in an infuite ſeries? 


1. The ſquare root of aa + xx = a + 2 — 


* * 5 


7 
843 I 645 I 2847 


&c. 
2. Multiply the ſeries by # is = a# + — — 
% K. 3 
bi 
a 1645 12847” 
3. Find the Fluent of every quantity ſeparately 
x3 


by Rule 2, and the Fluent is = ax + Is — 

Fi C 3 1 &c. or = ax — — 

5. 8 7.1645 9. 1287 6a 

. bh the Fluent re- 
40a 11245 115247 


_ quired. Or by the Table it is + ag ＋ xx Maat u 
by Form g. | 
Ex A M. 3. 


To find the Fluent of 2X V aa + xx in an infinite 
ſeries. 


80 e 
. e a+ . 


. &c. by Sect. II. 


1287 
1 
2. Multiply by 2 is = 20 + _ "16 + 


M 3 3. Fluent 
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93 - 45 8 
3. Fluent = : 208 + = = EE 


38 5.44. n y 
555 9 8 


9.04 


&c. by ] Rule 2. 


3 5 
That is, Fl. 2% 4 _—_— 5. — top 


EXAM 4. 
Required the Fluent of — V. — &x*? 
2,,2 4 ; 646 
To Vat F. = — . 
"=, 268 $ * I 64'® 
Bert d 
8 12800 Ns ov 
a x ' XN SAR N 
2. Mult, by — pro — — — 
SORE eee 
— — — ————_ . 
8 16³⁰ -- 12845 3 
SR b*xs ber - 
3. Fluent = x — as Enos —— 
3.244 5.844 5. 10a“ 
5b* x9 VVV | . 
9.12840 c. 
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To find the Fluent of Eg — L* S tan 5 
—— 0n], Sc. 
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By Rule 2, Fluent of 2 FEE, di 
Br RI IGY " nb2 
19 44 

is of ; 1234 = EL 

ro i 8 3.2＋74 


= Rx 
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ä 
= <= pena tn = 25 1 
Pe CIS — 
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5 | at's 
By Rule 2, Plaeut of 285 = > 
5n+06 
WS & 8 
— of Y = —— 
85 7. 1 ＋8 
&c. 


Therefore the Fluent is = = 2 = + 
+6 8 e 


5.n+6 To 7.1+8 i 
RE WW 

bs 0 fu the Fluent of X X a — lt ? 

z 2x 3 


46% 4.82 4 8.1245 


Wh 


* £ 0 = TS 2 5 8 — — 
S „ — 3 2 — - 
- : SS 2 -- * 
- — — «> 4 — n — 
— —— . — — 3 * MAES 2 1 


.. roy nt I RES 2A r 
— © -£- 0 —— 


3.5. 9K 0 

4.8. 12.163 2 8 is 

a 4 : as 2x+tx 9 
2. Mult. by 8 a: * — 3 x - Wyo 3 - 7 "HARA 1 

| 4a? 4.84“ 1 


3: 5#5%x * op 
| „„ A 

4＋ 8.1245 4.8. 12. 16 
3. Fluent of a = 42 * 


1 
N 
— of = = 3 
| 4.84 5 4. 8a* 
of I; 3 5%? 


4 8.122 ; 7.4. 8.124% 
— 3:5:98x%X 8 3:5: 949 

25 | r 9.4.8. 12.162 

3 CO 
1 4a 5 4 80 
3 5x7 3 3 5.9%9 4 
7.4.8. 1245 9.48.12. 164 2 i 

4: | E x. 
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| 3 
"Fluent is = IS * — 21 2 2.371 &c. 


An INTRODUCTION 
Ex au. * 
2 — * 
To find the Fluent of ya X—XX, or of - TY rams 
* 62 
* Va—x. 
x OS & 2 3 * 
- 1. V = xt — 5 116 128 
&c. by Sef. II. a 
n 
2. X HP (A 1 
by diviſion. | ; 1 
* —x _—_ 3 
X—XX 2 Ds 2 m—_ 
gx* 


4. = _ =", + F >] * ; &c, after the 
ſquare root of 4 — & is extracted b 75 Sect. 2 and 1 
divided a that root as above, or it is = 3 * 1 + 


- &C. which two ſeries 3 toge- 


* 
ther, viꝝz.— Va= * = — 11 
e 2V x — xx -.% 242 ** 
- 3 8 : | ; 
X 4 7 | 


2 2.4 
* I = 
xIX _ x*x 2 
— 2:26 4.4.26 
a DO 2.3x*x 5 
1 5 24:20 . e 


_ Ill. 0 FLUXION S, 169 

211 ——— * 2.3 &c. 

2.33 2.2.54 2.42.74 

| 3 2.3.35 ge. 

2.4.5 2.2.4.7 2.42.4. 9a 
, 

To find the Fluent of r = x, 

1. 9 -& by Ex. 12, binomial theorem, is 
* ak 3 3x5 3. SN & 
zr 4.271 2.4. (7 2.4.6.877 


SxE at 


2. Mult, by & = rx3% — 5 Ip 
5 27 2.47 
G ———ũ—m 2 * &c 
2.4.0675 2.4.6. 877 5 
3. Then the Fluent is as under by Rule 2. 
1, The Fluent of rel = oa 3 rx, 
| 27 4 · 1 5.27 
FEE 
3. — of an LS Wok ONE = 
2:47” 2. 2. 473 
25*x7 Sx 
7-2.413, 7.47 
E ee 
eee — e 
38 K 
9.4.67. 
5 1 3.5 U⁰t Sr 1 3-8 _ 
| 2.4.0.577 22,2.4.0.877 
„„ | 
11.4.0.877 


Therefore 
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Therefore Fluent = 2 r _ — 3 2 
| 5 7· 47 1 
| 3 $2 3.5 hs > : 
9.4. 67 11.4.6. 8? j=" 
EXAM. 9. "P 
To find the Fluent of this IO —7 75 draw 5 
30 22 5 2 2 Ne 2 3 * 
bl C RT. | 
&c. | and 
Fluent 7 
To find the Fluent of — 2 X N: —S 
3 * 57 755 
Or, 
Of . Oy + 2659 
Wa ZN - 3.0 N= 
— 
5. 0, dd—yy 
Although each term may be found by Form 12, 
of Mr. Emer ſon's Table, yet, as there are a {cri 
of terms, it will be ſhorter to find the Fluent by 
Cor. 3. Prop. IV. of Mr. Emerſon's Fluxions, ot : 
Prop. XIV. following. 1 : FO 
Let R =vTdp, then the Fl. Sag 
= — of a circle, whoſe radius is d, and ſine), 
. 22 — 2 R. By Cor. $ 
V dd—yy 2 f * 
2. 


FP? IV, we have this Theorem, Fl. 2 = 
1 TIR 
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RED where wn = = „2, dd, 
FF 2 0 g 


= p+25 
a = 2=3, BS Fl. of — 


I . = ett 
R 
2 — — I. SOT EI. LEES 3 


Let a, 8, Ys 9, &c. be the Fluents of Þ * 


YR 0 
9 fa &c. then the ſucceſſive HY FORE a i 


PF ET 
— + — —2 — — 


R 5 
4 of p are — 2, — „ — 6, — 8, &c. 


and of B &, 3 757 : fy &c. | 
Hence from the above Theorem we have DES 
E — 


Whence the Fluent = = IE x64 — 
„ ON 

"ERC £3 * 

9912 1, &c. 5 


To fnd the Elen 4 20, = X : 1 — 


1 
Ka Ka 


Tee 8 S C. drawn 1110 f. 
: o, 


$77 E Aw INTRODUCTION 


Or, | Ho, y = 
— 2 v 
i Bet dr ther 7x) 
* 3· le Wi 6% 
: SS "Me | | ; 
446.5. — 8 34-4 
By Form 1, the Fluent of 5 X — _ me . 
4 
7 ; and by Form 6, the Fluent of — _ 
CCmmkx 4005 
— a x log. xx i Put , B, 7, 9, &c. for — 
wy FL as nd 5 6.6.4 
x * * x 
luents of ===" =—_—_ ) 
* 5 ee bez. — ee—xxl 8 
&c. and by Form 14, putting « = ee, 6 = — 1, vg 
x x, 1 2, * o, J = 1 ＋＋ 2, 7=2,y= 75 
ce — xx, 0 = Fl „-K &, and we have Fl. 
. 9.0— RY 
ee — xx 22 = * — Et — 0 
460. — 1 4 — 1.20 
many Hence to find each Fluent Þ, y, 9, &c. * 
from the foregoing, the ſucceſſive values find 
of are — 1, — 3, — 5, — 7, &c. } 
of 9 are — 1, —5, — 9, —13, &c. | 
and of o are «, 6, 7, 3, &c. whence nes 
by the foregoing Theorem in the laſt Ex, we have 
3 — x log, e+% tip 
20 e- 
In . ] 
4e * -i —2 2K 200 4 
DIe 8 * + fo) 
ACOX=—=IX—2 Mo | 1.2.46 ec c- 2 Pr 
2 m 


1. 2. 4e. ee x 7 = 


ser . r FLUXIONS. 


— Xx —- 7 * ec — . 


. N —4.2ee 
_ Ix X e0—xxl TT 35> We 


** UX—=JX—=4 3-4.46* * dee x ce - xx. * 


os M : 


* 7 — —9X—I1y EN x X — 
— — ze 
5 ix wee N TER — 15 | 
* — —— | 
mM s 5.8.46. 1202X ee—axx(® + 
IX | 
5.0.4 & ee 
Whence the Fluent = 2 — 2 4 
a 34 3 
47 b | 
— 6, &c. 8 
45 3 e ee 


E x A . 41. 


Given the Fluxion 4% — 3Z — 45 X 
2—5 2 — 


*r T 13-5245 3-572 
find the Fluent. © 


As this Fluent _— be had but by infinite ſe. 
ries, firſt reduce V- = — into a ſeries, which mul- 


— 2.2 + a5tzE 
C 


tiply by 


* 


* '. . 2 - 
multiplied ſeverally into the powers of 2 +5 


duced to a ſeries, after which the Fluent may be 
- found. But we ſhall have the powers of z aſcending 


and deſcending both ways ad infinitum, therefore | in 
on opinion it were better to transform it into another 
EX Preſlion, 


vs 


— — 
— ef 22 — Ss 


de Ce: 


Kc. =, P74 


then the reſulting ſeries 


— 3 
te- 


1 
— mes ON WEL .. . 6 tbe. — Tia. - x. A — _ 
* o rar ba — c EE CEE RATS. I CILLA +24 Fag r 3 2 OE Ie — — — eh — a FE . c l 
— — 2 22 a — N ” 7 * n S E 4 1 y - — * — J E 2 — Dr — — 
3 — * 8 TORE — S 2 * x — L = 5 x : 4 ” — — — . mas; 3 5 —_——— Paget | N nk. Rs; OF ANTE En en RT 
_ — _— n * > > 7 E A - > — 2, — 8 3 * 2 . 
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expreſſion, putting 2+ * =v, or == = v, &e, 
which will give a better "IM as the finding the 
Fluent of the above Fluxion is very difficult, ! 
ſhall, for the ſake of my Reader, give the opera- 
tion at Oe | 


3 wv, 


1—v 2 7 ——— c po = 

250 | I—2q9U+y 

22 —2 * = — * ＋＋ dl. X 1 2 
1 — * — 


ing A => ww . and q=EEL, hence 


22— 5 = V 
ox = 25 and the given Fly 
CO ZZ 2 7 - 4 a. 
— 22 — 
2 — — X: — — 
pn IT = 3 Sh 
Z ＋5 4+ 5. X ＋ 5 bet 
1 +v TORS Key 
Iz% 5—9 REY . be 


2 — 
—.— 3˙5 3˙5˙7 
Now V. 25 Dl W vs 1 

TEST 7 


v* + e v3 Kc. which divided by = and 
muldipked by : + v, thus 
1= 4% + 61% — 40 + v6) 1494 a 


. + 57 5 —3f * (1 + 274 + as 
15 0 Liar TY +30 


— 


V3 &c. quotient; 
And 
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5g +126) 1115 _ 


Mult, by a 5 : | TY 
Podut 1 + TS + EIA ED . 
2 D a 
And mult. by - ä * 8 
. Oe 7 3.8.2 a 
Doduct—= 2 X 14 547255 24 21857 
3 5 2. 57 
2 &c. | X 125 


And ſo the original F luxion becomes 
—3254V*v X:1 + 20-34 v+ 1017 + 3649 þ1059* 


36 85 E 
Kc. whoſe: Fluent is — 2 ds * - + 
+109 „ 1017+ 3649+ 1959; of &c. K. 
N 3.5.79 
a5 required, 


Ex AN. 12. 


Givemtbt Fluxion at = * Pei ** 


I T 
4 de—by'l | 
2 7 cc. = to 4 th 
3.5 5 CONE W—bx*l2. * = 4 tn e 
Fluent 2 | 7 
put £9 — v, hence bu = A= , con- 
se. — bx! 3 1— 5 
8 34 ' 
quently af . bet S g di ne ter at 
4 $a 
= | „ » Al. 


— p 
— —— xy ur Green 
— 


9 
2 


2 


Fa 
.. 3 
— 5 . 2 7 P PR” I 


mg "2 6 
ES. = 


r 
FER” SE WM: kc 


— —— — —— ͤꝓd» —— —— —— —¼ 
hs . Kr + 

* * * f == 

7 - - 
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F = v, — = v, &c. Ml And 


which will give a better ſeries ; ; as the finding the 
Fluent of the above Fluxion is very. difficult, 


ſhall, for the ſake of my Reader, give the opera- Mult. 
tion at large. 


- Bo —taZ —2˙⁰n 145 


— 
— 


12 d; ðͤ 2; Ee 1I—yg 


3 2 wes; and $55 E hence 


—— — and the giyen Flux. 
cc 22 | V iy 


—ZZ SHS on - a | 
ion 42 — 45 X c Is. ant rh 


EZ—; _t x — ec. = = 325409 F 
2 ws 4+ Ge 7H, 3 * 

FEY >. 4 ESR vv ,. 
Il 3 * 3.3 3.5.) ; 


Now 4/ e =0bx:1 +90 + ©— hk 


* + 53 » v3 &c. which divided by _ and 
wipe by : + v, thus 
e +99) 4 8 t 


15 2 er +36 v3 &c, quotient. So 


6 a — 
— 


And Wl” 


ger, Il. 1 F LUXIO NVE | ry 


nne 
ce. And 1 Fq + 4v + oY - 410 22 * . 
be 84.5 4 174436 „ Feb 


& Mult, by 1 585 


_ 


— 


1 product e eee * _ . v + 


Hinge Fa5rt's ; 5 dre. 


d ule. BY am ib —— * 
And m 15 2 = = =D 
Rodud = 1 K L. SED gl 1059* Form Tio 
3 5 2. 5: ” | 
2 &c. | = 
And ſo the original Fluxion been | 


32600 X21. + — v+ 1017 + 3649 +ptog9* 


36 5. 8 
"6 2514 f ER. 
q e. whoſe Fluent "Re N . 75 LR 
5247107 „ + 1017 +304q4+ 1059” of Kc. 2 
$57 3.5.79 : 
a5 required, 


E x A M. 12. 
Given:tht Flixion 2 I -e X 5e* . . e A 
4 de -i 


1 x © Wo Kc. = = G. zo 2 the 
3.5 N ; 


Fiuent 2 1 
Put 4—.— = v, hence bx* = Ser *, con- 
ge -x. . 1— : 
ſe ently an Wer: — * = — "YT. 4 "4 de? yet DN 2 
5 
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Alſo x = Fluxion of = d—sv — 5 8 
dns 

= —— * —_—_ 2; and the Fluxion becomes 

— 2ep19iy 1 7 ©... 

3.1—vl V 1—v.d—5v get at 


p=s—d, a and 1 ). 
Now 1—v.4—sv A . — du + ow Ax 


\. (putting 


1—1 J *. 
And 14 4 * v + — br 1— +4 
Wm 5 v* &c. 5 
N. B. = is = df | 5 
And 7 2 : 44, 
0 )( D704 


2 V &c. which divided by 1b, thus 


— ＋ v „ $+d'+2.5 +6 
8 © 
ts. +74 5 . +25 #76 , 


24 84. 
quotient. 


And OT — . +2.7F7@ v* &c. 
84* 


n, &c. 


— 


n 
Prod, = — + 7 2 * 1 then the Flux- 


ion 


a. Mow 


bas 4 


wt 


»N 


. 10 F LU * : gy "4 


n becomes — —22— 4 


Wet: 3 oy 1 2. — —; 2 
11 and the Fluetit — e e 
pp 3 * + 


72055 v dec. 2 = = Q which was required. 


I here acknowledge my obligation to Mr. pro- 
feſſor Hutton, of Woolwich, for aſſiſting me in the 
above Fluent, for which he has my thanks, 


Ru L. k. « 


Sometimes the Fluent may be found by um 
ing other variable quantities to make up the Flu- 
ent, and finding their values by help of the given 
equations and their Fluxions. See Mr. Emerſon's 


Fluxions, p. 63. 


Ex AU. 13. ME 
To find the Fluent of : * == . — 
5 etd—x u, and — ; then Vl. = 
Nr = ux. Suppoſe Fl. K = z 


4, heh il birke = vials 1 —1 Do or S | 
8 gv* | | 
d TN 2 . 
re a7 8 ain s = =; 4 a 15 
7 uppoſe agai I's 27 +6 
then will 7 = hy — , and 1 = = 
5 3.5 3.5 3-5-7 
Fe sw 2 ads x 
+5703 5 Ho 7. ge 


&c. whence the Fluent of ** dx = _— 1 


I nn itn OI 22: We 


3.5 3.5.55 27. 


3 * „ „ N ** gc. 


73 3.557 -6.79* 6.7. u 7.9. iivꝰ⸗- 
e N 5˙7˙9 Exvi.64 


' 
| 
| 
1 
[ 


178 


An INTRODUCTION: 


ExPLANATEON. 


I 3 x Z AZ 
I. The Flnen of winks = Ro 2 22 5 


the Rule. . - . 
a AT 0 1 22 

2. Fluent of — = m— * 7 
2 . . ' 3-5V | 


E x A M. 14. 
To find the Huss. of Wir Far, or the * 
ture of the right angled hyperbola. 
JE + x = = Os then in Fluxions & = b, and 
IX +Xx — verb. 
5 F luent vx & 5 vi Ss 2 in Fluxions ; 9 


uad 4 i Flur. 


3! 30 ua” 


an ö 
— _ 

WY = 20 ou 1 bones — 

2755. hae 35 3.5.75 


— - &ec. 


Theie two laſt ſeries are thoſe given in Shirt!; Ps 


Gauging, without their inveſtigation. 


EXAM. 15. 0 


2 0  Jind- the Fluent of ax, 
1. Xx* 


4... 


ster. l.. 
I; „ at * = = F amon 7. "Alſiitie = 


=7r, and find each Fluent. Thi: r= = Kr — 


22 * = — 
Tdesge Fu and * 72 = 0; 


TY FLUE IONS 
DR + 


* s = Kere * 2 r. 
Therefore 


— 
2 
* 


8 fd EY | . +1 = 25 3 10 0 Fs . 
Therefore 3 * K, by writing & for Z; 
„ | 
Zo = * + 0. 
5, 7 
F _ ry +2. 5 9 + De: EY 
ky — £ Xx" z 1 ; 2—2 | 1 | 2x" **. 4 
% ' 8-1 T 
„ | 
r 5 
1 ＋1 * 0 , > ; Ir 
r EL 333 
22=3 = o; and ww 


herefore «y — 
T NE As n+ 1,0+2 


2 4 8 Sa 
Ame Hin * oh 5 = w. 
Fluent of 3" e i = a- 5 = 2 
— — 7 


— 
n 
1 


ELIPSCY * =; 
n+1.n+2 Fru Ta 
i, the Fhuent i 5 117 EY 


==, and when # = 
N 2 
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1 ＋ I. ＋ 2 7 n + 1.7% + 2.% + 3 * 


r 
PATA T3 — 


Or thus, | 


| Fe 5 8 ad 
Aſſume the Fluent of Ki or K = "Eg 
x—* + 5, this in Fluxions gives K i 7 
wt I : h „*r * 
wi r + 5, whence s = STE *. 


Again, aſſume s oO SS ＋ 7, whence 
— "STD 
* © 1 «+ 
$25 2—.— 4; aſſume . = ety 
 n++1.n+2 n+ 1.y+2.1+3 
* = + u, &c, whence.we have the Fluent xx%'= 


„* i * 2.15 ＋3 
n+1.x n I. a + 2.x* 271 1 . . ＋ 3.5 


+ 
1 + Kc. = © as before. 
n+ I. . + 4.0% 3 | 


EXZAWK 16. | 
m.— 1 —27 
— 


11 


To _— the Fluent of —= nx 2 ? =, 


. — 2 


ux 
n 8? - 4 


" Mm a+r . FL mad { ann 7h 
„ oy FREE 

= * x7 ＋＋5, in Fluxions — «„ 7 
5 a — 3 . 


27 a — 
M —— 2 rt = == _. . 
= — „* | — — * Xx. 17 „4,5, 


N ES | 
| whence 


grcr. III. 10 FL U 


X I'O N'$; 


nn +7. TEE 


M—_— 


W588 
whence # = 


* AN. u 2 wIE EP 
— —_— 3 


im. m: +r 


r. m m r 


. FEA 
a & 


*. 


* : 
4 ;t= £ FEET Ea x 
1 + 27 


mm Lr 


1 ; n.. u +3Y 
h Whence = FZ r 


2 3 
mia 


55 . ns mand” 5 
N nN — 
Hence Fluent 2 x 17 


Aſſume « = _ 


—— 


* — — 
A. 1 ＋ 7 : « uit 
—_——_—_— 


— UU 


2 


M zr 
„ 


1 T 27 


3 


when x = 1, the Fluent is = 


n.1 + r.1 + 217 


” 


m. m + 2r 


2445 


n+ 37 


7 


nn+r , 
R 1 


nnr. n Tar. n & zi Sed 


mm + r. m + ar 
7 Os 


— —„ 


m- n -r 
or thus. 


The ſeries may alſo be deduced from another 
K* ir, putting x 


CO quantity, viz. 
= Is thus 


Ng 


- 


m. m +r m2. n + 37 


Afurs 


. 


1 
a — — — II C * 
—— IEC ——_— . 82 II 
. 2 


n An INTRODUCTION: 
Aſſume Fl, gt e 2 *>"*+ 5, then 


es * 10 


will it be in Fluxions $= _—_ 


n+ rant 33 
CO DEER, 


= — + , then ; 2 
young 4 n * 1 Ss x & N 10 4 h 


— 
*% - 


n+r.n+2r a- Herne ——", 8 
m. mr c . 


| 4 7 > — 11 ——ze 
N Trat ; Þ+ % 
Gi 


&c. whence the ak i. = 77 + 


n rr. 1 LF ur | 1. 7 7 27. K 27 3 


— R D br 22 
m. m + m T N T m. in + 1. * 27. 1 3“ 
N er — 


„— when v = 1, multiply all by #, and we 


Hat the ſeries required. And, by a like method, 
nite > forma may be ound: Tot pet | 


Po 


Exan 17. wk 
er. 
Tofu the Fluent of - m— 2 is 0 
— i a 
225 mm" 


n 


F SE 7 Er 
0 
Whence s = X 7 4 
Aſſume s = 2 AAM. a 
an. ur 2 i K by , 144444 LJ lin $45 ji 


— : 1 Li © . 
e e Aſſume 
F > 3245-43 2'v 
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+r n-þ+2yr 
Aſſume 1 = — x 1 rz; then 


„an. n 27 247 T1 
4 ö * 
i nr 


Aſſume # = ——=— p . w, 


an. n gr Mir 24.4. 


- f : - 
Hence ] = rm. m ＋ 27 * 1 


an. u gr 437 244. 
3 „ 


Aſſume 9 Ras 


mMn — 27 Ld Canna 
— T  =as 7 + 


Hence F 1.” 


iy fr : . n T 27 
m. Er m., m zr 


_ OM —_r 
* 7 + = 7 ＋ c. = — 


TR 56-8 m. —1 


* And when s = 1, dhe Wa of 


er 


w— r. a ann+r 
RT na b Sv mn 

ann Tr. , ar 4. n. n n. n + ar. n & 37 

m. m r. 1 27 T i mm r. m + 27. m + * 
a. 

n - r 


+ 


0. 


I ſhall now iluftrate-five general Propofiti tions of 


the univerſally. learned Mr. Emerson in his Doc- 


trine of Fluxions, which wilt be found to be of ad- 


mirqhle uſe in finding and comparing of Fluents. 
N 4 PROP, 


——̃ — 
— er ents > rents —— — es — 


— — —— — — — 1 cure" go 
- > IS DCD * OA — — — wn 6 * 9 4 
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PROP. XIV. 


Let the Fluent of DYE = A. 
| FVluent of TE = 2 
* Fluent of e 12 = — SP. 
Then I fay, 


"© P+1. P-+m+I X of B = my : f+!ex fonts, 
II. P =eA ＋ FB. 
This is Mr. Enerſons 4th Prop. p. 1 5. 


ILLUSTRATION, 
1 1. 
Let 1 = 1, n 2, p 1, whence 
85 E. Dix = A. 
Fl. e+faliz's = B, 
N. ee =P. 
Then, 


U a + 3fB, or 2 A TIER + 27 X Fl. 
+f2\22 Ne N. 
f II. P=eA+fB, or Fl. Tcl ex Fl. I 
23 ＋ Fx Fl. TIA 2. 
| Cor. 1. Hence if any one of the 8 A, 


P. he given, the other two will be found. 
Thetefore, Pe 


Car. 2, B = — e. 
1 Dir m Ax KE 
8 SITS — 
9250 PTT 
Son. 4. P= — Le . 
ere 


Con. 3 3, 


Cor, 


| rer. Il, TO FLUXION 8. 185 
1 2 — . 
nn : 
E x A M. 2. 


Let n , m=%, Þ 1, ubence 
F. e+fzzl:22 = A. 
Fl. l = 3 
Fl. e =P. 
T hen, - 
I. 2P+3 x 2fB, or 2 Fl. = r 2 x af x 
Fl. e TA = = 2 c + fzzli, 
II. P=eA+fB, or B Sex Fl. e+ [22/8 
25 ＋ F: X Fl. TUI. | | 
Exam. 3. 
Let n = 3; = 9 I., Went 
; Fl. TZ = A. 
Fl. ETI = B. 
Fl. E = =P. 
Then, 
J. 2P+! * ofB, or 2 Fl. 2 Fl. Hales +3 X BY | 
Fl. e+fwil3z42 = XI: 772i. | 
IL P=eA +FB, or Fl or Fl. e Ti =e X FL 
FPS + fx Fl. 7 (E242. a 
E x AM. 4+ 
Let n=4 , PI, whence 
Fl. IAA = = 
Fl. Az = B. 
%% _- 
: SE _ ben 


Con. 5 
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Then, 
I. 2P+44fB, or 2 Fl. ; X af x 
Fl. Tl = K. £+fe4lt, 
II. P=eA+fB, or Fl. 55 * NY 


] 
22 +f x Fl. 7 CTI. « 
Exam. 5. 92 
Let 1 1, m , p 2, whence 0 
Fl. FFII = A. ir 
Fl. rA = B, il 
H. T =P, 5 
| Then, _ 
— or 3 FI. TH 
22 TZ NF Xx Fl. 7 2 — 2 e+fzl3, 
II. P=eA+fB, or.e+faliz*2= e X Fl. ef 9 
* +f x Fl. Hd. _— 
E. X A M. G. 
Let u 3, m2, P 2, whence 
Fl. HN = A. 
Fl. HZ = B. 0 
Fl. EE = F. 
Aa} - 


I. 32 +43 x3/8=2tt7+faln+1, or 3 FL 
a- + 7x 3f x Fl. 5 . 
II. P =eA +f8, or Fl. Dl = 2 x Fl. 
efoliz? 2 + f x Fl. ERS. | 
Ex AM. 7. More general. 
Let n=37, S=D =» Þ=14, e==r*, f=1, whence 
Fl. ri TI = A. 75 
Eli KA = B, 
od Fl. RE A =P. 


Then, 


[5 


184. And 


Seer. HI. 19 r L ux 1e NS. 187 


| Then, | 
I. P aß. or IX] Fl. T2218 +5 * 7x 
Fl. 15 + Abb G 'S = _ 24. + path, 
I. mo Se /B, or Fl. Wet 5 Nl 


25 A 1242 AFX Fl. NEN TS, 

hus by making u, 2, m, any numbers, the Pro- 
ſition may be varied infinitely, and any quanti- 

ties put for e and f. I have been the longer in ex- 
laining this Propoſition, in order to be ſhorter i in 

illuſtrating thoſe chat follow. 


P ROH NN | 
Let e + . + gan + bz Sc. = 8 iy, {= number 
of terms in V. 


And the Fluent of VA = A. 
Fluent of Va K a = B. 


Fluent of Vnef#%"S = 0 
Fluent of V"2t+3"g =D Ft. con- 
linued to t quantities. 


Aud the Fluent of Va SP. Then will 
I. p+1, DEI. ATT IT B. 
+p+1- + 2mn+2n CI + 3mn- Zn ＋ Zu n VESA. 
+ &c. continued to : terms. J 
II. P=eA +fB +gC + bD + &c. to: terms. 
ILLUSTRATION. 
Ws EXAM, 1. ; 
Lern , M=% Þ=2, e 1 ＋ 2 =V, 


Fl. Viz's = A. 
9 VIS 2 B. 
Fl. Viz45 = =C. 
Pl. Vito'=b.” e 
P77 | ah 
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I eſs 79 5 

I. gel + 4:fB + 6gC = 2t+1yn+1, or ge x 
Fl. VZ + 437 X Fl. Viz's + 6g X Fl. Viz; ” 
= i. 2 V 


8 P =eA +fB +2gC, or Fl. VIZ. =e x Fl. 
VI. SZ + FN Fl. V223S + * Fl. Vi z, where e, 
FA g. repreſent any numbers, 


| EXAM 3. 
Let n=2, f, p=s5, ex fo +g24=V, 63. 
Fl. Vizss = A. 
Fl. Vi = B. 
Fl. V329% e. 
And FI. Vizss = P. 
Then, 

1. 6eA + 83fB4114gC = = 2 u, 7, or 6e 
Fl. V3z52 + 83f Fl. vi + 113g K Fl. V3z92 
= VI. 

II. P=eA +fB TC, or Fl. VI. = Sex 
Vz + fx Fl. Vizzz + g x Fl. Vize. 


* 


E x A M. 3. 
Let n S 3. m 2 N e +fs +g25= 
Wo 4 23 : dad | . 
Fi. Viz'z = — 25 
Fl. viz s =B. 
Fl. Vize = C. 
And Fl. V*z*z = P. 


8 
I. 3eA + 13:fB + 24gC, or ge x Fl. Viz's + | 


134/x Fl VE + 248 X Fl. Viwz = VI. 
| II. P 2 


zer. Hl; 1 FLUXIONS, 
II. P=eA+fB+gO, or Viz's e N Fl. Viz 
+f x Fl. Viziz + g x Fl. VI. 
EXAM 4. 


＋ V4. 
| Then 
Fl. V2 = A. 
Fl. VI 22 => 
H. Va = C. 
Fl. Vize = D. 
And Fl. Vizig 2 
Then, 


I. 4e 55 +720 +8: 3D = 2f+1ym+1, « ot 
4 X Fl. V. Tg x Fl. V*242 + 7g x Fl. v 
+ 82 x Fl. V*2%2 = 24V+, 

LP =eA+fB +gC +4D, or Fl. Vz. = 
ex Fl. V#2i2 + F x Fl. Va + g x Fl. VI 
1X Fl. V32%, | 

Ex A M. 6. 
Lie g f=a, g=—1, 223, Witt, 
=3, and V = aa +43) —2*, 


Then 
Fl. VIZ = A. 
Fl. V- i = B. 
Fl. v = C. 
And Fl, VII = F. 
Then, 
I. *aaA i 0 50 2 = zt+iyatr or * aa * 


Fl. Viz + 48 X Fl. V4 — 5+ x Fl, 
V = 27Vz. 2 
; Il. P 


1, n S p 35 e+fz + 2 + 527 | 


4” 


1 


is iN TRG BUC TION 
u. PSA TAB C, of Fl. V = as 5 III 
Fl V=32iz + ox Fl. VEE . Voters 12. wav 


"be nn CE 
Put e+fe V, I TE T, art 
Fluent of VT = = A 
Fluent of xd VN = B. 
Fluent of VII C. 
A 2 Fluent of 2 V. II = R 
Fluent of 2? VAT! = Q. 


2 Then i it will be, 


2 7. ANB 7 
* eB ＋ +1 + mn + gn + 2 x HC - 2 1 
ya+iygtr | | 

HE. P=eA+f8B.. 

LT 5 + fC. | 

55 IIS AAT T0 A. | 
i 13. 


Let n S 2, m ==, ns — * — 
k + E =Y, TE — bo . 7 : 


— Fl. xπᷓ M = A. 
Fl. VI = B. 
Fl. 2 IVI = = Co 
Alſo Fl. z VII =P. 
Fl, æπ V Y = Q. 
. Then, | 
J. A Ne * B + 9 7 = — VT 
17 T, or 4ck x Fl. 2 VV! 4 7k + 6221 x Fl. 
aN MY. 92f1 Fl. 2 VI = 2. VI. | 
II. P =eA + FB, or Fl. 20 ＋ = Se X Fl. 
AVI TI be Fl. 252V=Y7, 


III. Q 


er. Il. re FLUX ION wy 
III. 2 =@B ＋ C, or Fl. VIII = 2 3 Fi. 


3VI VI + fx Fl. 2 yy Where e, 7 k, 5 re- 
preſent any numbers. 


EE wh 


Exam, BY 


Lin=1,m=% q=+ hs Ny 2 V 
TE T, whence „ eee 


Fl. SVV = W 0 
Fl. &53ViY! RR 
45MM LEA = C. 
Alſo Fl, 2 188 
H. NH Q. 
Then, 

I. cekA+7 N er Je B + ofiC = = e 
17, or zek x Fl. 2 TVI + 75ſt +610] x Fl; 
21 VIII + gfl x Fl. SN ̃ = VV! 

U. P =eA + fB, or Fl. af =e x FI. 
z VIYI Tx Fl. 2 VTI. | 

II. Q =eB + , or Fl. ZV TI = e Fl. 
IVEY! TF Fl. 2 VITA. | 


— wy” . " N 5 y — * LS: — 3 1 UPS 2 n . * 
WT gs 2 * bn: — 5 23g > $0295.03 1 292283 n 2 — 2 CS FN _ x +. - R SIS — 422 
SO INAD 0 _ OSS nr 3 1 M 2 rey * rr = ISLET — — ve 
: | 1 _ ) g Co 1 N 


— 
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PROP, XVII. 
Let ef g e Sc. = 3 
TE; +rz" +52% c. = Y, 1 = number of 
terms in V, 7 = number of terms in Y. 
And the Fluent of $t2V"Yr = A, 
Fluent of 0 r V N = B. 
Fluent of ff *"2V=Yr C. 
Fluent of v f Nn I = D. 
Alſo Fluent of Vn EVA = P. 
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Jv 
j k 
BR. 
44 *2 
4% 
Js 
431 
(ach: 
9 
. 
7 
LI”. 2.4 
. 
. 
$48 5 
245 
21 
339 
1" 
"1% 
+2 
1 = 
3 
1 
4 
4 
2 
Wo 
bs, 
ia 
570 
. 
e 
vt 
WA! J 
0 
2 
708 
29 
1 1 
"x 
79 
4 
I M's 
r: 
« 
= 
15 25 
WE. 
N. 
SY 
105 * 
ey 5 
/ 1 
* 
16 
th 
9 
i * 
i it 
v4! 
" 1h 
v9 
13 { 
44 
FT) 
18 »4 
i . 
"4 
1 
1 wh 
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' 
4 
s 
4 
[ 
o 
* 
* 
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Fluent 


— 
* 
- . — 
— — — 


2 Ar » 
_ 8 
1 — -—= 4 8 5 
— — _ 


"gz A INTRODYETION. 

Fg Fluent of 2 VL = 

Fluent of VII- = — 4 
Then 1 ſay, 


ES ＋ 5 TI T x | 
1118 7 Tln 


4-3 I Fond Ef +2+ I + 391+ 31Xes 


CHT 3uxfr 
R 2 
2 et op DTI TAT 3uxg 
ö +P+1-+3000+30X bk 
— LIVA T iyi. _ 


II. P =#A +fB + gC + BD dec. to f term. 

III. 8 eB TNC DE &c. 

IV. R=eT+fD +gE ＋ FE &c. 

3 Se +ſE +gF +1G le. 
continued to 7 equations. 


I.Lusts ATION; | 
EXAM. Is 
Les i=, þ=2, m=%;q=3, Ea, 
k + E ＋ =Y,t 23. whenct 
Fl. 2 SV IVI — A. 
Fl. VIV; = B. 
Fl. z. VIII = E. 
Alſo Fl. z VITIi = P. 6 
Fl. $1SVEYE = Q. 
Fl. 2*3VzYt = R. 


Then; 


I. ek LT e B + Fiesta e, 
or gek x Fl. *2V=Y*+ rel Lt X Fl. 2 VIII 
+ der Cet x Fl. VITE VI II. 

II. P=2A+fB+gC, or Fl. 2*ZVIYt = ex Fl. 
al Tx Fl. IVI + g x Fl. z VIV. 


Ill. Q= 


III. Q.=eB C, or Fl. z:3V3Yi ex Fl. 
VIII + fx Fl. SAVIVI. 


IV. RC, or Fl. S VIV. = ex Fl. waviyt. 


Ex AM. 2. 

Las p 555 
+ be = Vk TE + r2+ þ+ 525 = Y, #=4, 7=44 | 
Fl. 233ViIY= = A; * 

Fl. z VIT ! = 
Fl. VIX = C. 
Fl. z ᷓ ] = D. 
lo Fl. zS VIX! = P. 
N. Vir =. 
Fl. 2 VIII = Ro 


Then, 


1 . 4c A+7el+off x B + 1057 T 7 1495 7 
+ 13es + - 15fr - + 17g] + - 19bk Xx D, or 4c& x Fl. 
VI Ti + zel + 9/ x Fl. 2 VII 5 
| toer+ 12fl+ 142k x Fl. 2"SVIEYS+T3 737 F187 
1721+19hk * Fl. 2ü 8 VTI = z VIII. 

II. P =eA+/B+gC + D, of Fl. 2 V. Ys = 
ex Fl. 2 IT + FX Fl. z2VEYL g x Fl. 

2 VI TI + X Fl. 2ů Ur I. 

III. QS eB TN + zD, of Fl. zizV=Y5 = ex 
Fl. 2z*SV®Y= +f x Fl. waVitipex Fl. 29ZV3Y7; 

V. 2 = ©C + fD, or Fl. 2 111 = X Fl. 
2 VIX! + FN Fl. 28 V ITI. 


© En OP. 
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= 
* 1 1 ? 
 Þ 2 - : 
£ a j 
* WY, 1 A - * - INES b 1 a 1 1 . a 9 _ *** 2 . 2 Sn 2 4 - 2 
— — —— — 3 * . — 3 = a 1 Tb, 32 : 6 LM Is. 48 I EV — — —_ n A " fy * 2 - 2 : SERIE 2 = 0 2 . r 8 i 
EEE CS ao ed et Fon Sr oe ee EEE Don eto. ß on es PORES Ie EOS THIER, = —_ dd 2 ——;.- 
; . — — 4 — — c = — —— — 5 3 Em _ r r 1 p > * 7 2 2 nag, Sor JF WE I = — . FR "54 "OY — 24 7 ae; ty * ed PRI 
— - ==> 00 ͤ — — RR — wo 2 D < " 34 5 c OY — £ OS nr Ee ng SS . — i F SEK. - 8 WEL TP? f 
F FF ĩ˙²˙*ð Ee ˙·ᷣ rr... a a RO 1 2 n 3 9 
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194 A INTRODUCTION 
PROP. XVIII. 


Ia VS . Y=k+k" XT. 


And the Fluent of 2t2V"Y*Xr = A; 
Fluent of ⁊t N RK B. 
Fluent of #***2z\nYTX' C. 
Fluent of 22+3*$V"YI1X” D. 
Alſo Fluent of 222\"+"YoXr = P. 
Flaent of 2 f IX = Q. 
Fluent of , = R, 


Then it will be, 


1 e | 
B. 


I. 2 ＋ 1 x et +? +1+9qn+2#X@el 
TITAN ett 


ee ee e 
L — C-+2+ 1+mn+qn+rn+3n x HD 
+p +1 +mn+rn+2n Xfkt 
+p+1 +4, Rel 2 2 . 
15 . Mn. 


IV. K = eC ＋ . 


ILLUSTRATION. ; 
EX AM 1. 


„Di, , "=>, TT . eV, i 


r 
1 Then 
F.. 2 SVI VIX I = A.. 
Fl. z VI YIXI = B. 
Fl. 2*3V2YTX+s = C. 
Fl, 253V=*Y3X+ = D, 
Ale Fl. z vIX ! = p. 
Fl. 23V*YiX+ = Q. 
Hl. z iX = R. 


Then, 
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| Then, © 


SA + T ee „ 
1 5 TSS elf Xx C + D = 3VEYTXE. . 
Or 
zeks X Fl. 2*S VIVAI * X Fl. 
 #B&VEYIXE + 5 T 52fhr + 5e X Fl. 2 
IXI Lr x Fl. 2 NIX = 23VIYEXE, 
II. P = 2A +fB, or Fl. *SVEY3X3 = 2 x Fl. 
#ZVIYIXE + f x Fl. 32VEYINE, 
III. Q=eB + FC, or Fl. 2 MXT e Fl. 
22VEYITXE + f X Fl. 2*ZVEYIXE, 
IV. RC + fD, or Fl. zizViYiX* = 2 Ft 
242V=YIX+ + f x Fl. 252VEYIXE, 
Where e, J, K, I, , 47 repreſent any numbers. 


2 SOD OD ES Rn O 2 
> OE IE : 

I = : tt, 5. 95,5 _— 
— = - 83 E 


8 


2222 —:. Lf a LD» Sep = 
7 3 Ys 2 2 — —.— Eg, ESE _ Far 


E * A M. 2. 
Let a, p=1, I, q=2, 75. e +fo'= 
E=. s +1Z K. | 
Then 
F.. 220 IV IX. = = A. 
Fl. 21 VII IX. = — 
Fl. w3Vivz$3 = C. 
Ws 272V3 YER! =: 
Alſo Fl. 23V3YEX3 = P. 
Fl. 28VTY3X5 = Q. 
A 2 TEX. = . 
Then, "Mrs wt Bork 
[. 2447 + r T 5 T 70 x BA 7755 K 
Taſer + 130% x C + 185% D EVIL X. Or 


20s X Fl. 22VIY X + 4? fas + Gets o+ 10eht x Fl. 
= 2 21 


1, 
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VTI + 7 + n T ig x Fl. 
2523V35Y2X5 152 fx Fl. 2 Ṽ IXS ZZZVITIX. 

II. P =eA +fB, or Fl. 28M IX =e x Fl. 
ZVV IX + f x Fl. 232VIYERT, 

III. Q=eB +/C, or Fl. 232VIY#X3 = e x Fl. 
2'SVIY2X) + f x Fl. 252V3YIX3, 

IV. Rg CT D, or Fl. 252VIY=*X3 = e Fl. 
SSV ITIX + F x Fl. 272VIYEX3, And fo of 
others. 

Thus one may proceed to more quantities, mak- 
ing 1 = 3» 4, 5» &c. P = 1, 2, 3; &c. m 2, 
3, 2 &c. &c. which may be varied infinitely ; and 


any quantities put for e, J, &, I, 5, f; fo general are 


theſe Propoſitions. 


P R OP. XIX. 
Let Y A =F. 
TFN. 2 -i = G. 
YE. 2-1 = H. 
Then 1. By Cor. 2. Prop. XIV. pH I Tn. 


2 7 =, whence by common Al- 


gebra, | 
— Abu Bde. TL | —pheF 
pdf. dfn. im 
For aſſume H = ＋ + =, then H= E — 


7 or e — 252 = vet fan" S2p—1 + 


2.0 . i, therefore by diviſion e+fz«. 
27 — 
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2—1 = vgf—=! + 207a—1 or e2—1 + e 

= v2" Dt, and comparing the homo- 
logous terms, _ f = 2, the like tor any other, 


whence H = © 7 7 +. 


PROP. XX. 


8 eg A 1 | 7 
The * of e+ fer ag +e+ 5 0 a i 


+ acti + e. ory? = Own JI 
will be A = abzv. e e + fenintl—y. A * 

_ ofn + m+v\ _ 

2 84-7 : 3 b — v + — — 

bf.2n + m +0 8" © 

edz + 22s + fern + — 2 + 2n.deC 

3a + mm +v © 

E. +3 bun 25D Pi 


47.4 4 Em v 
where the law of continuation is viſible... | 


+ | 


ad infinitum, 


For, 15 
1. a -I = ac Z ¾)— + av 3 
multiplying both both lides by T, then Ya 
az - 1 = 8+ PFTYlae S2 u—1 + Y af i; 
that is, putting Q= the Fluent of e + Tln 


32 v—1, aQ = eA 1 - therefore 42 = A + 


R + 

2, and Q — 2 + | 
2. . + fern +1 in Fluxions is v22%, 
PIT — W and eel = — 
O 3 vQ + 
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vQ 6 T+m, = but the contemporary Events 


of the ſame or — Fluxions are are equal, conſe- 
1 
quently 2. TTT — vQ + re now if 


Q above be here ſubſtituted, we get 2%e+fz*1"+ 


B 
e +2 which by the rules of common 


— 2 e — vebA 
n Fun F ET 
After the ſame manner (by taking . 
baggy 1 = cao —1 4. 7œ˙ on &c. ) we 
. e + 7 + fl tle ov +7. . 


Algebra Th B = 


et CG — — —— — and 
© ; - bf. zu LDL | 
cd Tz. e eG. 
| cf-3n+nm+v 


1 is evident from the foregoing page, that if 
any one of the Fluents A, B. C, &. he. given, 
any or all the reſt may be found, certathily the fore- 


going Propoſition will be of PREP _ in * 
ing Fluents. 


Co. I 
If A were given to find C, we _ = 
al e + ＋ fall — ve and e * 8012. 
e 3 — 
422——— 2 + — 


_ bf. 2u+nm+v 


be written its value, we re get C [oo 


2 + um + v. afczv *. e + —.—.— .. 


; e+f 2+ 5 Tv. ce. A. 


of: Tan 20 Fun T 
Son. 


„therefore if for 3 | 


* 


-. 
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= Cor. 8. 
If given B to find D, we have C = 
LA ＋ e + TT —— v+1 y. ceB D '4 + 


Bf. au um 
V+ 2 111. 
£0297 — — —.— — > therefore by ſub- 
cf. 3u Tum v 


ſtitution as before, D = 
zum — nm + v bafe 2%. E 22 — 27 27 2. 


1 ＋u. v 2nde'B 
bf.2n+nm+0v.3n+nm+v 7 


After this manner we might go on to raiſe. Co- 
rollaries at pleaſure ; 1 ſhall. exemplify the ule of 
this Propofition and its Corollaries in the following 


Examples, 


MEM IS DICED OY Coo BE . Gun as; py : . N 
1 SS 33 — „ reve "oh 2 RE _ G. 8 « 


Cons Wn 8 


Ex AM. 1, 


Given the Fluent of n to find the 
Fe of 4 pT dz 1. 
is given to find C, m =—1 3 
9 by v , 4d =@ = therefore by en. 
tion at Cor. 1, C = 
ad — 25 Cp PLA er 


| aq 2. +3 
= Badges — 2 dp2" 5 WIA RE; 
5 20dg*. E 
| ADE: + — A 
—— np" 
| wed X A M. 2, 
3n 


Given the Fluent of D+qupl-izzt 10 find that 


8 
of TY 
O 4 © Here 
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Here it appears A is given t to find B, m =— 2, 
o=D,1=hp=« f. which * te. 
ſpectiyely wrote for m, o, l, &c. in the general 
3 


8 — DO 
Fluent we get B . 


It will be eaſy, as occaſion ſerves from rheſe and 


the like Fluents, to gain hers more ſimple. As 


for inſtance; 


EXAM. 31 


2 bs! 
Given the Fluent of = — ==, to find the Fluent 


byiy 
of 3bby/ bb—3y 
Here | = 4, 3 * * B. 12 — #=2, 
7 = 2; therefore the Fluent fought Loader 
bb -y —bA © — | W 
2 Sk 1258 


I ſhall annex here a general Propoſition, which 
was communicated to me ſome years ago by the in- 
genious Mr. Powle of Hereford ; it is deduced, as 
the above, from Cor, 2, Prop. IV. of Mr. Emer- 
fon's Fluxions, being Cor. 3, Prop. XIV. of the 
foregoing, drawn out into ſeveral particular Caſes, 


and the Fluents of cach may be found by Form 
11, of his Table, 


PROP, 


$xc 


ber. III. 10 FLUXIONS, 20x 


PROP. XXI. 


1 


| F ol 
1 e if, 
hene Pu S e * Af fer 
* 1 — — 8 
T Pet gon T Veto * © Vas . 266 
ad infinitum. | 
SOLUTION. 1 
— ur 
Put &A= =. V fox + g8" then = r 
gur. FEE nF n ens 880 
7727 ory wy | neee F 
a 8 and G = — e e 
gn 2g 8 28 i 
. H &3—1 5: A v i . 
Nm = N gen ver Fae” 
3fnx 3— 127 


put B = fi + gen, and then B We Tg 


3 e rake 2 . 
T Ven + ge* gx 2 N VETS 


- 


(Dividing by x*) z that is, => = = I 8 + 2gnH. 


1 A 1 - | 
Therefore H = = — a. H = B — 


| 48 291 
JS, = | Aw — * ; far B = As, 
| 2gn 48 : 
2 like manner is n 1 — 7 = 85 = K 
= fa” 1 &c. Therefore the required Flu- 
421 8g : | * 


ent 


$02 A INFRODUCTION. 


ent will ſtand as under, where the law of continua. 
tion is evident, | | 


FF = 
8 E 
G = 27 — - Here A * 55 
1 40 | 
I - n _ — — 
3g1n 4 
3 — . 
i & :. bet : 


Our. Having any one. ef the Fluents F, G G 
H, & c. any, or all the feſt, may be found. There- 
fore this Propoſitiom will be ' excellent uſe 1 in 

comparing Fluents. 


. 1 -A Cc GR, 1. 22 | 
—— — - of . | 1 G 5 
the dent of gt 5 
ea F Var Var ＋ ax * 
_— 6c, were required. 
Here p 2 1; Zi, f=& and therefore the 
regel luent is 
F S F. 8 
A 
1 th. = 328 = 
F 
: 1 Ax* 5a 
ee eee, a 
A 20 5 
A 
* "aig = &c. infinitely, Cos. 


Sic. 


Fl 


SY 


LY 


dier. In. v0 PLUKXIONS 


Cor, 2. 


F 
EE — 
If . Fluent of Vas = ve be Fo - + 


geren &cc. be bd 


Here u 2, g c, = and bare Ws 
Fluent becomes 3 


0 
* 
— . * 5 
20 * ; 
— * Py ener bo 
id 


G = — — ——. SY Fo ; ; . 


H = , — 2 . F . 


mx xx 


Viet px* tx p * Vix*+px# xt pot * 


* 


Fluent 
F — F. — —— . 
A LF | 1 8 


G — — , — 
— „— ns 


W 


Here n = 4. f = 9 F= — 55 and, NES required | 


We 
9 
Fey 
1 
1. 
. 
N 
1 
6 
7 
5 
1 
K. 
I 
wh 
pi 
. 
* 
| 
+ 
| Eu 
\ 4 
i q 
? ( 
{ 
i 
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e 
Re | F 


Tf required * Fluent of = —— 


— 
Xx ＋ pK 
* 


8 8 — 7 &c. 
Here 8 = 3, g p, FI, and therefore the 


+ 


required Fluent will be 
2 F. 
*. 
HS = . 
op 4p 
= a . 
9p 6p 
& c. 
en T0 
1 H 
2X OO K 1 * 


The Fluxion + FEE X ——— 
* fx +x FT r 2 fel 


&c. is propoſed, to find the Fluent. 
Here v — 47 — T5 FN. and the Fluent 


Ap 
33 
7 Ak 
_ ” 3 
een (A 5 
Ax H 
"> 7 89s 
&c. FR 
I i. Av 


Having the Fluxion —=—= 


&c. given to find its Fluent, 


Viaaen © Vanapd 
2 F 


Sec 


5 


in 


'<e | 
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BREW, ot. 


G = — —— 


y Fog OY wp 


&c. 


5 C 0 k. 7 


If there was given = h 
u .. 
OE 1 
Var p 1 Var +px=" 855 
Here n= — 2, gp, f=a, whence the Fluent is 
F — F. | oy TG 


G = — — 


N 
2 „ gs == + OO | 
Some Examples, ſhewing the uſe of the forego- 
ing Propoſition and its Corollaries. 


EZ AA. 1. 


88 the Rs of —_— to find that of 
7 


F 


Here in other 88285 De _= = and 

1 — 3 | 1 1 
Ss = OSD and comparing theſe with 
m_ the general Prop. there is given F to find G; that 
* 1 2, F ei, g =1, x = , and therefore G 


(= 


% 
* 


As, INT oduUcTION_ 


— *F* be mult. by — we ſhall have the area of 


an hyperbola, whoſ e diameter ! is 2, con- 
jugate c, and double ordinate 5. 


B. 
Given the Fluent of ——=—— = to find the Fluent of 


xx 


Ve + ox 
ee both . and denominator by 


N e e = Vee 2 wo nd = 
— Therefore by comparing 10 in the laſt 
Example, F (as before) is * to find (3; 1 2. 
a. and therefore G = { = A _ : — 75 


8 


. 26 A 
= I ee For A = = xVIFGE. 


RED P 
Given the Fluent of Tae e tbat of 
yy ow # 
Vd 


The above Fluxione may be exprefled —= = 
e above y be expre e == 
ſo that here again (by comparing 


« 
d . — 
e 5 = 2.30288 x log, . 
with 


Dee) Fan LG. 1 — 
784 4, 2 -, „. And erde B. 
mon (=. I it =E A, or, be- 

287 8 8 


cauſe A = ih dd—45, G = 4 2 Lex. 


If D = degrees in the arc of a 1 whoſe 
diameter i is d, and y its fine; then — :1745329D& 
2 


s he length of that arc, or Fluent of ===, 
dd——4yy 


Therefore . — —— Sc. 2 = the Fluent of 
= — = F, and then * — — 2 (by 


ee 
what has paſt before) is the Fluent 0 ae, 
or the area of a circular ſemi ſegment whoſe baſe is 
2% and circle's diam. = d. — 
; By means of the equation to the circle, &c. the 
} above expreſſion for the ſemi-ſegment” s area, be» 


comes 00218166 &c, D x d.: — = where x 


and y are the ſine and coſine of half the ſegment's 
arc, when radius = 1. Or, becauſe 2xy is the 
. line of double the arc, we obrain the following 
f Rule for an lar ſ 
y circular ſegment. 

Ruts. Multiply the arc of the ſe ment in degrees 
by .00218166 Sc. from this product take g, the fine 
of the ſaid arc, and multiply the difference by the 

2 ſtuare of the diameter of the circle, this laſt produft 


pf is the area ſought. 
5 Exam. Let the diameter of a circle be x, and 
5 80 area of the ſemi- circle required. 


01746329 &c. is the length of one degree ia the ſam: 
parts as d is taken in. 


th LY Here, 


3 5 2 = — _ — = (becauſe A = 
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Here, according to the Rule, 180" X 002 1377 
&c. —O:XI= 39269880 the area. As a proof 
of the accuracy of this Rule, . 392698 80 x 2 = 
- 78539, the area of the whole circle, which we 


know to be true from other methods, 


Ex A M. 4 
Gm the Fluent of 255 to fd that of 
2 
V - 


In other terms +, W 


= = Vo ge 


2 yy 
is = N. Compared with the Flu. 
ent, G is given to find H; »=2, f =bb, g = 


-—1, # =, and therefore the Fluent H (= = 
Flt 


4 | 
WV #—») _ 6. I 
* 
85 If S S the * of = 28 is the Flu- 


| one of . which put for G above, makes 


H, or the Fluent of „ 


— Vb — yy . 
15 ED 3 cy the Fluent of 5 — 


306 * EE 


— * b; here I put 
2 


2 
= turd. Exam. 


Paw. 


T3 - I. 


a U A 


Wi, &@ I 


* 
1. J. 
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E x A M. 5. 


9 


Given the Fluent of Ree to find the Fluent 


* 3 
e 
Here F is given to find H, & c. and per Cor; 14 


= | and G = A — therefore by 


ſubſtitution H = A 3A + 3 'F 3 3 
$7... i 


A = V tx xx, 122 = — Vu + * 


E X AM. 6. 
n 
Given the Fluent of ER to find the Fluent 
3 *“ 
Vir xx 


By comparing with the general Prop. Here i is 


given R = 2G to find HR i, un 
= 1, and therefore H = (== Ax* _ = =) 
brG — Ax 


S: 'S | 
V2rs8—xx for A, H = 7, a veg 
7 | 


Suppoſe War ar = U and « were required, 
being the area of a ſemi-circolar ſegment whole 


verſed (ine = x, and circle's radius x. XV 21x—xx 


e *** 
2 —— his Ex- 
Sarx—xx 0 Var NW ON 
ample, if the Fluent of - — 56 called F, 
V 2rx—xx 


P : that 


= of by writing 55 fie = and 


204 
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** x ; 3F xV/2rx — xx 
ye will be — — we M 
that of 8 2 


2 
85 | | 31 F 
therefo efore the whole Fluent UF 2 the 
* zr —xx V. zx 4 F N 


. 9 or if the area 
of che whole ſegment be required, it is Wirf 


2 | 
+ =, But F in . e ns «ho 
as 3 $2 


Therefore the area of 


4 


2.3%" Fg 2.3.5 &c. 
7.2. 4. a be 9.2.4.64* 


2 
any circular ſegment will be eee axn—xx + 3 N 


8c. where 4 is put for 27, 
3 7 


or diameter of the == Which is an expreſſion 
for the circular ſegment, different to any thing 1 


have yet ſeen, and converges as faſt as can be well 
deſired. 


20 4 2 5 2.3 * 


Ex AM. 5. 


Given the Fluent of * arx— xx; 10 25 the Flu- 
ont of xxV/ 2rx—xx. 


By . 4 zr A* = =y, we have given the 


Fluent of e to find the Fluent of 9 


3 V= 
9. US the Fluent of - 2 „Ur = 


F harms of and FI Ur = "af is the 
c = - 3 BY; = 
Then 0 n 5 J; or, ane 27X — XX 


| 


Y3 


Sꝛer. II * £LUX10NS 
= yy. its Fluent is ro * 279% + xy — 


2. U—. wx L. 2. 5 


3 | 5 B. 
| E x 4 M. 8. 


Given FY Fluent ** 424 — xx, to o find that of | 


xa aa — XX, 
By putting Mar = = 55 the given e 


—5 j 
ain be transformed into —— and 2 


V aa—yy 
2 Put C = _ = Fluent of —, then 
_—_ £4 440 
Gan & = the Fluent of LP Pg 


= and comparing as 


Var 
before taught, 2220 S Lis the Fluent 
LEY * 4 8 
: "RE: EE NEE 2 N 154 
of 72 4 4 Therefore the Fluent of = 2 * 
W . wy 
. 34 

| aa (=x XV aa =] = — 17 2 


W. But becauſe C is given negative, the 


4 
fans of the: terms white C is found muſt. be 


changed, and {if x be reſtored) the required Fluent 
will be 24 C — 2 TY X 1 13, 


E xX A M. 3 
Civen tbe Fluent of aa aa, to fnd that if # 


— 1 x 
x cunt, er ax See, 9 V aa ah 


3K 


Now XV aa—xx (whoſe F luent call C) may be 


ax 3 „„ 
ſeduced to — — . — — —— 
| VS ac==xx Va AN — 5 


"3 
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== If compared with the general 


Fluxion, 4 4 F is given to find G, z = 25 Fre. 


* 
2 I, anc herefore 5 (by 


writing 2 for F) = — 2 Hence the 


Fluent C = Q — Q 4 ws Q 4 


2 "i 2 


xV aa—xx 


And therefore by comimon algebra Q 
2 


D 2C -N — xx. Therefore F {= =) = — 


_—_—— x, the Fluent ſought. 
as aa 


Ex AM. 10. 


F given the Fluent of — ==» to find that of 
ax3 +px* | 
x 
Vari + pxt 
By comparing with the general Fluxion, 2 = 2, 


Fa, g =p; and F is given to find H, per Cor. 


if for G we write 'its equal, then H = Ar 


— — 


7 
zaa F 


3 4. 85 ; or becauſe A = V xf, the 


3 
requi: ed Fluent is — — 
H. Thus far Mr. Powie. | 


To 
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To the above, I will here ſubjoin two new and 
very general Propoſitions for finding and compar- 
Fluents, which will further evince, how gene- 


in 
ral Mr. Emerſon's I ith Form is. 


PROP. XXII. 
Fg A | 
. To find the Fluents of e+ fa" -i, 6 Ffailn=" 
* u ETA aaa WET os 


By Form 11, if 9 = Fluentof vx, the 


7 — 4 +n. N . 141 | 
Fluent of «Z Tz Tara” 


T+I | 
- , when A 21. þ = M— I, and y = 


2 TC * o = Fl. TO. 
Put a S e, Þ=f, then y = , and e = 
Fl. izr, then Fl. 2 + fel" i tz = 
>=—ex+1 | 4 r o+ I, | 
*r FIT FN TI T 
Or Fl. e + fel" "27 , = — 
8 * 1, — e X ＋I X Fl. e + fanl"—"z7; 
FN +1 + mm | 
Let TFAH=V+t—1, and I =, r=v+mn, 
Then Fl. e + fel —"2v+*—12 = 
2% — ev X Fl. e h 
— — . 7 ö 0 
Let 7+»=wv+21n—1, and x +1 =v + n. 
be P3 Then 


lit tits. th. 


As INTRODUCTION 
Then Fl. 2 . e Fd | | 
2 T. e. —— N N Fl. e + 2 ——.—3 
| Bog "3 r +. | | 
Let 1 ＋ = = U 1, and 141 2 V * 25 
Then Fl. e I. e + e + fern” 2 ＋3—12 7 7: ks 
2+ —en K Fl. oo fall” —.— 


_ 


Let a +» =v+ 4%— 1, and nS+1=v++3n 
Then Fl. 7 fan iant4in—lg = 
| ——. vin X Fl. e + . 


Fes 55 


e 
— 
+ 


4 


That i is, | 
15 ASD x Fl. e 7 7 a P'S 
b — ber = 
bar Y mw *. 7 
1 . Z 
B 


2 ce. 5 + DK 
"we" TN 3 3 


o 
B 
a — 
I 0 
5 
** „ 


[| 


7 


> PASS - bs "lng 
| TY — 4.5 Fan 20 * — | 3 
Cs Kon fx rem 3 5 
bes. n FIX 

| Fog 

4 — — = — 


Tx rs 
de. (as by Mr. Powle.) 


=P R « © b. XXIII. 
e eee ..G 
Ti 0 e the FO a —— * 
Fi = e 
13 —1 Hs 2 ; a 
R =, Ce. 
Ve. 1 Vir * By 
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By Form 11, if o = Fluent of 2 T Ts; 


| r z ——— 
| the f Fluent of « N= ene FT 
| rH "Locals Fl 
X & + G2 
9 + e ” lad 


* TE "en 


II -.. 
I ates. e, ets "a 
fe, if! * N 
x Fl. —= i 
Vg. 
That is, 


or By _ the in ZET 


F e, 
Put A = V ＋ gx. Then 
If 1 + 2 = 2 — 55 then x + 1 = 3%, and 
„ 2-1 Ap r 8 
Fl. f ' 7 * a Var gxat 
Again, let 5 5 651. on WT =Z 


n 


* ＋ 1M | 
31 „ - = 8 20—1 
fue een : 2 


e . 
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3 1 
Loet Tz Sy. 12 — I, r +1 = n, — Ie 1 
＋ * 7 50 E 7 5 , 4 irn 


1-11 23˙ . 0 4—1 x 
Vrin agu bf 


Ve gx 
And ſo on; that is, 1 


F = F. | ; 
„ 
H= Ax? 6 3fG 


. .&C, 
So general is this Form, 


PROP. XXIV. 
To corre? the Fluent of a given fluxionary equation. 


After Fluents are obtained from their Fluxions, and 
there be any doubt of the truth of the concluſion ; 
put thoſe Fluents now found into Fluxions again, and 
compare them with the Fluxions propoſed at firſt; 
tor if they come out equal, the concluſion is cer- 
tainly right, but if leſs, the FJuents muſt be fa cor- 
. rected, that their Fluxions may be equal to the 
 Fluxions propoſed at firſt ; alſo the Fluent may be 
aſſumed at + 6h and that aſſumptiom corrected, 


by putting the Fluxion of the aſſumed Fluent equal 


to the propoſed Fluxion, and comparing the homo- 
- logous terms with one another. 


Since 
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Since no conſtant quantity has a Fluxion, there- 
fore the Fluxion x of the Fluents x and x F @ is 
the ſame ; (for a Fluxiqn may have an infinite num- 
ber of F luents) eyery Fluent which is obtained from 
the firſt Fluxion, may be increaſed or diminiſhed 
by ſome conſtant quantity; and every Fluent which 
is obtained from the ſecond Fluxion may be in- 
creaſed or diminiſhed by a quantity, whoſe ſecond 
Fluxion is nothing ; ; and every Fluent which'is got 
from the third Fluxion, may be increaſed or dimi - 
niſhed by a ey whoſe third Fluxion is nothing, 
and ſo on ad infinitum,  . 

When a compound Fluent, which is had from 
the propoſed Fluxion, includes one variable quan- 


tity only, as for inſtance, 35 K ex, which 


is the Fluent of xV bc+cx or dc Terli * &, it is 
uſually determined by adding or ſubtracting from the 
Fluent ſome confant quantity; if in the Fluent 
found there be put o inſtead of the variable quan- 
tity x, and if the Fluent then itſelf becomes like- 
wile o, it is compleat. But if there ſhall be any 


remainder, as here, there remains + bc, this 
remainder is added to the Fluent firſt found with a 


contrary ſign, to have 43 + x X bc T c — 


25 bc, the Fluent compleat. 

The reaſon of this rule is, that the F luent found 
may be ſuppoſed to exhibit the area of any curve 
whole abſciſſa is x, ſo that while x is = o, the area 
expreſſed by the F juent may likewiſe be o; whence 
if in the Fluent firſt found, inſtead of x, there be 
ſubſtiruted o, and there be ſome remainder, that 
muſt be taken from the Fluent. Generally, ſome 
conſtant quantity to be added or ſubtracted is de- 
termined according to the nature and W 
of the quell 


Ex AM, 


Ay INTRODUCTION 


E x A M. 1. 
IN = Y. = ee, L 
ve let ivy =! Da but . 

N # | 4 | con 
and & =, the correct Floent is = 24 — 5 +2 
io Barn; lad idea” | e e . 

\ExAmM. 2. Mi 

It Ix = Va an ＋ 20% — ax be given. 
By? Form 3 the Fluent is Ix = = 5 — 
— 

ax; por 9 = = o, chen * ge, and 7 is to be taken 
from it, therefore the Fluent nets is = 

24 ＋ 2ax\s WER + , | 

34 

© 11 Ip evi the Fluent of y -x. for 

£ 4+ 

Now the Fluent 1s y = EO acts : make vo, V 

m. ＋ I | 20 

when & = 0, and the latter part of the equation A 

Zulu 1 ann Em 
becomes = —===0 cheers the F luent 
m. T1 m. n E11 
corrected is y = © . Lach a genen 
| mn 
Formula. | P 
FIRE . | ; 
Let fx x x =y be piven. 
Here = 2, F= 3 then JS bo L the a 


8 
correct Fluent, 


E x A 


1 
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Exa M. 5. 


aax 
Let = — * or aer be given. 
a 3—2 : I-77 
The Fluent | is = pre 5 — + Q, ſome 


conſtant quantity. 3 N 70 
43— * g3=n 


8 ſe that x S. , th —— — 
zuppoſe 4, t — Tor 3 3 1 


2 3—2 
3 correct Fluent i is =  — 
Gax"—* + 243" * | 
I 855 — bY 5 F 
"Enna $ 
2 * „ 
Let 92 _ — — be Siven. 1 


Vaa + xx 
By Caſe 4, Form 9, the Fluent is = 2.30258 
x log. x + Vaa+xx, Now when y a, * So, 
the (5 ana becomes ca = 2,30258 log, 4. There- 
fore the correct Fluent is 9 c 2.302 58 log. æ 


Vas + ix — 2.30258 log. a3 that is, g—a= 
+0258 x log, 2 3 


N 


e Shs 


1. The corredt F luent of A = 266 
X «20098 x lg. x + _ — 


ax 18 7 1 
mo zar ax © My * og! 
— + xx 


N po 
* a "II 
5 3. And 


o "An INTRO DUerlon 


3. And ſince the correct Fluent of 8 = b 
= 2.30258 x log. 26+, A. 


Then 4. Of = s = — 
= B. 4* a Fr 
5. Of S : c. 

6 Of Satz is = ee n 

* y/ eee ade, 
1. Of ES _ V. I e ll 


PRO P. XXV. 
To find 'the Logarithms, 
The letter L, or log. prefixed to any number, 
denotes the logarithm of that number; thus L. 5, 
or log. 5. denotes the logarithm of g;, and L. or 
log. a 1, the logarithm of a + 1. Let x be the 
logarithm of any number a + 1; now x the logs 
rithm ſought may be found two different ways, the 
firſt may be called the direct method, becauſe in it 
is fhewn how to deduce' the logarithm from the 
number immediately. The other may be called 
the indirect method, becauſe therein x the required 
logarithm 1s not deduced immediately from the 


number @ + 1, but from the logarithm of the other 
number to be found by this indirect method. 


| The Direct Method. 


= tom the ſuppoſition x = L. a + 1, this equa: 
tion may be reckoned a general canon, (1) Let 


any 
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any equation be made between the terms any how 
compoſed of x and y, and combined any how with 
any other numbers, whether by addition, ſubtrae- 
tion, multiplication, diviſion, or extraction of roots. 
(2) By the help of the equation thus aſſumed at 
pleaſure, @ may be exterminated out of the general 
canon, and thus you will -have an equation expreſ- 
fing the relation between the indeterminate quantities 
and y. (3) Put this equation into Fluxions, and 
the Fluent thereof will give x the required loga- 
rithm of 4 + 1 the propoſed number, 


E x A. + Ic 
Let us aſſume a y, then by the general canon, 


will x = log. 1 Þ 7, whoſe Fluxion is & = — 6 
| 1 
which being reduced by diviſion into a ſeries, gives 


= = n- +19=15 +9 
- &c. whoſe Fluent is x = y — + __ 
— - — 5 ＋ 2 2 the logarithm required. 


Whence it appears, that the logarithm thus found 
gives the quadrature of the hyperbola, and there- 
fore this method diſcovers the relation between the 
hyperbolic ſpaces and the logarithms, as is welt 
known to Geometers, | 
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EXAM. 2, 
a 


Suppoſe 3 T he 


= 
— 
. —— 
* . 


* 

r 

— AT —S = 

EE ike 
_ 


"5 
25 — — 
— —— 
n 


, whence 4 + 1 , there- 


1— 


fore by the general canon, 8 = I. = in Fluxions 


3 2 + 27 + 277 +23 +25 &c 
| 1 — | |: * 0 
whoſe 


— — 
— OE 
S 
1 — — 
. * 4 


IIS 


— R 


/ 
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1 e 
whoſe Fluent is 29 + 2 + Wi . 4 K os 


= 2X3 +33 +33 +5 +599 Sc: 
. PLES: 3. | 


+ y= — „ where r, v, deiate any young 


bers taken at pleaſure, whence you will find a +1 = 
ray r+ny 


» and by the general canon, a= : bog 


Fluxion is & = : amy _ = 27 a oe; TY 2 


3 


Dios 27 Se. by divifion, whoſe Fluent is x = — 
7 ' 
+ = oY — + e =2 * 2 1 
gr 57 | an 7 37 
ee 4x Os, 
. 57 777 . 5 
Lemma I. 


Let z be the log. of any fraction — * the 


logarithm of the denominator @ + 1 ; then log, 
5 — 23 = x. 
Lemais I. 
Let e be the exponent of any root of any num- 
ber u whatſoever, then log, Vn = — . K . 
e 


7 be Indirec Met bod. 


Let + 1 be the firſt number, whoſe logarithm 
x is required, and let 5 be the number produced 
from the multiplication of the numbers, whoſe. 


greateſt is leſs than 4 — I; and let ꝝ be the loga- 
rithm of 


a+l 
tion Mr. Craig calls the ſecond general canon. 
Then 


r in 
n 


—, that is = log. — this e ua- 
5 2 2 Por op 3 9 


* 
- 
— 


ie, Il. % FI. UX ION S. 4g 
Then for þ let a number be taken any how com- 
poſed of (a) and known numbers, but ſuch that 


* » 
* % 
. 


the greateſt of them be leſs than @ + 1; when = 
5 | gr 
js expreſſed in this manner by 4, and given or af- 
ſumed numbers, then (as in the direct method) aſ- 
ſume any equation between y and a, with any num- 
bers, and by the help of this equation (a) may be 
exterminated out of the fraction; whence in the ſe- 
cond general canon, there wilt be no indeterminate 
quantity beſides z and y, and determined numbers 
taken at pleaſure. And the Fluxion of the canon 
thus expreſſed being put into an infinite ſeries, and 
the Fluent , taken, will give z the logarithm 


of the fraction 7 and 2 being found, x the lo- 


garithm of .@ + 1, the propoſed number is obtain- 
ed; for by Lem. 1, x S log. 4 + 1 = log. b—2; 
and log. þ is known, becauſe it is produced from 
the multiplication of numbers whoſe greateſt is leſs' 
than a + I the propoſed number. And therefore 
this indirect method ſuppoſes the. logarithms of all 
prime numbers leſs than the propoſed one to be given. 


* 


E X AM. 4. 


2 let y=2a+1 
. 
tbe equation between y and a, with determinate 
numbers taken at pleaſure, by the help of this equa-' 


tion (a) may be exterminated out of the preceding equa- 


Tale b=a, whence x = log. 


tion, and 2 = log. , which in Fluxions 13 3 = 
„ 
— = 27 K — 1, whoſe Fluent is æ = — 2 


1 4 5 8 
Xx ITD Ge. =bog . 
5 * | 21 
| Whence 


* 
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Whence by Lemma 1. 


* = log, þ * 5 — TA + 35 
&c. = log. += ing 42 71. Q. E. I. 


Ex AM. g. 
Suppoſe b = Vas Þ29, whence 2 = log. Lon 


a+1 
aſſume y = 24 o+ 2, then 2 = lp. . in 


Fluxions is & = 4) 5 5.— N " or = and Flu- 


we. 
ent is 2 =—2 X © 4 e 


: W 
Se. = log. png and by Lenima 1. 


8 *** 
„ 1 Þ of 


. 
&c. = = log. 4 + 1. Q. E. I. 
| E's 4. 6. 


Suppoſe we aſſume b = aa+Þ24, as in the fore- 
going Example, 5 not wo len. Jy = 2aa + 4a +1, 


M bence & = log. = — the ſecond general canon, 
its Fluxion is & = = = 29 x Jail”, and 
Fluent 2 = — 5 — 22 — e 2 5¹¹ 1 27 
Te: b 

Ee. = boy. * 
And by Lemma r. 

L. 34 — * 

bo; 3y* gy? 79+ 33 gyn 

&c. = log, @ +1, 985 E. I. | 


ee an Lean: and. int. ae ann Dt Tr op aut 


8167. III. 10 FLUXIONS. 
In the two laſt Examples #* is aſſumed = as 


24, and it is evident, that az + 24 is produced 


from numbers whoſe greateſt is deſs than & + 1. 
For 'a* ＋ 24 a X a+2 ; but by ſuppoſition a+1 
is the firſt number, then @ + 2 is an even number, 


a+2 . 1 8 
and . is a whole number, whence aa ＋ 24 = 


a N 2 X — but any of theſe is lefs than a+1sz 
and from the given logarithms of the parts a, 2, 

*72, is had the logarithm of the product aa+24 
or *, and therefore by Lem. 2, the log. of the 


number 5, namely, by dividing the logarithm of 


__ScCHoOLIUM. NT 

It is manifeſt from both methods now explained, 
innumerable ſeries may be deduced, exhibiting the 
logarithm of any number. But though the value 
of 5 may be compoſed of a, and determinate quan- 
tities by various ways at pleaſure, and though like- 
wiſe we may aſſume any equation between y and the 


terms compoſed of à and determinate numbers, yer, 


it muſt be carefully obſerved, that ſuch values of 
(in the direct method) and y (in both) be taken, 
which ſhall make that the ſeries exhibiting the lo- 
garithm may converge very faſt. And after the 
eries is found, experience will ſhew many rules to 
facilitate the calculation of the logarithm to be 
computed from this ſeries. As if tne logarithm of 
any number # + 1 were to be found by the ſeries 
of the ſecond Example, I ſhould pur a +1 = 
n ＋ 1 . 


| 1 | Bn =D 
| , Whence @ = , and therefore 2 
1 | a e 


142 
1 2 a . . 8 . 2 
= ——} now if in that ſeries, this value of y be 


a+2 | TY 
| Q . ſubſt ituted⸗ 


225 


7 
* 
4 


}, 


* 


4 
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ſubſtituted, it will converge very faſt, and therefore 
will exhibit the logarithm of im leſs labour; 


from which, by Lem. 1, the logarithm ſought of 


the propoſed number # + x is eaſihy dedueed. For 


log. x + 1 = log. on. — log. #. 


PROP. XXVL 

From any given hyperbolical logarithds x to find the 
number a + 2, anſwering thereto by infinite ſeries, 
After the fluxionary equation is found from the 
equation by the foregoing rules, then the Fluent 
gives y, and y being found, à will be known, and 
conſequently a P14. | 

Example. 

Let us take the firſt Example where a=y, where 


there is given any hyperbolical logarithm x to find 


the value of 1 + y, the number anſwering thereto, 


Here x = log. y + 1, its Fluxion is x = 7275 „or 
* +3x =y, which equation by putting y = Ax 
Ex + Cx3 + Dx+ &c. and / = Ax + 2Bxx + 
3Cxix + 4Dxix &c. becomes & + Axx + BN 
Cx'# + Dx &c. = Ax + 2Bxx + 30 
4Dx3x &c. dividing by x, it will be 1 + Ax+Bx* 
Cx3 + Dx! &c. = A + 2Bx + 3Cx* ＋ 4Dx+ &c. 
whence by comparing the homologous terms (for 


their homology depend not at all on the coefficients, 

but altogether on the powers of the variable quan- 
tity x; the reſpective terms of the two laſt ſeries 
may be compared with each other) will be had 


p 


Sxcr. n To F L 0 0 10 N - 
&, whence y = + = > WL „ 3 - A . 


2.3 4344 2. 3.4 5 
dreary $1 = 1-4-9 + Ms 
4 2.3 2.3. 4 


12 &c, the number DIO thereto. 
2.3.4 5 


P R 0 P. XXVII. 


To find a ſeries which ſhall exhibit the We of 


the ines. 


Let radius = Is EY das of any arch = 4, 


whence VI as is the cofine, whoſe logarithm re- 


quired let be x, or *. log. V 1—aga, then accord= 
ing to the rules of the direct method, aſſume at 
pleaſure any equation between y and à, as for in- 


ſtance, let mo = 4, then x = 1—y; H, whoſe Fluxion 


5 * = = 5 or — * * —_ 5 which in a 


ſeries is 1 Fg » + 9 + 3 + * &c. which multi- 
plied by — 5 is —y 5 59 —99 7 
e. whoſe Fluent is =—=x + 2 of 7 + — 

71 * 2 Kc. 
5 


CoROLLAR X. 


The logarithms of the tangents are eaſily de- 
duced from the logarithms of The fines. For put- 
ting the reſt as in Prob. XXV, 7: becomes the tan- 


gent of the arch, whoſe fine is a, then ſince ſine 
| coline 


= tangent (fre wy Gunnery) that! is 172 = N 2 — 


Q 2 it 
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it is log. . = log. = but by Lem. 1, of the 


indirect method, log. a — log. 1-44 = log. 


; therefore log. : = log. a - log. i—az; 
14a 


but the logarithms of the ſine and coſine, that is, 
log. a and log. V 1—as are given by ſuppoſition, 


therefore their difference is the logarithm of the 


tangent required. 


PROP. XXVII. 


7 o find a ſeries which . exhibit the logarithms 


of the fſecants. 


Let @ = tangent, radius = t, then 1+as is 


the ſecant, whoſe logarithm put x, or x = log, 


i +a; aſſume any equation between x and y, 
according to the preceding methods, viz, 4 = y, 


whence 2 le Vit +35y, its Fluxion is x = 
= ory * TT . 1 21 ‘. 
. * &c. = yy —yj e + 339 &c. 
whole Fluent is x = E — 2 + L —7 * 


&c. 


Schoene. 


After the ſame manner are found ſeries for the 
logarithms of the verſed ſines and chords; and 
morcover by Prep. XXIV. are found the fine, tan- 


gent or ſecant, from the given logarithm of the 
ſinc, tangent or ſecant. 


— 22 


PROP. 


Ster. II. ro FLUXIONS. 


PROP. XXIX. 
To change the logarithms found by ſeries (being the 


hyperbolic logarithms) into the common, or Brig's lo- 


garithms in the. Tables. | ; 


Divide 1.0000000 &c. which is the comtnon lo- 
garithm of 10, by 2.302585 &c. the hyperbolic 
logarithm of 10, found by the foregoing ſeries, 
and the quotient is 0.434294481 &c. which mul- 
tiplied hy the logarithm of any number found by 
the foregoing ſeries, will give the common loga- 
rithm of the ſame, 885 


Thus the hyperbolic log. of 5 is 1. 6094379 


&c. which multiplied by o. 43429448 &c. gives 
o. 69897002 &c. for the common log. of 5 as in 


r 
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SECT. IV. 


The Inveſtigation and Solution of ſome 
uſeful Problems in the Mathematics, 


P RO B. I. 
De Maximis et Mimimis. 


5 
O Ry 


of the : greate and leaſt QuanTITIES. 


DzFInITION. 
Wes. any quantity is required to be the 
greateſt, it is called a maximum. And when 
it is required to be the leaft, it is then called a 
minimum. 
Now when any quantity is to be a maximum or 


minimum, it is in its own nature a determinate 
quantity; and therefore to determine any flowing 


quantity to be a maximum or minimum, 1s to make it 


a determinate or permanent one, inſtead of a flow- 
ing one; and ſince the Fluxion of a determinate 
quantity is = ©, ſo muſt the Fluxion of the max- 
imum or minimum be made = o, or that the nega- 
tive parts thereof be equal to the affirmative; and 
this holds good in any fraction; for if a fraction is 
to be determined to be a maximum or minimum, the 
Fluxion of the numerator drawn into the denomi- 
nator, muſt be equal to the Fluxion of the deno- 
minator drawn | into he n numerator. Whence this 


„„ Rur t. 


Si 
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R Ul. . 


Find the Fluxion of the given equation, and 
make it o, then ſtrike out of the equation all 
thoſe quantities where the Fluxion is found, and 
thoſe that remain will give the maximum or minimum 
required. | | 

Thus, from the given equation between the ab- 
ſciſſa and ordinate, to find the value of the ab- 
ſciſſa, to which an ordinate rightly applied is the 
greateſt or leaſt; put the equation into Fluxions, 
and the ratio of the Fluxion of the ordinate to the 
Fluxion of the abſciſſa muſt be made equal to n0- 
thing ; or, which is the ſame, the Fluxion of the or- 
dinate muſt be ſuppoſed = o. 

And if a variable quantity whoſe maximum or 
minimum is required, be not an ordinate of a curve, 
it may be ſuppoſed to be equal to an ordinate of 


any curve drawn into a given quantity; as for in- 


ſtance, if the variable quantity be ax* = x*, where 
a is a given quantity, and x indeterminate. Now 
ax — x3 is to be a maximum, and therefore its Flux» 
ion 24xx — 3x N = o; dividing by xx, it is 24— 


3 So, therefore x = 7 Now inſtead of x be 


ſubſtituted its value 7 in the propoſed equation 


ax* — 3 S o, ve get r & . . = ＋ 45, for 
e 


the maximum required. 


EXAM. I. 


To find the value of x when  — ax + #* 15 4 
Minimum. 1 1 
The equation in Fluxions is — a*x + 3 * = © 

a minimum; expunge x it is — 4* ＋ 3* = o, and 
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Tye =, therefore * — e 5 SF For x put 


its value, and it is a N + = 5 VE. the 
minimum. 
Ex AM. 2. 


17. To divide a given line AB into two ſuch parts, that 
* - the ſquare of the one multiplied by that of the other, 
- the — ſhall be the greateſt poſſible. 

Fut AB Sa, AC = x, then CB ='9— x, and 
2 — X XX = @x* — 3 = a maximum; in Fluxions 
24XX — 3%*X = o, dividing by xx, we have 24— 

23x = ©, whence x 8 ; 

COROLLARY. 


Let AB =a = 18, then 12 and 6 are the two 


parts required, for Tal * 6 = 864, which no two 
other parts will anſwer the conditions required. 


Ex A M. 3. 


To find the greateſt effef? of a water-wheel, moved 
by the water running under it, 


Put @ = velocity of. the ſtream, x = difference 
of the velocities of the ſtream and the wheel, then 
by Mr. Emerſon's Mechanics, xx = force of the 
ſtream againſt the buckets of the wheel, and a —x 
= velocity of the ſurface, then & X xx = ax! 
— x = a maximum, in Fluxions and reduced x = 


= as above, and a—x becomes a — = (by ſub- | 


ſtituting — for x) = 3022 = 


2 the velocity 


3 
ef the W which is the greateſt effect that ſuch 
a water- Wheel can perform. 


0 
| 
| 


Ex4 
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Ex AM. 4. Figs 
Given x + y = 40, to find x and y, when 2) Lz“ 
+ 3y* is @ minimum. N 
alt. xy + 2%* + 3% in Fluxions = xp + yx + 
4xX + byy So, and x+y in Fluxions is j = &, 


which being put for y we have — xx + yx + 4xx 
— 6yx = o, expunging x, it is — «„ + y + 4 — 
6y So, that is, 3x = 5y, and x = 2, and y= 2—. 
Hence ariſes this general Rule. 5 


; 0: : J 316 = 
As 5 ＋ 3: 40 :: 52256 = #6. 


Ex AM, 5. 
Given 177 Xx maximum, to find x, 
In Fluxions we have — 8x * 1771==xV x * + 
0x3 X 177 1—x|* = o, that is, — 8 rie- 
+ 9x*X X 1771 —x|* = o, dividing by x*# Xx. 
1771 — xl', we have — 8K +9 XX 1771 —# =O, 


then 9 X 1771 —x = 8x, and 17x = 159393 
therefore x 9377 · N 


* 


| rs 
| Required the value of x when. T ; 


—— #* a 
maximum. 
Let a+ = 2 then x log. a ＋5 = log. 2, in 


Fluxions * log. a+b = 2 or 3 = zx log. 5 +56, 


or a+d\*x x log. a+b = , but & is the Fluxion 
of z, which was put = a+d\*; therefore the Flux- 
ion of 2 TU = TIN x log. a +6; and pro- 
ceeding in the ſame manner, 4* = 4a*x x log. a, and 
the Fluxion of „ i is ox Xx log. c. Whence 

a Tb. 
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Fig. a+3*x, log. a+b— . log. a x 1 
FFF 


5 . - 
. — — according to the nature 


of a maximum; that is, 


— —— 


a+0"x.log. a+b—0*x. log. ox*>1—&=18. log. ox 


_ | 
Dividing by =", we have 4 Tök x log. a +> — 
a* x log. 4 =4a +" —@ x log. c, or a + Il Y 

log. c— log. a+b = * X log. c — log. a, Put 
m =c — log. 4 +6, n= log. c — log. a, then 
a+b*X m = & X , whence * log. a+6 + log, 
m = x log. a + log. nz or x log. a+b— log. a= 
log. » — log. m. Therefore x = _Jog. »—log. n 


log. a+b—log. a 
N : 
e 
log. —— 


| £ © © > "I. "vs | 
There is an ellipfis whoſe tranſverſe and conjugat? 
diameters are 84 and 49 reſpelively ; quere, hiw 


ſhall 1 determine the point F, ſo that FB Hall be 4 
maximum ? a 


18. Put CE = f, BE =c, HF = x, then by the 
equation of the curve, we get HE = - — 


| 3 1 7 
| . BH = 6 + +" V and (by 47» 


Ex. 1.) FBIF = c + —vV 2 + x*, therefore 


FB 


* 
8 3 ws. e a_ — W JOY 


Ser. IV. To FLUXIONS 855 
FB =. 17 7 V= x which by the X 


| 7 muſt We a maximum, in F luxions we haye 


= VF 7 7 x XX + * == which 
— 


aged gives I = = ici; put — 

—4. then will & = . — which will be a 

tanon for finding HF = = 36 (ret therefore HB = 
Py | 

+= 5 and BF = 5 Tn the maximum. 
m 

Q E. I. 


Era 

A beam BC is to be ſupported in a given poſition by 19. 
means of a prop DE, of @ given length, inſiſting on 
the borizontal beam AB; ; it is propoſed to determine 
the poſition of the prop, ſo that the beam AB whereon 
it lands may be the leaſt ſubjef? to break, or ſo that 
the force, whereby it actually tends to break, may be 
to the whole force it can ſuſtain at E in the leaſt ratio 
poſſible, the thickneſs of the beam being every where 
the Jan.” * 

Let ABE, ED =#,G the center of gravity 
mw IG per ndicular to BG, BG = d, BD = v, 

2 8 x,, Ey; by Trig. 


2 os and EB = _— = weight of BC, the 

* a 0 

| relative weight of the beam down the inclined plane 
GI is = cw (Prop. XXXI. of Mr. Emerſon's Me- 
chanics). The ſolution of the queſtion depends 
upon this, that action and re- action being equal, as 
much as the beam DC thruſts DE, ſo much does 
DE thruſt or act againſt AB in direction ED. Let 
F = that thruſt, then the effect ot that force at D 
Tu being 
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Fig. 


19. 


20. 
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being as the fine of the TD; we ſhall have by 
the power of the leaver BDG, BG x cw =-353 


X 
Fx, or dew = vFx (Mechan. Prop. XIX.) and b = 
dew 


n Again (by Prop. LXX. Mechanics) the ſtreſs 


at E = Fy x AEB = 2 Xx 5— 2 „ 2 


: : on 8 5 
(WS a —ax | — 
e = dem ff 2 = 0 ,, 
A / 5 $ 
bs 


a 


= min. and therefore x = max. that is, x = I, and 
the angle BDE a right angle. Q. E. I. 


. . BA. | » ' bs 
— —x = minimum per queſtion, therefore a 


| Ex A M. 9. | 
To find the greateſs cylinder that can be ixſcribed is 


a given cone. 


Put the altitude of the cone CD = a; BD = 
DA =6b; c= 3.1416; GD x; EG SGF, 
then CG 4 - x, By the ſimilar triangles CDB, 


CGF, it 2 be CG: GF: : CD: DB, that is, 
a—Xx:y 


/ ad But cyyx = ſolidity of the cylinder = 4 


maximum, in which expreſſion, for x ſubſtitute its 


equal, then cyy x ab—ay _ -a = ac ** 


5 1 b 
- = a maximum, and by* — y3 = maximum, 
in Fluxions 2% — % So; dividing by yy, then 


b 
2b= 3yandy = 7 for y ſubſtitute 7 its equal 


1 245 


ab—ay then & = 3 


1 2 


4a: b, whence ab — bx = ay, and & = 


Sec 


th 
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. The length of the cylinder muſt 0. 


3 1 
be = of the cone's altitude. 


Exam. 10. 


Given the ſolidity F a ſquare pyramid, to find that 
which has the leaſt ſurface, excluſive of the baſe. 


Put 4 = ſolidity, x = height, y = breadth, then 
5 
the flant fide is = xx + < TD by Theo, 11, of my 
/ 9 
Cumery, and 2y\/ xx + - = ſurface, but - X 


y = a, then yy = E; for yy ſubſtitute 34 its 
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equal in 2 J xx +2 OY then the furface i $=2 3 | 
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[an + 3% =2 Sr e! 1 
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a maximum; in Fluxions 344 — 
N 16x+ 


viding by 3ax, then 1 — e = o, and 16 


, di- 


244X, whence X3 = — - and x = . and con- 
8 2. 
equent 4 z= a * 


Ex AM. II. 
To find the flant fide of a ſquare pyramid the leaſt 
poſſible, when the ſolidity is given. 
Let à = ſolidity, x = perpendicular altitude, 
y = breadth, then by T0 11, Geo. the ſlant {ide 
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* ＋ 2 ve. 
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comes xx + 32 = a minimum ; and Xx + ge 
we 4x 


= minimum, in Fluzions 2xX — ; Bak = o, di. 


vide by 2, TEES then 1693 = 6@ and 


Ex 4 12. 


Given the ſlant fide of a fruſtum of 4 4 cone = = 6⁰ 
inches, and the diameters in proportion as 2 to 3, fe- 
quired the ſolidity when a maximum, 


Here is given- AB = =60=m; BC: : AE: 
9221 S 


AD = — ü 1 and BD =v =, where a= 


- 


=, the dry — F 55 * — Es * *x 


Wa = a max, or = mat —aix5 a max. in. 
Fluxions 4m*xx — 64*x53% = , dividing by , t 


18 4m" — bow = = O, whence 4 1 25 and x. 
2m 


— 3 195.9592 2 : BC kicks AE = 2mm — 
av 6 avs 


293. 9388 and BD = > = 34.641016, and the 
3 
folidiry = I 1+1n+m 7 X +4030665m) __ 
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= 1654184.916 
cubic inches. 
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2, , and x, as all make MU a maximum. 


Put = , 4 =0f, then dx + by + & =g; 
| and yz per queſtion muſt be a MAXIMUM, there- 


| fore * = . * and by ſubſtitution yz x 
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e 2 flow, then will 2— 359 N 5+t2* = 0; 
| therefore SAL 5+12*; make y flow, then 
will & — K nh —c52) = 0; therefore y* = 
c. N- — 5-720 
N „ ORE TD 


| therefore 2. = Row - —1＋ 17 — 
: ch e ft bnXs +t+b5t 


| and "i 2 3 therefore S8 — 
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— pom: — 
men +a + oa. 
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SCHOLIU u. 


It may be obſerved, when any quantity is a Max- 


mum or minimum, its ſquare, or its cube, &c. or 
its root will likewiſe be a maximum or minimum; or 


if any given quantity be added to it or ſubtracted 


from it, or if it be multiplied or divided by any 


given quantity, it will ſtill remain a maximum or 


minimum. 
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Fig. Ex AM. 14. | are 
Given 8 _ 55 find ſuch values of u, y, and = 

, as ſhall make zy*z23 a maximum, | 1 

' Firſt to find xy* a maximum. wy 12 
Here x +3 =a, then K g 4 - , for x ſubſti. 4 

tute a — its value, then becomes a—y x yy 74 
i —y = maximum, which in Fluxions is 2ayy OY 


— 39 = O, divide by Y. it is 2a = 2), and there- 
fore y = =, but x =a—j = 2 24 __ 3424 


= 2, therefore y = 2%. ; 
2. To find xy*23 a maximum, | 

Again x + y +2 = 6 by the queſtion, then x+ 
„-, but y = 2x as above, then yy = 4xx, 
therefore xy* = 4x3, then 4323 = max. but x +y 
= -, or 3x =b — , therefore 4x'2) = 4 x 
b „ 2 = max. and -' x23 = max. or b—z 
X 2 = max. or bz — 22 = max, by the foregoing 
Scholium, which in Fluxions is bz — 222 = O, di- 
vide by , it is F— 22 = o, whence 2z = b but 
5 g TT 2, andz=x +y = 2x (for y ax) 
conſequently x + 2x + 3x = 6x = b, whence x= 


; and fince y = 2x, then y = 25 alſo z =3x, 


: 2b b 
then 2 6 - 


785 Ex A M. 1g. 5 
Given the bypotbeneuſe of any right angled trian- 
gle; to find the baſe and perpendicular, when the area 
is the greateſt poſſible. 


Put the hypotheneuſe = a, baſe' = y, then TD. 
Va- = perpendicular and = * aa =» = 


area, 
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Area, Fs or * in Fluxions is 24.5 


So, whence y = r = baſe; and alſo 
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5 E x A M. 16. „ 
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required the diameter and depth, Jo asit mul bold the 
"moſt liquor poſſible. 
Let 4 = go the diagonal, 2 78 54, depth=x 
then NAA = diameter, but the ſquare of che 
diameter multiplied by 7854, and that product 
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* n * = ddnx — u the ſolidity, a maximum in 
Fluxibns Aan gur = o, divide by nx, gives 
ud = 3%, vhence Kh d 30, and diameter 
E NR 1 % AT&T ods . Pal 3803 
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It is to be 66 . ike! * muſt be noted il 
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a l is a minimum, the = = 
the hyp. log. of ; 
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Or the ame may eaſily be ones cs, 


DUE {C t | 


E 1. 


Given „ 4 minimum, = the valie ir x, 


Since x* y is to be a minimum, it is evident 
that its hyperbolic logarithm, which offers itſelf 


firſt, will _ 1 mm, therefore r =y in loga- 
rithms is x 220 whoſe Fluxion is & log. 


* +X= 0; og = by by & is log x+1 = 0, whence 
log. x =— 1 as above, which.call y, then will the 
number anſwering to it be had, by: the N Lene. 
ral ſeries, vin. 1 ＋ 7 + 2 „ 2 mn 
2.3 2:34 3. 4 


—— 5 —— &c, Now fines the hyperbolic logarithm 


of the number. here ſought_is — 1; let — 1 be 
ae for N in the + 
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5 | 32S 
= + 1.00000000 _ 2 ; | 
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e eZ 
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"+ 2 8 
52109529 
* herefore 7. 2 3 6065 3067 anten. to a dec; 
Fo find the er of. 60653067; now 1—x 
or 1 —. 60663056 . 3934694. whence. S 
3934694, conſequently. the log, of 1— will, by 
Prop. XXV. be had 8 this ſeries = 4. 77 
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i. 4 N 5 . 217 | 2 gs e 
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Therefore Jl or Lg is = 8 32 the minimum te- 
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Ex A M. 3. 
al N: = V, to find . uben y is minimum. 


Since x” Si is to be a minimum, in logarithms 
| ic 


vv Ac 0, 7 
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it will be *. : on: x = log. 7. whoſe ! Fluxion is 35 K 
log, 4 + x #2 or 3% logs & T . S o, di- 


viding by * x we get 3 log. x + 1 =o, whence 
; * = —+ the hyp. log. of * as above by the 

ule, which call 5, and — + be ſubſtituted in the 
above ſeries nr of EO you will Und Ws _—_ of 
x as in the laſt. 512 


EOS Sb un 
* 3 ; 
* * 
Tet xk 10 find the value of x You * a 
minimum. 8 | | 


— 7 < 
* ll 


Since x** _ = js _ 2m minimum, it will 'be- 1 in 
Jogarithms * og. 2 log. Ys whoſe F luxian is 


485% log. x + — N or 49% log . v r. 0, 


dividing by x*x jj is'4 log. 14 1 o, whence log. 
* = — the hyp. log. . of #.as- above, which call 
and ſubſtitute 2 + for y in the above ſeries, you 
wil get. the value of x. 
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Required the value of * when 1 * is 4 n 


LY 


The logarichm of 77 5 is — = log. x=0, in Flux. 


* F 


jons 18 = = x lag. 1 2 = 0, dividing by = 40 


is 1 — log. x=0, whence log. x=1, the byp. ve 
of x, and he W- en to wk in by the rule 


X+ 
(FAS = ih 2.3.4" - 2 


&c. and 


for * ab I, 0 the ſeries becomes 1 1 
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1 + * 148 * 7275 : + 2855 | 

c. or u 4d, u. 10 17% 515 4 
Ow Or thus. 1 gaidt 
Side it has been found above beg. v r. a ü 

- + 7, byp-log. 1 tab, og. Ab- log. tab. log. 7 

A 2.328551 — — 2.43429 in 


Brigg's Form, and the number anſwering to it is 
2.7102 in the Tables. N 


E * A M. . 
Regau red ihe, value of x, when 5 is a minimum. 


Let 8 = v, which in logarithms is 1h og 
E 19 2 v, in Fluxions 3 is ; 1 log. . 2 


21 

—_ which multiply by v givgs 406” Ix log: 1+ 
ir u So, dwiding by 15 e Ahern we 
get Flog. x . i bag? kd 5 85 yhence 
_— 10 gls: 


log. * = * = — = Tos wherefore putting x + 
— 
"om =x as . we ſhould have 28 £ 15 5 


FR - Ge. = _ — 76 the reverſion of which ”, 


and dateque tt) * may be found equal to a ſeries 
of fractions as above; but for variety”s 8 fake | chule 


rather the following method, Viz, ſince = 3 — 


55 is the hyperbolical logarithm of „ multiply it 

by . 43429448 & c. and then 1 it gives the Brigg ian 

.  logatithm of x = —.65144 4417 x the Arith. Comp. 
ot which > 348558 3 Ain the 6 log. af 10 times x) 
VER 9 
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$xcr, V. To FLUXIONS ll 
gives by the common Tables y = wy a We 
the value required. 
For a proof we may procesd thus} ; A 
| Ye = login io oo 
— 42171472 S log. 41 
— 4342944 = log. a 


Arith. Com. +5657036 whence? *. 23679795. 
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— 2151472 73 | Yo wet - 
Mult. by .3679795 
Product — 79905 
7 c 
Arith. Com. 2200943 hence al” = = .8 99444 
&c, the minimum. 


If we take a number either greater or jeſ . | 
2231698 &c. for x, and proceed in like manner, 
the product will be found greater than. 8319444 

| e. and eee the minimum is e ound. 


Required. the ve of 22 when = is a ni- we 


zimum. 
The notation of the given exponential, by the 
obſervation in the Preface, is univerſally * = 


glee” or Aft, let X denote the hyp. log. of x, 5 
then Fg in Fluxions is Xt + mXEazun—t = o, but fl 
* = — — — by: the Harcure of logarithms, - which ſubs P 


Sur > eas due Ox SR SET: 
2 be C 2 
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ſtitute for * in the equation is 4 x* + N. 
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Fig.= o, and 2 Aiviſion it 1 1 + aL = = 0 


of *, as * che 1 Fe hich tg 4 pr — E LY 
ſubſtituted for: yi in the general ſeries 1 + b + * 


1 + T2 &c. 995 divided 5 the 
2 25 2.34.5 
pgs powers, as has already been ſhewn, gives 
* = 4815 3 the value e 


p RO B. II. 


To draw tangents to curves, where there” 15 Lier 
the relation of the abſciſſa and ordinate. 


Here AP is the abſciſſa, PM the ordinate, TM 


the tangent, PT the ſubtangent, BM the normal 
or perpendicular to the tangent TM, PB the ſub- 
normal or ſub- perpendicular, which is ſub- -duple 


the parameter in the parabola, and therefore an in- 
variable quantity, 


Then! in the parabola AM. As PB: PM : : PM : PT, 


And PB: PM:: MB: TM. 
Let the abſciſſa AP = x, ordinate PM= , tan- 


gent IM, the ſub-tangent PT = s, the nor- 


mal BM = », the ſub-normal PB = $ arch of any 


curve 2. 


Then 1. fixtey:; . = 5 or PT, the ſub- 
tangent, by means of which general expreſſion, and 
the equation expreſſing the relation between the 
abſciſſa and ordinate, the ratio of their Fluxions 
x and y will be found, and eg racy the length 
pf t rhe ſub-rangent PT. a 
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Ster. lu. 10 FLUXION 8. 


Therefore by help of the equation of the curve bi 


exterminate x or 9 out of the quantity * and you | 
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3. 3:3 11295 585 ordinate. NOK: : 

4. 2 * 28:5 ſub- tangent. | 


And 23 = xx + Y. therefore the Fluxion of 
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And becauſe x + a = =, a= e where 
S ſubtangent eſs abſciſſa, gg 

The values of any of theſe 78 made, from 
the given conditions of a Problem propoſed, re- 


ſpectively equal to their values here, the nature of 
the curve will be _— and the contrary, Thus, 
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250 An NTRODEGTION! 
To PMs” ay to the 8 FI. 


23. Let AP = x, PM =), radius AB =4&, then 
PC = 2a—x, and by the property 0 of the circle 


AP X PC = PMͤ', that iS, & N 24 — x, Or 24%x — 
xx =y, which put into Fluxions is 2aX — 2xx = 
23, divide by 2, it is a — of = N and 2 


» / 20 but Tor N = x 2 2; then 4 


* 2 Is. = 2 bur x = ant then 
7 3 
— = — =PT. Whence a= : 7 5 
a2 —x © 
2. 2 — a before. 
—_— —  . 
Era. 4. 


To draw @ tangent to the elligis. 
24. Let be diameter AB Sa, p = parame- 
ter = 1, AP = x, PM =y, then PB = 24—x 
by property of the ellipſis PB * AP; PM*;;A AB 
: p, that is, as 24 — XK : ;: : 26: 1. Then 2ax 
— Xx = 20s which put into Fluxions is 24x — 
24 = 7 A 84 y 2 1s OR — XX = 8 and 
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To draw @ tangent to the parabola, 


Let AP = x, PM = 95 parameter =: p= = Is 
; 14 * #4 
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then pr Y Or 1 =» by nature of the parabola, Fi 
ni put K Fluxions is & = 2yy, but PT or a 42. 


2 EN 2. then 9 * = 2. 24 = 2, 
T . 


or / 
bur ＋ . then 2* 255. and 8 in the 
common parabola 2x=PT the SD = twice 
AP, its correſponding abſciſſa PM. 


© 


'< „ o 
e 


* 

- — — "7 r r — == 

— — LE 1 . 3 
* — a x —&=: — 8 8 > — AY 1 2 —— 
, 3 . _— a * — - -* he * PR ob. — 3 — 
8 * — 4 - 4 wx — 3 — 1 — 23 — — — 
— — wot — "LE — OD „ - oP 
* ＋ 5 — = 1 G 2 of 

" Y : 3 * 


„ 
— 


Z's CS p25 
1 th ne — 
3 _— 
Sn > 3, 
"5 c- bo ioAES 


On DOS” 
— 
— — 
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To find the length of curve lines. 0 

0 9 
1. "The ordinates in all curves reſpect either the 9 
axis, or a determined oint, and where the ordi- . 
nates are made parallel to one another, and Tight . >= 
to the axis 1 
Let the curve AM = 2, its Thats =. = 23% an 
Abſciſſa AP = x, its Fluxion = *. N 1 
Ordinate PM = , its Fluxion = J. RO {3 

Then & = VFX-F, as before. 1 

Now when you have an equation expreſſing the wr 


ordinate to the abſciſſa, you may find the length of 
the curve thus. 

Subſtitute in the general equation the value of 
the ſquare of the Fluxion of the abſciſſa or ordi- 
nate, deduced from the equation of the curve, in 
tne room of the ſquare of the Fluxion of the ab - 
ſciſſa or ordinate, and there will come out a new 
equation for the Fluxion of the curve, whoſe Flu- 
ent will be the length of the curve ſought, ©» 
2, Where the ordinates reſpect a point; let r = 
25" of a circle deſcribed on that point, x = ab. 
ſeiſſa, and y = that part intercepted between the 


point and curve, then ECL: will be the Flux+ 


jan af the curve. And by ſabiruting i thy me 
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Fig. of xx or yy their values from the equation of the 
22, curve, there will be produced an equation, whoſe 
Fluent 1 is the length required; that is, 


By the nature of the curve exterminate & or y 


out of the equation & Wx%+yy, and the Flu- 
ent will give 2, the length of- the curve, 


E x A R. 1. 


: 6 
Let y = — X cc cl! be an equation. to a curve 
Zee 

to find the _ of that curve. 


1. = . X c xxl, which put in into Flyxions 


is ** = =” Vat +xx, ſquared = _ 2 5 

5 ä = x ** 3 — 
hs 04 

vV xx +), the F 3 of the curve, then for j 5 

ſubſtitute its equal, and 3 = VAN = 


< XX. + 
Vi + 4 95 1 + -_= whoſe Fluent 


n = 


cc 
is 2 = x + wot” OY h of th 
4 F 4 30e ha 4 O a f 5 * 3 * 


Ex AM. 2. 
To find the length of the arch AM of ie common 


parabola, 
25, Ppt AP = x, PM, = » parameter = = &, then 
ax = yy by property of the parabola, _ put 


into Fluxions is ax = 237, whence Sx =, which 


ſquared is 4. =" 27, , now the Fluxion of the 


C 


curve 222 VAN. ** . for xx ſubſtitute — its 
ö "equal 


LY 
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equal in the. equation, then 2 = = (3x #59 5 Sli. 


1 2 +59 = LOTS 2 a 


- e A +44 for the Fluxio of the curve. 
- . 1 15 N al ana! 
Now ( r= — a 45 — 2 64 — 

* = a3 © 20 r de 164 


&. % - 2 3 * +42 75 Kc. which wh 


pled by L 18 4. — 4 * 21 T — 2, — 22 & c. : 144 
1 6: | 1 1 ih 
N „% * by 
whoſe * hens 18 2 N * 22 2 — 2. EN &o. 
a = 6a 3a 5 7 


— —Päf — 


4 
6 
10. 

— I 1 

* * — * % , d 5 2 _ 8 es \ T7 _ 3 p 2 * * 
4 . \ * — . — 80 8 

2 «whom 4 
| 5 " 

. * „ * a 4 

K* £ 7 


\ 


. 


_ 8 — * Ines 0 288 =D 
non, rr rn es 8 . 
* e => p EMIT ES 


„*** .. r > 4S 
8 LES A <2 


—_— OO. LE. 


The F Inent of Ly 


"I ya N 


25 
e ax v. therefore Va + = — 2 


„ 8 = _ - 


- Ay. 
Va 77 > whole Fluent is 2 + <6756462130:X 
log. - q 
A = VNV. In Numbers. ........ 1 
Given: the abſciſſa =% ſet.” and ordinate right- Ft 


ly applied = 6 * required the curve's length. bh 
When abſciſſa = 4, ſemi-ordinate = 15 chat is 
A 


ff 25+A 


A | | +3 
„the * of the ſemi- euive; where 


444 
Ie 25. 


A INTRODUCTIO * 


DIS = 52324215 d the hole curve = 


bees feet. 4 
Gas 


Let ar , which ir an equation for a euic po 
rabola, In Fluxions 2axx = 3y*9, whence # = 


22, , ſquared is & = 5 , but 2 E 4 + 55; 
ar 4a | 


2 


a whih for cr fine LY ql, hen 4 


| 44 + Ys alſo 4 = =; Thich rdultiplied by 
4. is dar = = 45% then by ſubKtitating 45" for 4a#, 


2 = (2 +55)= 22 * = WL +jj 


4a 


2 rr e 
— = 232 =p Dx "then 


1 ov 
=W/1 + 77 the F luxion of che arch, whoſe 


AM eter „ * 


Fluent is (by ſuppoling 2 = 70 = —_ & & 779 


* 419. 
Or am; 


But 2 — IFRS + 2 = + 2 15 5. | Compar 
r with Cafe 9, Form 3, WE "have ar, 2 


9, ; 


46 


ft Now 


; T1000 . Ix" 
quaned is ES 2 = 2 (for 2 — | 
* = ). The” F Juxion of wed arch AM is 2 = ſl 


* 


$row IV. To FLUX IGN S. 255 
Now td find whether any thing is to be added orFi 
taken from it, it muſt be-obſerved, that in the ver- 26 


tex y So, then r V . x2 = to be taken 
from it, and by reſtoring a, the correct F ent 13 


2 — = * 1 + 2 — EZ, 


- 
] * 5 * 7 1 5 ff "4 — 
930 t kh . y wv — 


E x A M. 4. 


To fad the length of the arch of the aid AM. 
Let AP MN PM 223 = ſine of g0* = .5 = 
balf the fide of the hexagon, radius = =2,. By 


property . of the circle AP x BH = PM, that is 
2X —xx =, in Fluxions 27 — 2 = 2, di- 


—_— of 2, it is * = — "RE — =}, hence & = 5 


OE — 


. iT * oo, ry 


* . — 2 


Now 15 — *. * ＋ * * &. N 
Gülben, whoſe ſquare root is =1 ＋ 3 7 + . 
4 + 357 Ke. which multiplied" by 9 produces y 


* 1 
wal + 7, +9. 7 2 + 299 Nee. whoſe Flue j 
b 254 23 42, 2 . es I 

tis a 77 2. RE + 7 9. 5 {fr 
the length of the arch AM, 1 Þ 
KY * 


15 1d ROD 


8. : > Ne 7) — 5 | #18 . Th OI WO; 4 
3 f en ee 7: eit na: 
26. 2 = 020833 Kg. e 3 
r , DSS Oe i Q=ryx 
g 3 ONS 002 344 &c. 7 * N * 1 8 
AM = .000348 &c; 
7.16 
9 
399 = -00005g £75 
97128 
==. 2 10 522505 Gt. b d l the cir- 
A Ky 6 cumference, rad. 2 1. 
wo by: 141 5 circumference, diam, =; 1, 


Or. thus. . 


"te AC i) the radius = =". AT = =; Tt = = 7: al 


wier 1 CAT, ert we have ers 2 


Te, that . TE NL. 5 © 
iT 1 „ tha * r e Te, 
and 9 Te: : CM: Mo, that is, cn: 

"; N : 


| ITE 2 - = 2; the Fluxion” of the 
Vir i. + 


arch in the ter ms of the tan gent. 1 9 


72 $ of „ 
Now F e e te 
8 1 * =o Las 75 WH" of 5 ity 


ee hich. multiply by produces i _ - 


| 4 
7. 5 75 
8 1 ˖5 

— — 


* 2 TY, = + . Gam of the 


3 57 wm | Fu 
arch AM, | | 


a 


. * 2 &c. — 2 the kiumt ==> 


0 * 4 d 
| * 4 
/ p y 
* 
wm X0 : 
®, 
* 


SEC 


sic. V. 10 FLUXIONS. 
Let radius AC = CM. = I, Shen 
Py. 7 +1 = P tc. and let anch AM = = 30 de- 
5 by 
grees, then its tangent s = V. for the Ge of 30 
degrees i is 2, = half the chord of 602,. which is 
= radius, therefore the coſine is = Vi Vr. 
And as coline : fine : : radius : tangent, that is. 
N "LIE Ry Ti 3 TY | — 2 
A. i: i”. * 3 VT = = 577350269 
e. — z. 8 Then. 6 2. 11 = . =, 
p = Hi, = Wed - &c. which values being 
17 085 for t, we get AM, or & = 2 


+ 2 Sa A Gar r= date ＋ &c. 
E Mie is 17 


— — 
— 


5 EEE 7 Cray 


&c. = r of the circum- 


& 


9. T8 I Trav 


ference. No ſix times this muſt be the length of 
the bent einen ee! ; then put VSV 


=&, A =B,3B =c, C-D7=8, 
* 3˙3 „ 
Ec. Then bait the circumference i is = A—B+ 
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Fig. Vn k 3.46 0161.3 — Bg. 3849.00 15.9 
26. C= 1769. 8003.6 —D= 183.2858. 0 


2.8 22 8 


1 


= 47-5185.4  —F= 12.9596.0 
= 3-0552.7 —H= 1.0559.7 
=D 3103.8 —K= 9256.3 
— 279.4 —M= 85.0 
— 26.1 = 8.0 
CG. 


$5 Ot 


2 — 4046. 4061. 


—_—_— 


+ 3.5462.3327.2 
— 404 6.405 1.7 


3.141 5.9265. = half the circumfet. 
ence, radius = 1, or the citcumference, diame- 
tex = I; | | | f 

There are other methods for finding the circum- 
ference of a circle, particularly one communicated 
to me by the ingenious Mr. Miiliam Brown, of 
Cleobury, Shropſhire. If the diameter of a circle 


be 1, the circumference will be LEES + 
4 
E1.12;1 »& 29.2. 10. . 2 
FFT” TY. 
gE 


= ce Here the firſt term will give fix figure 
F 


true, and if we make uſe of nine terms, we ſhall 
get 14 figures true, &c. | 
] will here ſhew how the circumference may be 


found from my edition of Mr. Stirling's Differen- 
tial Method, | 


To find the ſum of the ſeries 2 — = + 5 
2 


13 
Sc. when 2 i, which expreſſes the length of = 
be 


arch of 45 degrees to the radius 1. 


D283 


82 


Ster. IV 10 FLUXION S. 239 
The given ſeries is 1— 4 ++—- 7.8 + — &c. Fig. 
„„ a 4 . 
Compare this with Prop. VII. page 355 and the 
ſucceflive values of 2 will be 14, 22, 37, 42, &c. 
and = 1; m 12 1, or m 2, 3 8 = 
Fe = P 22+2 T 22+4 75 — SY 
up the fix firſt terms of the given ſeries, which is 
=. 744012, and put T = r the ooh you 
and then z = 72, then we have S = — = e 15 + 
TX 9 &c. that is, | 
7 19 #1 | 


S= 038462 
2504 


To which add +7440) 2 | 1 


The ſum 783398 is f the periphery of che | 
dien when radius = 1. 


Then mult. 9 
$ HY 2)6.283184 circumf. when rad. is 1, 
| 3.141592 ci op ag when dia- 
U meter is 1. Which by taking only fix terms of 
the laft ſeries is more exact ini if one hundred thous 
© Jand terms of the given ſeries had been uſed. 
. The Reader would do well to conſult Ex. 1, p. 
40, Ex. 2, p. 49, of my edition of Mr. Sp 
2 Differential Aae | 
be S 2 P R O B. 
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PROB. IV. 


Given the radius and the arch of a circle to find 


but radius CA = 1, fine DB =, then will the 


coſine CB = Vrr—xx, put the given arch AD, 
draw Cd infinitely near to CD, 4d infinitely near 
and parallel to BD, and D parallel to 4B, then is 
mD or & the Fluxion of the fine; and Dd or the 
Fluxion of the arch, and by the ſimilar triangles 
DCB, dmD, it will be CB: CD:: Dm: Dd; that 


* a a . "5 . rx 

is, Vrr—xx: r: : Xx: , whence 2 = =, 

| | Vrr—xx 
2b 


which ſquared is 23 = ———, and 7* — x* = 
rr 


Now put x = Az + BN + C25 &c. which 


xx 
— 
222 


paut into Fluxions is & = AZ + 32-8 + C205 


&c. ſquared is xx = A*Z* + 6ABz*z* 
+ 9BBz#z* Es | 
+ 10AC2*2* 5 Ke. 
Alſo xx = AAz* + 2A BZ. + BBz* 2 & 

oy + 2ACz6 C Kc. 
Whence rr — xx = Tr — A*2* — 2AB2+ &c. and 
Px* =-rr AA + 6rrABz* + grrBBz+ 
22 + NA Cas j Rc: where- 
fore theſe two ſeries are equal, and the value of A, 


B, C, &c. is found by equating the homologous , 


powers of theſe ſeries, therefore it will be — rr — 
AAzz — 2ABz+ &c. = rrAA + 6rrABz* 

1 a &c. Whence r = rr, and 
therefore Ag; alſo — AAz*=6rrABz?, whence 


— 3 = 6rrB, and B = 7 allo — 2ABzt = 


9 B'zt 


BC] 


t 


Sect. V. To F L U-% F O'N & 2 
gf . N 10 AC zA, or "ap W hte and divid- Fi ig. 


27. 
ing by, 24, it is + — = = — +: 107?AC, or 


10e — 2 and C= 3 — 2 
rr | 


” 10.36r+% TZ Ar 
&c. whence the ſeries Az — Beis + Cz: Nc. = 2 


Yi 21 
becomes x 2 — - 3 
F „ 2.3.4.5 7 


| 7 
— c. whoſe law of continuation is ma- 
2.34 5.6.77 : 


nifeſt, and converges faſt, the arch being ſmall. 


2 


— — 4 — *: ry — p _ 
CCP 2 _—— 7 8 8 . Ak — 
2 — —— "rs 7 '- — - © ed kt 3 —_— 7 
e * © - - + — Xx "Oo Iz » 
l — n — CRE, 
. A es * 5 - 5 - : * a Pp g. — 
2 2 


PET 
Panty ane 


e 


PROB. v. e 
Given the radius and the arch of a circle to find 
Phe ſecant. 


Let as before CA =r, ſecant CB = 'y, then the 28. 
tangent AB = Vy--rr, put the given arch; AD 


=, its Fluxion Bin draw Ca imfinitely near i 
to CB, from C with the radius CB, deſctibe the 55 
arch BB, then ba will be the Fluxion of the requir- 5 
ed fecaut, or y, whence the arcs Da, Bad, will be = 
as their radii CD, CB; thenr:y: 2:25 = BB, 2D 


and by the ſimilar triangles BCA, Bab; "Ex: AB 
: B * that is, r: Vy- rr: : El J. and 


{quaring, 2 r; 55 : =, : * ö ; whence £ aj 


= WE IE wa . Pur = 
2 28 
A + Bz* + Ca! ＋ Dz* Sec. which in Fluxions is 
5 Sa + 4C233 + 6D &c. which ſquared 
we have ** F 22 +16BC242* + 16C. 2 A 
| 2 D 
= 8 3 , The 
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And tf —ry = A — 4A: B2z* +6A* 8 24 
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firſt ſquared is y* =A* +2 ABZ"+ c 


+BBz« Fe. 


Squares again is y4= As + B= TEA Bd 
4A CZ Ce 


Therefore 27 — = 4B. + 16rBEzt | 


+1 b C 
+ 247. DBA. F * 


pA 2 ABZ + 4 A8C24 
2 ACz4 
BBZ. 
Whence equating the homologous powers we get 
A*#—A* =o, therefore A* = S. and A = r, 
Alſo 47*B*'2* = 4A BZz˙ — 2 ABZ, dividing 


&c. 


by Bz?, and putting r in the _ of A, we have 
4B. — 2rr, therefore B = = allo 1 6r+BCzt 


26. 


= 6A'B\2+4+4 A3C24 gt "Set #*B*2%, which 
divided by 2+, and ſubſtituting the values of A and 
B, we have 8"C= 4 + 4 C 2 C , whence 


6rC.= +, and 2 * 1 &c. Therefore the 
2 3.47% 


ſeries A + Bz. + Cz. &c. expreſling the value of 
the ſecant becomes y =r + — +- 


6125 


8 &c. which converges faſt when the arch is 


ſmall, as in the preſent caſe, 


Of the circular arch, ils fi ines, tangent and - 
Let C he the center, AC the radius = a, the 
arch MsA =v, fine MPa, coſine PC = x, verſed 
fine PA S, tangent AT = 7, ſeeant CT =s, and 
chord MA = c, it is propoſed to ſhew how to find 
che arch from the given fine, tangent or chord, and 
vice ver. 


- LEMMA 


Ss 


Ne 


— 


a. «. 


Sect, V. To FLUXIONS. 


LE MM A. 1. 
To 2 the relation between v and v. 


Since v* = y* + 23, therefore 24y = yy = 22 by 
nature of the circle, by the help of which equa- 


tion exterminate Z; then * = 2047 bence v 
N. 
JE —— e eee 
2 — Or . „G. 1. 
bout ay OY * 2 K. . 
O . 1. | 


Alſo v = a N aa—221—z or —= 2 3 as will 


be evident by exterminating y and 3 3 ons of the 
£quation of the above Lemma. 
C0 oder: 
ot 
Again 9 = IT or. aft X aan For CP 


PM:: CA: AT; that is, @—y: aa : 
a: 1, whence ; = 2 =, by help of which 


PT 
y and y from the Lemma may be exterminated, and 
the Corollary will be evident. 


Co x. 3. 


Again, v= — or 246 X 44 , as 
will be evident, if Tom the Lemma y and y be ex- 
terminated by the help of this <quqpion 24) = cc. 

PROB. VI. | 


Given (a) the radius and ( 9) the naſal fing to fu 
(v) the arch thereof. i 


Since by the preceding Lemma v = =: * 
| 1 * 
2 ---; therefore = K 
R e veu © 
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a6 4 K. + 399 + $527 


| the arch. 


44 4.84 4.8.1244 4.8.12. 10% 


which multiplied by ay, gives the Fluxion of the 


arch in the terms of the N 7 Ane; whoſe Nen 


is v=Vimx:1 12 
v Vi N ＋ * 2 
2.82 > &. 4 
2· 4.0.7. 80 1 
P R O B. VII. 


Given the radius and the 2 ne to find the arch. 


> 


Since v = — I of az 8 = 7, there 


2— 22 


fore 72. put into a fees, and then multi- 


ih» 


8 8 by a, the Fluent is v = 2 237 . 


33 3.5 = 98 | 
2:4+54+ N 2.4. 6. 745 de. i 


2 


p RO B. VIII. 
Civen the radius and tangent of « an arch ; to Jnd 
By Cor, 4 v = = g or . x 44 T1 * =a't 
| | 4 tte 
i t #4 | . 


7 
2 — 2 = rip tt 
pr __ 3 ke. — 


„ a+ 
2 buy 
| + *; 1." Si! 566 2 
75 f + ; 
— — &c. wy 
76% * 


55 7 ; PR R O B. 


DEC" 
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Ser. IV. To FLUXIONS. 
PR O B. o ; 

E ven the radius and the chord to be the arch. 
Since by Cor. 3. V = = = or aal : 
2 * =Y nd 
4a ce now — 5 into a ſeries, and 
multiplied by 246, gives the F Gate of the arch, 
whoſe Fluent i 5-v =c + — A ä 
N LR LS 200. 3. aa 25. 4.5. 4 

36.65 \ * 1 5 
24.6.7. Fe, | K 


schr u. 


a the ſame manner v the arch may be found 
from 3 x or 5 che given coſine or fecant. e ens 


; * N «1 * * IJ 7 14 * 1 


\ Conor L AR Y. 


If v TR arch be very! ſmall, then the * tan- 
gent, chord and arch, 'are very nearly equal. For 
in this caſe all the terms of the ſeries except the firſt 
are of ſmall value, and may be neglected, and there- 


fore v = 2 by Prob. VII. we = b 15 Prob. VIII. and 


1 Fra hens me 


x 
ES 
1145 1 


PRO. Bret, 
Given the radius and the arch to find the tangent... 


Since v 4 C = aat by Cor. 2, therefore aſ- 
e t = Av + BS + C Do! + Evs &c. 


whence by comparing the homologous terms we find 


* 


1, e 0 = y D E= 2 &c, 
n er . 208 SS 34 
whence f = v + BM) Ke. Q. E. I. 


N. | 8 8 3aa 3-5a+ | 
| 45 s SO. 
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SCHOLIUM. 


Likewiſe from the radius and the arch being mir 
given, you may find the fine, coſine, verſed ſine, 
tangent, and chord of that arch. = 

Thus to find & the fine. Since NV a. 2 
then aſſume z = Av + BY + Covi + Dv+ + Evs 
I &c. and by comparing the homologous terms, I 


— | 
find tb B S o, C ls phate = 


I v. ä 
2.34.55 | 2. * 0. 3. 7 
v7 | 


E 3.4 5. 6. 745 


O. 


CORROTLLAAx, 


Hence is deduced a genuine and eaſy method for 
computing tables of ſines, tangents, ſecants, &c. 

1. Let radius @ = 1.00000 &c. then the cir- 
cumference of the whole circle will be 6.28 31853 
AC =#e 

2. To find che ratio between the radius and any 
arch. denoted. by degrees or minutes. As the 
whole circumference In minutes, that 1 1s, AS 21600 
to any arch denoted by minutes, ſo is 6. 2831853, 
to an arch denoted by parts of the radius. Exam. 
To find the ratio between the radius and arch of 
one minute; the proportion will be as 2 16000: 1 
: : 6.2831853 : -0a02908, therefore the radius is to 
the arch of 1 min. as 1.00000 to .0002908, 
3. To find the right fine of an arch of one mi- 
nuteʒ ſince 9 and v = oO, therefore 


gÞ [s 
= = 40002908 — — 2, oh, EE Ll &c, 
by che ſeries in the foregoing Scholium. You will 
find the right ſine of any arch in the ſame manner. 
And thus a tablepf fines will be computed. And 
if in the ſeries of rhe laſt Prob. 0002908 be ſub- 


ſtituted 
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ſtituted for v, then the tangent of the arch of oneFig, 
minute will be 2 = oo + 0002908] &c. 


and thus a table of tangents will be computed ; but 
tangents, ſecants, &c. will be eaſier found from the 
pe of right ſines, as is well known. x 


h 7 
/ F 


Exau. 5. 


T's find the length of the arch- of 3 
Put AD = t, DC rc, AP =s, PM =y, z= 29. 
arch AM, then PB = 21 — x, and from the pro- 
. of the ellipſis we have AP x PB; PM:: 
DC, that is, 244 — 99% ft 2 cc, whence 


. 11 
e X cc = NY and”: 2 1 = — 8 E X 


Y, which in Flarions is ; 21% ant = 2 7 27. 


oe thyy — 


— e is =" 
cc x I πτ c = © N 
ETV 
p77 . 4 _ "nat 
Feat f C- 


os thy, and 4 X a. = 4 now  fubſtiture 


Ac rl for Tr x £4, then x = * di- 


vide by tt, s 5 = LY, but 4. = XX +9, 
then 8 = = = 2 = + JJ 5 ſubſtituting = 


fe a, in ax 15 WW) = = oY e TT. = 


| Toll 


* 


£: — - 


- SO pw - 


(fer cc Xx 2/x—xx 


2 — 8 I i "I d 7» D > +4.:% 1 
ce 
= 3 
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bie. * 5 5 A 0 2 ; there: 0 
N 33 * —y 2 ac] | 

fore 8 2 =. fees 6 n Ea foi 

cc | 

Let cz and and put d = tt cc, or 1. . I, then 1 

; 2 1X ES, the quare root of 3 + dy is = _ 


* dy diys 8 
1 ＋ 2 ec 49 — 47 & c. And ſquare 
„„ 
7 oy 2 2 r A 4 
root of 1 i = J Z 8 by 7 178 


&e: the former divided by i Jatter | is =-1 * dy 


, ——— 


1 2 as or 1 + 
2 * - M8- 5c, 214-50 ink 7 
i 4 as 
which aol 555 5. 18 1 ans = + Se 7 — 7 
50 + hal rin Jy kee. bote Fluent | is = 
. 
FR 


| E | ITE 

2.3 2.8335 38 2.3 a7. el 
37 &c. tor the arch AM. Now when AP flows t to 
D, then 3 becomes:= CW. 


Or d find the arch MC. 


Put AD t, CD =c, PD = 5 PM =y, then 
AP =t—x, and PB = +, then PB X AP: 
'PM*:: : AD* : DC?, that is, & — „*: 11%, 
whence 6 c , and . r is err. . 


tt 
_ =, in Fluxions 2K% = = — 27%, and * 2 


Cx 
ſquared 


zer. V. ro FLUXIONS 2869 
. 1 2 90 . FA 
ſquared 18 ** 3 


rn eee 
an „and cx cet = C now 


but c- ˙τν, there- 


fore xx = 


by . . 2 13 2 17 
for c*x*, ſubſtitute its equal, then xx = YY 


A | e 
divide by tt, then & = - 25 but S A- 
Jy, then for & ſubſtitute its equal above, and zz 
= — — + . and conſequently & = — i 
Y een, whoſe Fluent is (by putting d= ] 
(my . N *. FA : f 
tt — cc, or d=tt xo — 1 1+ aa | 
donation we s 
5 ＋ * od 2 97 &c. the very ſame : 
7 ̃7—ꝛ˙—ͤ 1 pi 
as above. | ; 5 
Perhaps it will not be improper to ſubjoin here 1 
another method for finding the periphery of an el # 


liplis, which was communicated to me by the inge- 
nious Mr. Brown. of Cleobury, This method of 
Mr. Brown's, or rather the late Mr. Thacker's for 
finding the arch of an ellipſe, is an inſtance of the 
| great uſe of comparing curves or Fluents one with 

another, the doctrine whereof is delivered in the 

VIlth Prop. of Sir Iſaac Newton's Quadratures ; 

this is the inveſtigation of the firſt caſe thereof, ap- 
plied to find the length of any arch of an ellipſis, 
by comparing it with the correſponding arch of the 
circumſcribed circle, from whence Mr. Cunn de- 


| duced his ſeries for the ſame purpole, and which 
y method I have had by me for ncar 40 years. 
E x A u. 
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Fig. ; E X A M. 6. | | 
30. 7 find the elliptic arth DE whoſe equation is Ie 
. "EE. — : 
V =; (where t = CA, e= CD, x =CB 
= FE, and y = BE = CF) which put into Flux- 
| ends D 

* — 3 


Sec 


4 * Senden, EPA" 25 
ons gives . =» therefore 
f © EN — 3 N=. > ; 
but 2 =V x*+y — þ = the Fluxion : 
SE „ P—_,, x 

of ED (where 4 = ) in « fete is = — 


Ar. 1d , 1.30 #x6 2. Se 
2ty 2.4t'y '2.4.6t'y 2.4.6487 
E, whoſe Fluent is thus found, . | 
And let Them by Fluxions 
Wi =iy =p (Af 


Kt. = 


— 


> 


WV Px = xy Ex- 


Il 


* 7 =wxy =r | —#x6 


VI = xy = $5 | —xx* 


I 


„V =xy =: | amo 


&c. | 7 &e. 


Hence we have 


” Re Bp 


* 


Ster. IV. 10 r 27 
2 ps EE 14 34 14 = 
2.44% 2:4. 2:44 2445 2.4.4.4 

1. 348 | 5 —_ 

4:4 „ 
E = — — 1.3.57 
2.4.65 2.4.6. 6% 2.46.69 

1. dir 2645 

"<= 85 6.6 
b = 1.38 Kr. . 1.4.84. 3.8 2d. . 
1 2.4. 6. 8675 * 2.4.6.8. 7 2.4. 5. J. 8757 


3 54˙5 + 5.7D 
2.4. 6. 8.877 8.8 
Re 


The Fluents of which are, Or by dee xy-for 7 
| | xy for Co &c, 1 
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1.3.54 g= 1:3: dy 
8 8.8 2.4.5. J. 877 
> | &c. 


— _ — 4 
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2p TR 1.2dx*P 1. 348 


DS” OR. Rs ng 
D 34% J. 3.80 
6.6 6.6 BEIT 
3. Gd R . 5.7dD- 
* 8.84 nk 8.8 
& c. PIER | 
That is, 2 A, + SVH== dA \ 1.24eÞ 
>» STE; © 72 - Dot 4.4t* 


L 5 | 3.4% 0 3.5% + f. R 
5 * e 6p, 5 5 
5.7 7. 8d S <© 9.9 ESD "ck DE | 
= 10 10#? To 10 — SH ; -# 2 
Note, A is put for the arch of a circle whoſe ra- 
dius = 2, and right fine = x. 
B for — * . 


2 2.2 
dx P 1. 34 
c for — 
5 * 
Sk 3 44x*Q_ 3-5 ? 
* 8.6 5.5 4 | 
And P 12 — Q = 1 24x E. &e. 


But when x flows = , then P = o, and there- 


fore Q, R, &c. = o, and DE becomes the qua- 


drantal arch DA; = A — mY + ro 308 + 3-54 
2.2 44 6.6 

392 

8.8 10. 10 | : 
the preceding terms with their ſigns, and A is then 
the quadrantal arch of a circle whoſe radius is 7; 
or if A be put for the periphery of the whole cir- 
cle whoſe diameter is 27, then will the above The- 


orem at once exhibit the periphery of the whole el- 
lipſis, and agrees exactly with Mr, Cuni's. 


To 


+ —— &c. Where A, B, C, &c. are 


A. 


Ster. Ve 5 -FLUXIONS. 


7 To fad the 3 atal arch EA, for which Pig 
put a; then becauſe the equation of the curve is 30. 


4 S er 
V — = x, we have 4 = 8 —5 „(here 
: Y Cm 
— 


2 Co Es whoſe F luent may be hs as above, 


. N Te ; | 
FY ago $196 Se 2270 | 


4+ 6.672. , {1:15 8 be* 4; 7 BS 


w_ Fo 10. 18.70 ee. = = AE; where Ais 


put for the arch of that circle whoſe radius! is c, and 
fight ſine 3 


STR WA", os | ba 
| B for — bv . 


Example in Numbers. 


Let 7 c = 35; what is the periphery of ſuch 
an elligſis? 
„ 345 


Here 5 thi T beorem A - — — 1x — 


| £2}; {44 
LE +5 5200 t. the periphery at once is found 


* 


to be 663. 44564 
| Now ſet us fee how the Theorems for findiag'the 
arcs DE and EA agree with this; "by the firlt 
making & = 40, DE will be found = 49:34399 
nearly; and by the laſt AE will be found = 
24.111811 nearly ; but 43. 34399 + 24.141811 
elliptic quadrant, viz. 67.455801, therefore 
F 67. cd 


= — — — r . * — 4 . n 2 "1 
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67.455801 * 4 269.8 232, nearly agreeing with 
the Shen m W9442 3 


Ca 


DO IUaIRETTSDY: MW 1 
To find the area of curves. c 


If the abſciſſa of any curve be called x, its cor- 

. reſponding ordinate y,- then where the ordinates are 

parallel, the Fluxion of the area is yx. 

Where the ordinates reſpect a point; let 1 = ra- 
dius of a circle deſcribed on that point, x = ab- 
ſciſſa, and y = that part intercepted between the 
point arid curve, then the Fluxion of the area is 


=, and by ſubſtituting in the room of & or y their 


1 — FA 


values from the equation of the curve, there will 
ariſe an equation, whoſe Fluent is the area ſought. 
Thus, if y = **, then yx = xx", whoſe Fluent is 
= +I . 75 * x | e 
Js = 71 — 71 IX: XY. CIC he of 
Hmptotic ſpace in the hyperbola, » being there ne- 
gative, is = — —— xy. Theſe things being pre- 
miſed concerning the quadratute of curves, to find 
the area, this is the 


f 


e 


1. Find the value of the ordinate by the help of 
the equation, expreſſing the nature of the curve. 
2. Multiply this value by the Fluxion of the ab- 
ſciſſa, the product ariſing therefrom is the Fluxion 
of the are. | | 
3- Find the Fluent of that Fluxion, it gives the 
area ſought. | 8 


E x A M. 1. SY 
Given aay = a — x3 an equation lo a curve, to 
Ind the area. FL IRE 8 bad; 
iſt, 


DOPE, 2 "Fo 25 ET 1 
2 — „which multiplied by & is yx 


2 Fa - Ho 
k -K 


ft, 5 = 


aa 
S 03+. 3: an 
ent is Jas — 455 the area; and when by flow- 


y 8 a+ 4% as as 
ing becomes = 4, it is r 


dhe Fluxion of the area, whoſe Flu- 


7 25 34 444 847 
1 2 
44*—3a aa 
— . 
12 | 12 1 
1 i E R A M. 2. 


« Gives yo! —@ = xy an equation to a curve, to 
Find its area. 


4 By reanſpoition ” — * = 45, then 3 = 
. which being multiplied by x, we have * 


2 


= — for the F luxion of the area z by Caſe 45 


Form 6, the Fluetit.is = 2.30 02-5843 632 


2a A = 


= 23025808 > log. ats the area required. 
| 2 a—* 
| 8 » | | E * : A M. 3. . 


60 Let the nature of the curve be y = K* — * x, 
tn find the aren. 
1. „ . — Xx, which multip 88 1 0 
* S -* — xx the F 18 of the area, 
x* 


whoſe F luent ISyx = DARN, — 7 ehe a area ſought 


N 
Ex A M. 4. 


Given 2ay + y* = 2ax an equation io 4 curve, UN 
fud the area. 


By compleating the ſquare y* + 225 ＋ 44 TY 
+ aa, whence y = V 2ax+aa — 4, which multi- 


'S-2 | plied 


** 


— 0 — 
= NI =» 


EK WE FEE 2b 
< pe —— 


2 
Pape Ch 


ARE — — 1 * a hy 
— == 2 — . —_— ATT 
— — on at A. 
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plied by x, is yx = XV aa+2ax — ax, the Flux- 
jon of the area, By Caſe 9, Form z, the Fluent 
A ** = aa+2ax): 3 aa TZ 


— — 
* — — 


2 & 24 3a 


the area. 


Suppoſe the curve was aſcertained by the nature 
of the Problem, and to ſee whether the above be 
the true Fluent, or whether any thing is to be add- 
ed to, or ſubtracted from it; put y =o, then xo, 


and by Prop. XXIII. 7 is to be taken from it; 


therefore the Fluent corrected is = 242. 5 1 


ze 
aa 20 
ax — — the area required. 


3 
But I thall content myſelf for the moſt part to 
give the Fluent in general. 


E XA Mc g. 


© Suppoſe the equation expreſſing the nature of a curve 
be x* + a's* = , to find the area. 

1. g VM RX = xV/x*+4*, which multi- 
plied by x is xy = x#XV Ta the Fluxion of the 
area = @ + x*12 c xx. 

Comparing this with Caſe 10, Form 3, we have 


zeal ts 
«=, Þ=1, = then i 3 
[z xz 
= — 2 — the Fluentor area required. 
2 


Or thus. 

Put Va aa Ee = = then 22 = aa+%x, in Flux- 
ions 222 = 2xXx or 22 = xx, now ſubſtitute z2 for 
x, and 4 for V aa+xx, the Fluxien thus freed 

Ro 


szcr. IV. ro FLUX1I ON S. 
from Fords will be = z 2, whoſe Fluent 1s = OR 


| * pn 
ceftoring the value of 2, it is — = —— Var 
3 


12 
Ze as above. 


E x A M. ©. DB 
Let the equation to @ curve te ay + of =", to 
And the area. | 


& 80 1 
1. * * a andy = 7 mulplied vy 


x is — = the F luxion of the area, 8 


Fluent by Fort the gth i n * 2222 2:3025h- X x log: Vx 


+ Vu + x,” the area required, 
Or thus. 
Put z = V a+x, then zz S + , enn 


** 
— a, in Fluxions & = 22Z, therefore — 7 


Va+x 


223 e 
22'S — 24%, whoſe Fluent! 12 242, and put- 


ting WI x for 2, chen 27 = 0 3 there - 
24 +xV a+ 


fore the Fluent of S = 1 — 24 


Vat, the area expreſſed in ſurds. 
EXakl. 7% 
To find 1 the area of a curve whaſe equation is 
V Y + avian = 40x —w. 
The given equation is av Lax V da z2ax— 
Al ö 


Tz ; By 


277 . 


RN EE EEE Ee EY ae Eds CELTS 


2 — — % = T 
8 —— 


1 ; 
% 
j 
% 
17 
bp! | 
Mi 
| 
Ts 
wy 
ty 


278 


An INTRODUCTION 
By. Diviſion. 


7 = — ex 2ax—xx —.— lar Txx 2ax Px 


4a & Vaax = 
— eee nd 

a ON. But av 2ax * 
ö * . V 42x — ara 
24X—XX 228 : l 
and - — therefore y = 
Vaa'x—x*, * Zar Tan i = 


a 


a 
— == and t er fore i. Flux: 
* 2GX—XX F 208 I-x8 2 5 - 
jon of the area is 4 = _— * 7 
15 72 z 20x + X% 


n 
—2 a 
— 4 ws B Caſe Form . 
Va- x 5 __" , 0 | 9 
—=zx 


the Fluen of - = = = [302580 X X 2 og. 2 


1. and, by Caſe 3, Form 10, the Flu- 


a 
20 


ent of is . 017433 X deg. i in arch whoſe 


4s 15 7 | 
fine = 2 3 radius = = 1. Therefore 


0 74 53axdeg, in arch whoſe line 4 * 24X=—XF, 


+ 2.302588 X 2 log, Vs + 5 is the area 


fought, . 
"DIR 


Required the quadrature Y, the curve N equa 


| tion 15 * ax Pp 51 . 


5 | 
Aſſume 5 = then * ever equation vyl 


* n+; 
cake on it this form, 7 = an + 2 ; make 


, 4 16 99 # o 
w X t: ? \ 3 * N : 
- we 2 'S . - 


9 


— 


OM 
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3n = u ＋ 2, therefore » = 4, and the above equa- 


x 77 
tion becomes * ax + 7 ; by reduction, it 
18 ax+ = — ILY whoſe Floxion bs 2 4 * = | _ by. : 
2 9 5. 


—S, which divided by — gives — = (5 
4 


=#u=) 4b. — Pe 25 ; "whoſe Fluent is à = 2 25 
3av Zar | MA gs goo” 
2b 20. 


— 30 + Q, ſome conſtant quantity, "but when 


| + ig I 
u = o, & =O, and therefore (ax) o A — 


*. 


I . . He 1 2 ; 3 
92 therefore == = b, BRA value being ſubſti- 


1 in * above Fluent, we have 1 9 
9 2 54 
n the correR 8 is @ % — 2b — bb 
RO av gb 54 
4 2 
and by reſtoring x ; and * we get 2. ee 
Sa SNN 
ee the area, | 
1 | ne” al „ 
Ex AM. 9. 
Given xx + yy = aV xy an equation to à curve, to 
find the _ | 


Put y= = "= ſquared is Jy > now * put 


its equal, chen the equation becomes xx + 72 =} 
axx 
— and x "27 - x2 = 0x25, dividing by x*z, it 


is 2. + * = az, and by tranſpoſition ** = 42% 
T 4 e 


20 
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— 2*, which in Fluxions is 4⁹ = 3042 25 

whence. * = _ 2 but 5 =; * which 
2 456" TY 


* . — 232 
mukiplied by & is . = = X K 23 2 — 
0 4 3 

1222— 525 az 1 * | #” ” 
5 2's * . — , the Huxion of the 
4 Eine 4 N n ER WY hes: T0 
* x ; 

2 2 . 

arcs, whoſe Fluent 1 is — BT —— the area, or te- 


ſtoring « and 9 Is 3 N 


2 . * 
5 - a — va r 
"+ * "Us, 5 25 9 F 
2 
= * 


E x AM. 10. 


Civer x + * = azy, to find the 8 of the 
curve expreſſed by this equation. 


Put 33 nds which cubed i is y= er bor y put 


6 
its equal, & then the equation becomes 5 + E= 


9 


ax3 
— therefore viz + * 2 Saz, ividing by x2, 


the equation is 23 ＋ 1 = = az", whence x3 = 48 

— 25, in F — 1s 3x*x = a — * 2, W 
4 22 t 

B 3 | 2. 


2 


* 2 1 ST. 2423 


25, whoſe F luent is — — — = the area, but 25 
2 


1 0 4 3 


. then reſtorin x and the, area is —: 
; 2 E 92 2, * 5 
| E X A N. 11. i 


2axx * 


"To find the area of a curve whoſe equation is *. + 


Poms J TSS * 
| Put 
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Put y = vx, then y? = v*x*, and by ſubſtitut- 
ing v*x* for y“, the equation decomes x4 + 9454 
= ax*v; dividing by xx, is xx ＋ xx0* = av, 


z in Fluxions i is 22 = av_ | 

, IMs. |... 
Mm ently 25 W 

* 1 ＋ 8 N . 1 ＋ 170. 


the Fluxion, of the area, whoſe Fluent i is (ſee Ex. 


Lavy _ + 29x: 
5 Js x49 1+v* ae l N Fold. 7 2 * . 


9 8 217453 , X degrees i in the arch whoſe tangenr 


\ 7 W 4. * 9 & 


whence Xx = — 


7 


* 

* 2 7 1 * « "= 
. 2; + * «4 18 5 ih, N 14 CH PE * * 
is vo or 2. n 0 bo. | 

18 * 
» s » 
* * mY FE | * 71 * = 

* * N * * 
' 31 oO +4 AL 3 


Ex 4 M. 1 2. Univerſally, 


if the relation between the abſciſſa and ordinate of 
6 Curve be expreſs 5 _—_ TY a + e i 65 
the. af 6. ILY TRIP 3 


k- I 
Put 1 1 2 and ſubſtituting in . e- 


oy = 20+1 = 
quation, we hall have x 2 - Ul. , 


and conſequently 7 5 e 1 — — 


— 21 
e-iis whoſe Fluent ia 9X#+1 2 — 1 ahh 
w+rvr | 
; +1 5 +2 
ogy ab +1 2n+2 . 

have 2X31 K. . for the area, 
I l 2X41: 2 3 — I . C66 . 

. ö ze ls I 5 
which, 

by 


H-» ³ĩWAWA3Aͥ nA ·˙ ð FE 2 


r 


— ̃ —„—ꝝ— RS. 
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which, by expunging * , becomes = = 


——————— e 1 


1. Let a , then the equation of the curve 
will be & + = = aV xy, and the area without cor- 


ax 
rection N85 fans as above, or = + 


Nen | 
— the correct area. IX 
EL ts B 
2. Let 1 = 1, the equation of the curve will be 
x ＋ = = axy, and the area will be — 
Wy 7 2 
the ſame as above, or it 1 2 = + _ the cor- 
rect area. 5 9 


E. * 4 M. © bd ky . 

Suppoſe the equation of a curve is bh + 4 = mY 
to find the area, 

* „ © 3" 

Aſſume-— 2, then the equation becomes 
* 2 


+ 4x = ——. Therefore if zu n + 2, then 


——— 


n 1, and the equation is oi + ax'= , and by 
—KS V N * ; 


; 4 5 ; 
reduction * = 7 — - Hom Fluxion is 2xx =" 


— —.— 222. Therefore ** —= = yx the Fluxion 


vy—il 


- - 


=>. 907 1 AU = Lau. io i 6 
of the area = = — whoſe Fluent is — 
a: * 2.30238 


ger, IV. To FLU XIONS og. 


* 2.302 58 log. vu—1 + = ae con- 


2.,VVU==I 
ſtant quantity for correction. 
If 3 = 1, then Or and the equation of che | 


* x3 

curve becomes — + 6 ax =>, therefore xt = ay 
55 5 

( "Bo 


+ Js , yhoſe Fluxion * 2 _ = ó. ” which 


pF x 3av 3 
= multiplied by 75 gives 8 = 45 
. z — Sg, the F luxion of FO area whoſe Eluent 1 is 
294 


* + 2 a X 2.302 58 log. v— 6 ſome conſtant 
5 for correction. . 
If 14 = . then # = — I, and the equation 


becomes =—_ Fa ==, therefore * = LES 


Via 1 0 vv - 
| Of =— 4 2 = av? _—y 5 ie Fluxion is — _—_ 
5 | Py FE 


zov'y = — 2, and multiplying theſe two laſt equa- 
tions rogether we have — 4X — 322.2252. 0 | 


„ I ee ee EN A ne. coin 2 — "IR 


. ' Ss "A 1 2 * vv - 4a 1 
| fore — = AER = 2225— —2v » whoſe F luent is F. 
. vr F vv av. 7. ; 
| 2285 
5 x = 2.302586 X log, v + — — 19 + . 
a a 
N 7 5 + ee &c. + Q, fone conſtant N = 
j 4 f 


four times the area. 


Or the Fluent of 3 eee may be found by 


| 
; 
8 r. Emerſor's Table, Thys, 
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v2 v ar 


0 eur ve, 10 find the 
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av — 2v ; 6 
Thus, 3 1 ＋ 22 8 


va | UVU——GY3 
ao 2 * au ν 


3 ne 


Fluent by Form 4 and 1 is = 4 


X log, 


t Hat 


i NA 
Let wx = aN A og * ＋ a be . un to 


5 Aſſume 2s — 5 then the Ss becomes 


. — 29% + — + 473 myJuplyiog th 


a * 4 


ſides by = F we ſhall have. a* vy = = + 24 +6, 


2 « 


whence y = 2 * 2 + 5 Fluxions j = 


2 ** e Therefors 2, or += ET 
+ ON — = and the Fluxion of os area yx = 


2 Fill 2 a * * k 
= + $2 25 2 the Fluent of 
, 25 ; 57 3 * | . 
which is — 4 = + = 8 We area re- 
_ 7. 3 
W 5 ct 


A general 8 of * dDagel or reſi- 
dual form, with its canon, for finding the area of 


all ſuch h figures, as _ be expreſſed in finite terms. 
- PROB 


Sec 


# 
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PRO B. XU. A Paor. 


If in any plane figure, whoſe abſciſſa is = x, and 
its perpendicular ordinate = y, ibe relation of x to y 
8 te y = dxin- X TD; d, c, b, and the ſuperiors 
t, u, and r being any given quantities, ſo as n be nat 
4 o, and x and y variable ones, it is required to find 
the area (A) of ſuch figure, that is, ta find the Fluent. 


CANON... 


ſe 


Makes =r +2, b = 2 and B =c + zee, 


4 then A the area ſought = . X : BC; — 


th 2 X be. *: B. —1 * 0 —1 . 1—1 * — 
[ Sol EN 5 2 
", „ B. — c: — —＋ x ee 
S—2 1 2 N 
= AK Xx: B—3— c —3 1 
: 3 S—=z . i 1 11 
ö — — 4 ; : , 
F WES I tt „ „: opment ic: 
3 3 4 214. 


Note. When the ordinate (vig. the value of y) 
= is deſigned ſo as one of the two terms under the 
vinculum is an invariable given quantity, and the 


of index n of x in the other term is not o; then 
is the ordinate expreſſed in a proper form for the 
re- ſolution. And then, | 


tt > 


When it is = any integer number not B o, 7, 
t— 1, £ — 2, or : — 3, &c, will be = o; by 
ſ1- which means the value of: A fought will be found 
of in finite terms by the above canon; as will farther 
ns. appear by the following Examples. 


B. Ke] | E. X A EK. 


i 


1 25 A N. VVV 
166% AN INTRODUCTION 
N Ex A M. 1. 
Ty 1 Daz“, box quere A. 


The value of y being reduced to the form re. 
quired by our propoſition is = dx x E=; 
wherein # = 2, and therefore. 3.0, and in — 1 
(= 21 — 1) = 1,: therefore # = 1, which-is an in. 
teger number. not leſs than o; conſequently the ya. 
lue of A may be had in finite termm. 

Thus d d, cl, b=—1, and r = — 2, 


nd B=1—&, And then A (= 

— 1 2 | s =7 bi b CS 45 
Eo) i: S 
, 0 n TS 2 —2̊= 
Nov let us ſee what the reſult is of making y 
leſs than o, by putting y = 4x=3 K ITA E,, 
which is called the ſecond form. 
Here n==— 2, and in — 1 ( 21— 1) 3, 
conſequently # = 1, which is an integer number 
not leis than o. FFF 
Then d =4, c=—1, 5 = , and r = —2, 
Wherefore 5 (TT) =— 1, 5 (= 5 — -) = 

| P'X—2 

© and B= — 1+1x>2: and thus A (= : , 
w_ | 2 * 2[x—1 


&: —1+Ir="* -:) would be 4. os 
| | 21—2xx 

Now this being not the fatne with the former, 
cannot be the true area: though in this example 
(and it happens ſo in ſome other examples) it is 
what I call the imperfect area, viz. the Fluent of 
this figure, For by putting & = o, the 3 
this 


| &f 


. « 


We; Ra 5" 2... 


ster. V. 1e PI. Ux INSA. 
25 from which ſubtract the ſaid 
Ax 


Fluent, and the remainder is = = r A; 
| 2-2 


this Fluent is 


as at firſt. J | 
| | E X A M. 2. 4 / $437 4 


EA _ 5 

Fy lex „ quere A. 

1 Tee 
This value of y being reduced to the form re- 
quired by our propofition is = dx3 Xx Eg, 
wherein 2 is = 3, and therefore not leſs than o, 
and in — 1 (= At —1) = 7 therefore 7 is = 2, 
which is an affirmative integer number; conſe- 


quently the value of A may be had in finite terms. 
Thus 4 = d, c=, b=—g, andy = -; 


5 


wherefore (TTT - +2) =4,b ( 5 
| = 8 


= £ ad B=f—ok And then 


Y 


W 
As K: -g mw ff; nn „ 
( Xt. Fo 8 1 "T 22 55 
Cott Agi = Nen 
„-g — ff:) is mY Akte d x. go 


754 

6 3 bar 

If it be objected that, though my canon doth 
not extend to the area itſelf, in purſuance of the 
{aid 2d form; yet it ſeems, by what I have added 
in my firſt example to give, what I call the imper- 
fect area, viz. the Fluent ; which may be corrected 
by putting the fluxionary letter therein = o, and 
then- finding the difference of this reſult and the 


ſaid Fluent; for in either of the firſt or ſecond 


forms, 


288 
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Fig. forms, the area or Fluent ought to be corrected 


8 


after it is found, and then N will come both to 

the ſame thing. | | 
+ wa X74 YE 

| To find the area of a triangle. 55 

Put AB S 4, CD= , Co = x, cd 2 1 then 

by ſimilar a 4 :: X29, whence by = ax, 


and . ©, „ therefore 5 = ESD Fluxion of 


the area, whoſe Fluent is _ 1 2 = abt , 


its equal, then - becomes 2 area 4 the Par 
Cebd, and when 5 flows to D, "ed will coincide with 


AB, then the area of the triangle ACB = - 


E Xx A M. Is. ö , 
To find the area of a parabola. x 
Put AB = 4, BC = 3, AP = = % EM =y; the 


2 equation to the parabola is ax = in Floxions is 


* = 2yy, which multiply by y gives * 257 the 


Fluxion of the area, whoſe Fluent i is yr = = lat and 


by ſubſtituting x for 3y its equal in the expreſſion 


=, then the area = 2xy, Now when P flows to 


B, PM then becomes BC, and the area = Jab. 


Univerſaliy. 
Let ax = 1. be an equation for variqus parabolas, 


then. y = _ LT » Which multiplied by x gives v 


a 17 * the Fluxion of the es, whoſe Fluent is 


2 


PET! 


912 


i 


to 


A 


f 


— 


is 
1 
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3 Fig. 
* of Fs „and by refloring 3 75 by fubſtirat 


# 
ing its value above, is 8 xy the area: 


1. . 
Let 4 = 7. Here MII, =; then 85 xy 
is = 2x5 the arca, 
2. MS 
+ 7 pe . Here „2 35 then 


K the area, 
ET xy = 2 BY 


Let ax=y6. Here ni, =7 then 5 5 
t 2x9 the! . 3 
Let 4 . Here m= 2, #=1; z then 229 
— = 4 the are. "RE 5. 4 
Let ab. " Here m=3, ni; then 55 9 
= $69 the area. en 
EA 4 1 
To 0 Ind the area of a circle, © 


Put CM: CPD = 15 PC = Dx, PM =, then 32. 
by Theo. 1 t, Geo. xx ＋ 2 = D rr, and 77 — xx gανh, 
and therefore y = Vrr—xx, which multiply by &, 


Is 9x = *r rr—xx the Fluxion of the area. 
. 


But 2 * S ＋ 27 or rer 


which multiply by 4, then i 1r—X* = IN 
U - ** 


1 


32. 


Awn INTRODUCTION: . 


Xx , #%x | — x &c. whoſe Fluem is IN — 
2 7 


x3 x35 


2.3r —= | 
but when PM he to A, it then vaniſhes, and 


x=r=1=AC, And the ſeries becomes 1 — 
1 „* 1 1 | 


* yy = the quadrant ADC, 


which multiplied by 4 gives the area of the whole 


circle. 
Or if the diameter AB i, then the ſeries will 


be che area of the whole circle = .785 396. 


Or thus. 
The ſum of the ſeries 2222 X into I + 


"£0, MOVE LE 1 
5«*%) 5. /* 3.7. * F.. II&“ 9.11.13 
— &c. when x = 2 —9, and y = x, expreſſes the 
area of the quadrant of a circle whoſe radius is L- 
The given ſeries is 1 ＋E + A —3B 4++5'C—F+ 
D + & E &c. Compare this with Prop. VII. p. 
35, of my edition of Stirling's Series, and you will 
find T. = 2701 T for the equation of the terms, 
and the ſueceſſive values of 2 will be 22, $5. 28 


192-68. Max, 1 then 


=4zT + 457 = 2 
x < + &. 


4 up five firſt terms of the given erden which 


is .784416, and put T = i E, the 6th term, and 


the value of z (correſponding to SLY will be 758 
whence we have : 


5 


diet, V. 710 Freier 1 
$=": = 4+ tc £ * 
4 E+3 +4 7 * ug 3 9 8 


Ly 2 


Us 17 Ree, Its : 


Thr ien 
by 
9 


. 
* * 
„ 


1 00984 
Add 284416 
The ſum 783398 is the atea of a quadratit 
bf a circle whioſe radius is 1. Alſo ſee Ex. 3, p. 59. 


ER AM. 


To find the area 70 an hob 85 ä 
2 AD = DB , CD = c, DP=s, PM: =, 33. 
then PB =I, and AP T; they by.prs pro- 
hh of the elliplls AD*: AP x PB: : BC N 2 
hat is, t: h — : cr: . therefore 7m = 


Ne x ct and y = 2 Vu Ar, which multipli- 


ei by & gives gt S £f + Via, the Ftuxion of 
the area of the part . 5 


r 
Now. == = — 2 2 — — 
a 61> 36> 


$ 4 2 * 
1825 &c, which coltplied by 45 is ts — = — 


nx Oh — 1 Kc. whole ren! is = {1 — 
8 1675 >. - BRUT 


2:36 IT 7. 2 EM 9. 9.12875 Tue . | 


Us  riplied 


* 


Ax INTRODUCTION: 4 


c x5 bong 
* ON cm — — 88 — —ę— 
3. Wel ws = 2. Jt 5816. 7.1675 


— 5a " for the area DCMP.. Now when 
bas. 12815 


P flows to B, then PM vaniſhes, and DP becomes 
= DB, or x t, and therefore the above ſeries 


will be te — 8 — AS. &e. the 


4.9 & 5.8 27. 16 9.728 
area of the quadrant DCMB, which multiplied by 
4 gives the area of the whole ellipſis, or 4te X 7 
I I ESP M 


C 


2.3 $58 9.16 9128 


Þ ROB. XIII. 


To find the 1 of ſolids generated by tbe rold* 
tion of planes about an axis. TIE. 


Put the abſciſſa = x, ordinate = , the gene- 


'— gating curve = 2, c = 3: 1416 * 32 = circumfer- 


ence of a circle whoſe radius is 1; ; = ſurface ge- 
nerated ; then 0. K 


R 1 2. 


Multiply the value of the circumference of Me Al 
generated by the rotation of any ordinate about the axis 
| of the curve into the Fluxion of the curve line, the 
produtt will give the Fluxion of the ſurface which is 
generated by the rotation of the curve; the Fluent 
thereof will give the ſurface ; that ts, SY 

5 = 92 or cy X V xx+)y, for 2 = Vxx+))s 
whoſe Fluent is s the ſurface required. 4 


ExAM 1. 


To find the ſurface of a grand. | 
34. Let ACB repreſent one of the faces of a pyra- 
mid ſtanding on a yore bly and put CD * 


o 


* S + 4 av - 
5 * : ” » * 1 2 2 4 - 
Auto 5 ade K 0 * 3 - — — cam 4 ' & 


— 


ſherefore = = — 


1711 


I To ind the furface- of 2 right 8 q 8 | 


| fors xx put WET 2 in Tar expreſſion VER Is IF 
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AB +6, Cd S , ab =, then ſince the triangles Fig. 


Cab, and CAB are fimilar;” it will be'#{y:t; 4: 5, 34. f 


bx 
then ꝙ 55 h, and p = —, which multiply by &, 


then 2 = = is the Fluxion of the area Cab, 
| kd bx . 
whoſe Fluent is ” = 7H now put y for 8 its 


* 8 2 5 9 a * 


equal, then Wh becomes = 2 for the area of the 


"ſpace Cab, and if the point d flow to D, then will 
ab coincide with AB, and æ will ve =. and Dü. 


* 
— Nr , 


— 19 


* * 
* 


E. X 4 1.4. 


— 9 = 9 


put CD a, AD 5, Cd =x, ad I curve * 
AC S Z, then cy is the Fluxion of the ſurface, 
but 2 XX +J)> then cyZ = <7 +41. 


9 4 the 
.Fluxion of the ſutface; but Cd: ad:; CB: AD; 


ne pond " 0 FJ 


D 18 TI Nag & Un Wes rer — Neander I 
* — 7 be 
* 1 pa ws — 4 * > '*% at * ” . 
e 1 4 th wi „„ "4 3 — 
90 PE) — * * Nyc 4 2 J —_— 
=" 917g? 5:1. + IT TT TT 


D as ++4b, whoſe Fluent i i 2 2 vVaa+db, the 


Are Ye the cone '2Ch, but when Thaw to D, 
then ad coincides with. 'AD, and y = 6, cond. 


sf +, 


2 * U 3 quently 


— — . — 


9 

id 

7 

4 7 

Ex 


ACB; but PERK = =x = AC, therefore 2 — 
Wake ſurface. N 1s 46A 


ExAM 3 
To find the ſurface of 4 8 1 2 
1585 = radius, then by the property of the 
figure 2 — ; 20x — ur, in Fluxions 2 = = 24 — 


| Lr, or of = = as eg. whence 7. — E =2 
ſured egy = Ee e, UE te 


2 2 3 


. 
ls x, for which ut, then yy = — 
ene formhich put then = DOE 


now 5 g = 5 the Fluxion of the 
| win: os 2 2 — Above, chen-we ſball 


2 rn. 42 
COR I —.— N 
N f 


. —— —22 has 


94 2 . 
4 Ta. Z e e ON Fa 
23 2 8 = = = tax, 
3 Vluear i. 4 =o of 
Fluent is Sa the 5 furfoce the 
cs ag and when & 20, then 4cag, the ſur- 
e dhe whole ſphere.” 


2 llc g 255 we TIT D „id 
0 . no 
mt: _ paraboloid. 
wm 
Wop 7 then by hacure of the figure | ax = 
i Nena W ö 2 12 „ 8 | TE 
1 * t, wenge b eh. Fluxion 


_ * N » 34+ 2e. is £ oh 
$2 17 6 > * 2 
1 2 


a*x Maxx + . A 


— —— 
. 2 ; 
2: 
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2 22 Lege 8 Fig. 
* — 27 2 ued is 8 . 4 "7 


- 
* * 
- 
0 


or putting b; = 2 87 we mali ths * x* += | 


2 0 
. 


g bar 5= e 


the Flurion of the 77 ſuperficies, = cy X 
+2 — 2 2 — K e bog Fu 


3 1 
is 2 "3 boy — : E — 2.2 Ce. the 
80 9% Nudilel 


32 Ion 
Live fathace 1 de whole paraboloid. THEY 
Let. y= I2, then the curve ſurface 1 is = ＋ 5. 


* þ of 


* \ 
4 


PROD. A. 


89 — 


| "© _ the content e ſolid bodies. 
Mottiply the area of the hafe deduced Fm th 
equation 1 eſſing the nature of the curve, 
Floxion of che axis, the Flueſt thereof is the VT Ag 
Let abſciſſa = x, ordinate” = = Y, ©  3:1416, 


* 
* 
. 4 


S = ſolid content, ; and S'= rc the Fluxion of the 


variable ſolidity. 
Then by the equation of the curve exterminate 
one of the indetermined quantities, and its Fluxion, 


out of the above equation S S 99x, and the Flu- 


ent gives the ſolidity. 


„ ENA M 21. 


2 o find the ſolidity of a pyramid. 


Suppoſe the pyramid ſtand upon a ſquare baſe⸗ 
let AB the ſide of the baſe = a, CD M b, Cd=, 


94 4b 


34 


.* 
——. .. —— —— 


2965 An INTRODUCTION; 
Fig, ab =), then by ſimilar menen we have 4: 1 28 


34: 51x, hence ax = = by, and * = 2, in Fluxions is «< 
= 25 but y = $ the Flux of the variable 
ſolidity Cmn, for * Put — its equal, then V be. 


| comes == * = = S, whoſe Fluent 18 255 I 8; now 


if we conceive Cd in a flowing 7 and to move 
till it arrives at D, then ab 87 40 Wich AB, and 
. 
becomes a, whereſore == = = = S 8, the 
ſolidity of the pyramid ACB = a of the baſe 
PT. JOS by one e third of the altitude. 


a 


EAA M. 2. 


To find the Jolidity of a cylinder. 
36. Let AE = EF = , EA *, mn = y, then 
chr = 8, the Fluxiod"of - the viriable ſolidity 
ABpnm, whole Fluent is, S =; cyyx 34n0w' if we con- 
ceive x in a flowing tate, and to move till it ar- 
Tives at F, then mg will 8 with CF, andy 


becomes = a, and x =>. therefore, 8 = cab the 
ſolidity of the whole cylinder. = 


2 EF = bo Sh then cab 

| 27143-484 the ſolidity.. | 

UE E e 3; 1 Di 25 

5 Jo find the ſolidity of a cone. 
37. Pur CD , AD b, Co x, mp 


i "ge then 

K: FE $1835, e = die, rand 7 55 = —» ſquared 
= 1 

i FS \ by 8 = e therefor for "py ſubſti- 


a r 
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rute its equal in. the expreſſion cyyc, then 8 = 1 


— e Fluent Ig 8 44 — but 22 92 
: = A Jaa ' $5.3 11487 & * 7 


— 


Ebbe above, then 8 = 22 '= 2%, and 


Zar 
when Co flows wD, un wil coinicide with AB, then 


cbba 
»=b and & = ='s; theretore E '=S, the ſolidity 


3 
of the whole cone ACB area of the baſe multi- 
plied by & altitude. Wherefore the eirbimiſerib. 
58 cy linder. is to the inſcribed One a a 1 


FAA 4 5 
To find the ſolidity of a ber 2 οο = 


Let the diameter AB gg, Ah = x, he =y, then 38. 


3B = @ — x, by property of the figure Ab x bB 
= bc, 5 that ĩ is, ax — xx =» bur 8 N, for y 


ſubſtitute ax — * its equal, then S=caxs wn cl, | 


cax* ; cen 
whoſe Fluent 1 is 8 = — — —. now if we con- 


91. 


ceive Ab in 4 flowing ſtate” 1 to flow or move 
till i it arrives at B, then x i =8&, and 8 = 
ca ca zca.—2 ca 

— — — . <* = the ſolidity of the 
— * f 5 And the ſphere i is to its circamfetib- 
ing cylinder as 2 to 3 And to the cone as 2 to 1. 


Let AB = = 12 = = : &, then z= el 7808 "the 
ſlit of. a 12 _ipckr globe. -- 8 = 304 l 
E x4 0 85 ee 


1 


To find the ſolidity of a parabolic conoid. generated 


by the 3 of the ſemi-parabola EnBF bou'its 


is E 
FW Fut 


— — — = ata I 
7. _ by oY * * - 


and 3⁰ = — „ how for 56 ſubſtitute in thi. 


3 - — — 


— 2 — — — 
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Vip. Put RH =I, AB R 4, Es 3 then by 

H mature of the patabola 8 * the 
Flaxion of” he variable Ria be . TE on 
men S = car, whole Fluent io 8 = = = * 


pow 1 if we conceive: the ardinate on. in a Roving 
ate, and to move till it arrives at, or coincides 


with the ordinate FB, then & hteqmes g= 5, and 


cab 
$54; and = is'= === the folidiry ofthe whole 


parabolcid, * area of the baſe multiplied. by half 
the height ＋ na ce eircumſeribiug cylinder, 


Let EF 2%; AB IP =, then = 
= yop8s5 | the "A : Lan 0 = 
e ©" Ads gn 2 


al 


To fad t the ſolidity of. 6-ſami-cubical Wee 
Abo e 4 ="; or * = 


— — 2 | 
21e 1 Ph : 3. —  C 21 ein 8 r 
16 ins 
des. E e in e j is — 
— Tron? Ds» = n nn 7 36. i ma® 
10 bild 5: —q * 1 — Epps 
5775 but $ = 99%, put 72 = ==>, then we ſhall 
LETT I ki © 18. 91 * 
1 0 8 88 00 513 07 D Le. TY C5 151) 


* 25 Soy = biyiy the Fluxion of the ſolidity 
ie n 7 boy' VP Stan. ; 


& 


. 
4. 
* 
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pr— 3 
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= Ex AN. 7. 1 | 1 8. | 


? 
04 
1 ** 


Put r= = x, 4 = parameter e 785 be 39- 
relt as above, then the area that AB ant Its 


2414 


revolution is 400. this 4 into r is 2 
is ax = = 235, —— 4 — for x put 2 ; n- ' 


che expreſion Ps then S= . 205, what Fla. 


Boy 
et is S = I" but 4 fate ==, then 


for 44 in the expreſs 25 ſubſtirate 2. then 
89+ gc! 
Sd= 2 = a7. = 20 . neck it is 4 I 
"x ( | 
content of the cinder Os therefor the 1 
rabolle PR 20% iy "at's of 49 & its cen. 


ſcrib a0 pln —— 1 
Ex AM. 8. 


7 find the ſolid beroid formed 2 o. 
EL of. pe B about * 2 15 4 
Let AD =, CD S , Dd = x, de =; then 
AD S x, and BJ = + x. | . 
Now by Pee! of the ellipſis de : Ad x B:: 
D: AB, that is, 1. — 1 2: 40: u, whente 


na andy Hg, 


> Uh 


= bot 8 = = 2 then for 1 ſabſtitur its om 


then $'= OE. t de Thson of the bl 


M. | | 5 | dity, 


—— 2 


” 
— 
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T 40. dity, whoſe Fluent is 8 caax — = now if 
* edpeeive dc in a Ring ſtare, and to move till 
arrives At, and coincides with CD, then x be. 
7 =: 25 and therefore 8 = = 44 ˙1— = = cait 


— 3 ee - — A2ca't 


the ſolidity of the 


IC” 


7 3 3 
"6 TY. equal to 3 of its circumſeribing cy: 
linder, and when 2 = the whole conjugate diame- 


S 12% 2 


ter, and the whole tranſverſe, then — ves = ſoli 


dit of the whole ſpheroid. 
et AB S 60 =, CG = 24 , then 4 
$6316. 896 the ſolidity of the whole ſpheroid. . 


ETA U. 9. 5. e 
To find the ſoligity of the fruſtum of a a cone. 
1. Put — EF =: * = 3, CD = 5 c= 


9854; f=l—d; 3 Eo = Ar = = x, then by the fi 
milar triangles AsC, 1 we have a:f::*; 


E = 2mr, then ein 9 87 
v3 2 10 * * Vs Bi 8 N * * N An FY NE) C 4 > 
4 Ie gau 2E 


e = > += d 
tiplied © * c is =: 


1492 


. 8 J 4 a . > aft; 1 20. vB 
Jrawniinro & 18.8 = <2 = nw rk, the 


Eluxjon- of the ſoliBity,. di Pot. :is-S = ch 
4 cbfa* Fo 7 


770. z now if we conceive Eo in a flow- 
5g" ie, "and t 0 move to 1 bende becomes = — 45 


and S e A dle E. = COTE Xx 


«215 . (az. 


0 


l 


by x == 55 * : =, the ſolidiry of the 


. 
— 
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id; but Fd -b, which put, then S = #.+ bdFig. 


3 + £ Fer?” X ca = 3bd + 4 —2d + yy 


fruſtum. 
Let AB=2 =6, ods: 4 4, EF = Sf, 


then dd ＋ 25 + 2d 7 = Mm 9736 the fruſtum 3 
ſolidity. 


F X A M 66 p 0. | 
fo find the ſolidity of a body bounded by four we 


iſo oſceles, triangular faces. 


Let ABCD tepreſent the ſolid of four equal and 42. 


regular faces, each of which, namely, ACB, CAD, 
is an iſoſceles triangle. 


Let the baſe AB = CD = a, fide AC = AD= 
. b, then the 3 of one of the 


faces, Viz. Cc = # — TD and the perpendicw 


Jar of the ſolid. 18 "oy 3 — which put = — „ put 


rm = x, then mn Ax the other ſide of the ge· 
nerating parallelogtam, and a — * X * = ax — xx 
8 the area of the generating plane; then 4: 4: 


"6X 


„ the variable perpendicular, whoſe Flux- 
a 
* 2 * 
ion is Ss =, and ax — em — K . 
4 9 1 
cx 


(XX — — = 8, the Fluxion of the variable ſo- 
ldiry, whoſe Fluent is $ = = — __ now if we 
conceive 


3592 AM IN FRODUCTION: 
Fig. conceive rm in a flowi g ſtate; and to move till if 
44- arrives at, and coincides with CD, then x will be. 


ca 
come = 4, and we ſhall have 8 = — bis 


15 2 22 
— — 8 ==: = 2 ＋ 6. ber the folidiry = _ * of the cit · 
cumſcribing ths. | 


Lo AB = COS 5= i, ACE BC=5 =, 
then _ perpendicular of the folid is e = 4.52769, 


and © — = 6.79153 the ſolidity. See this done 


Abbe way at page 83, of my Introduction to 
Fortification and Gunnery, | 
"ESaAM it - 
To find the ſolidity of à priſmoid whe! baſes are pa 
rallel one to another, butt diſproportional. 


43. Let DF 4, BH, CD c, AB = 4 pet. 
pendicular height DM = p, DN x, then by fi- 
milar triangtes DM : DN : : BH = DF : IO, that 


i r84 bs; 2 # = 107 nts, DIC 5 

DN +: BC — AG; : OL, that is, p: „:: d - c: 

= = x =OL, then GO =a+ =, and OK 
dm 4 


E; =c + e. but a — — * 
9 Pp p 


is the Fluxion of the folidity, VIZ. S = acx + 


= axx + = xx + a x <= &, whoſe 


Al 


| 2p 
Lay 
—— — 


755 x3 for the folidity of KOGE ; now if 


We 


Ve 


we ebe N to RY in a a flowing tate, ik to pig. 


wT0 DM, then becomes p, the ſolid 
of the whole ptiſmoid BE is DF AB + BH > ws 


1 co aBH x AB + 2DF x CD * \that is, 


_— 


ee {4 21 744 ac 


be: * ren che, 2 


"Lan AB 38 = 4d, DF 12 = "4, =o 
= den e aG223, aorta eue then 674 


x 4 + I 0: 7 = 34464 the outro th 
whole Priſmoid, FL 
E X A 16. 14. 


To find the ſolidity of a parabolic ſpindi arc, 
revolving round the ordinate CD. 


Let axis DB = b, ordivate CD = m, B = — *, 
En = == = b=-x, np K, then by property of 1 the 
R 


eurve ar = 22, and # = 7 now 5 S -n 


a . 3 ., 5 N 23 e 88 
Flaxions 3 is = 3. and * in Eluxions i 


; 22 5 * | 7 22 5 
— 25 * An 
| 28 


2450 for 3 put 5 chen 202 becomes 


Ez but the Flue of 5 = 2 8 


552 2 which put for y in te ex- 
| | Preton 
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4 precl on © EE, Sew becomes Fra 


K HE 8A u UG * 
— 4. 40e 
— . + 2 — 8 2 „ whoſe Flvent i is ——— 2 
91 36 — „ ef > 34 
| + 5 — but in C, where S = = 6, 2 * = 'S, cerefor 


Nr 
LE. 


* Prop. XXIV. the F Juent corrected i is 8 32 
aw Ac — Ae | Bbw. eb. * 


— 34 + SO. 34 1754 WT 
56—3x fot the folid Cnpret, but — $=0, and 
2 K . t che folidity of = whole parabolic ſpindle 


2 = = = = area of the baſe imukti- 

ner, = length or = | | 

Let CD = = 108 2m, DB = 2 18 = =, then ae 
= eee the ſolidity. 
Ex A Ms 


11 TRI 
| | the ſelidity of a Hperbolle at} formed | 
55 . revolution of . hyperbola AMCB about its 
axis: AB. ) 

45. Let AB = - 4. BC= 4, tranſverſe a axis AN =2b, 
then NB =@ +26; alſo put AP x, PM =p, 
then NP 2b + x, and | by the-property of of the hy- 
perbola NB x AB: BC: :: aj =, that 

xx ＋ 254 
is, aa +2ab : ad :: a8 + 2bs: — Y. 
but S=9yx the Fluxion of the variable ſolid AMP, 
now for yy ſubſtitute its value above, then S = 
cddx*x +264 bxx whoſe Fluent is 8 = 2 — 

4 240 3aa+6ab 

abeddx 
WETES TS 


now if we conceive theordinate PM in 
a flow- 


14 1 
* . ad ky 
. «+ 6 5 : *. : I 
0 1 * * 3 \ . : "I 
£ x "y y . 6 Bp © G * +4 
* * 
| - 1 2 * 
* . # 
x A 7 . 3 » 
i A 1 3 x 
7 : * W. o N 7 — 4 a 
x g —— — hy | 
\ — A bo x 3 
= — 0 4 2 . ; 4 N 
9 N ©, . a Y a n | ; 
| „ Ws * omni 7 . 
— $ ; 3 14898 4 — 
- : 3 — * *. F .. * ; ; y $7 wo 
| J 1 R * ' £1 7 : 4 F 
| | | | | N . . 
» 5 < . 5 1 o | | | | 
— * N 
p * 1 5 * 28 — * >. * „ 
1 1 — 8 nn : | | 
* nr f 7 1 . ' . | 1 ; 
— Fo "At A £ -_* . | | 
+ " . > $4 KK - 4.44”, * : * a . v : | | | 
: S 8 45 5 T: | boy 
— * * . ' 15 | L 
= 1 7 * 8 | 
7 « | 
44 7 * s 
; x g 1 * 
\ 30 0 | 
IS: | 
' 10 
- * $ ' „ 4 a 4 | | | 
| F 
* 
| [ | | 
. | | 
* ks , * | | 
* | | : 
"_ * | | | | 
: : | 
4 : | | 
( 9 +: 2 ! | 
% - "of w | | 
| * > N 
* 
* 
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a flowing ſtate, and to flow till it arrives at, or co- 
incides with the ordinate BC; then AP will become 


= AB or 4 — a, and we ſhall have 


cddat 
35 * 
. 


, the folidiry of the whole hyperboloid. | 


* AB S 10 S a, BC = 12 =4, NA = 20 


= 23, then cdda cddba 


| 728 ＋— wy 2073. 486 the ſo- 
lity of the hyperboloid. | 
EXAM. 14. 


Let the ſami- ellipfis CBG, and the ſemi circle CHG, | 


4 both be conceived to revolve about the axis CG; the 
ſphere generated by the revolution of the ſenii- ircls; 
will be to the ſpheroid deſcribed by the revolution f 


the ſemi ellipfis as Bt to PB. 


Draw PE parallel to BD, and mn infinitely near 
to PE; let GP = x, PM =y, DG = * 2 


DB S, then CP r 27 — x; and let 7 expreſs 


the tatio of the radius to the periphery, then 2 


will be the periphety of a circle deſcribed with the 
tadius PM; mioreover from the nature of the el- 


- 


lipſis, 1 * . 25: = - — = PE, henee the® oy 


of the circle deſcribed with the radius PE = = 2 


whoſe atea is B. : ED , which iukiglicd by & (Gm) 


2 — the Fluxion of the ſohefoid z alſo the 


area of = circle deſcribed with the radius PM is 
" = 


pives 


306 


Fig. — A which drawn into & gives 7 the Flux- 


above expreſſions, then i Bo en — 
pA 


Whole ſpheroid will be to the whole ſphere, as 
r | 


Ax INTRODUGTFION. 


ion of the ſphere but CP G = PM, that 1s, 
Y = 27x — ax, which ſubſtitute for yy in both the 


27 7 


2 | 4 8 - OP 4 y 
, and 2 becomes — _ PX" the Flu- 
* 5 r NE EN 


| orb ph 
ent of the former is 5 ee and of the lat- 


' 
de : 
ter is — — now when x = 2r, then the 
27 . 


72 57 , * Or as 44 to 47, 
that is, as ? to 7*, or in the duplicate ratio as DB 
to DH - Ms 

And by the fame way of reaſoning it is evident, 
that a ſphere, deſcribed with the radius of the 
greater ſemi- axis of the ellipſis, is to the ellipſoid, 
in the duplicate ratio of the greater ſemi- axis to 
the leſſer. 


I ſhall here inſert ſome eaſy promiſcuous Pro- 


blems, with their Solutions, for the benefit of my 
readers, which will further evince the uſe of Fluxions, . 
| y 
PROM 1, " 
| There is a ſtone whoſe length, with twice the breadth 
and three times the depth, is 144 inches, and its ſoli- 
dity is 10% feet; required the flone's dimenſions. 2 
put 144 S 4, 10% feet = 18432 inches = 5, 2 
x = length, y = breadth, and z = depth; then 


ND =£ and = 2, whence ©*<2 
3 | 330 c 7 


— 
— 
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= 50 and an — K - 2xyy = 353 here are wor 
unknown quantities and but one equation; how 
canceive x in a flowing ſtate, then the above equa- 
tion in Fluxions is ayx — 25% — 257% = oo; dis 
vide by y, then @ — 2x = 2y, which multiply by 
2 is 24 — 4% = . Again, lety flow, then axy— 
KY — 2x99 = 36, in Fluxions is axy * — 4x 
= o, divide by xy is a —X=4), hence 2G — 4% 


4 - xX, and x = - = 48 inches the length, 


a 33 
= = * he breadth, dz= — = 
5 8 x = 24 the breadt 1 WE = 


16 the depth. 
p R O B. II. 


Required that curve whoſe ſubnormal i is = = a, an 
invariable line. 


Put abſciſſa 4 = x, PM =y, then by Prob. II. 22. 
YL = = PB the ſubnormal = 9, 


by the queſtion, then yy = ax, whoſe Fluent is 2 


we have x : : 2%: 


= ax, or 24 = yy the equation to the curve, 
which is. the common parabola, and half the pa- 
rameter is a. 


P R O B. III. | 
7 o find tbe nature of the curvi whoſe ſubtangent is 
Ex an K ur. 
na Tm u 85 5 
By Prob I we © i 5 5 5.05 2 he fall 
E 7 tangent 


3 Au INTRODUCTION 
Fig. dax ru N 8 
= tangent = 32 where d = 1m + 2, hence 


= de, whoſe Fluent is log. y=+ 12 
dax xx 
: x log. aa + x, which is, being properly reduced, 


* = = 4 Te A.. the equation of the curve. 


"Ford he 


PROB. IV. 


70 inſcribe the greateſt parallelogram in the common 
parabola ADE. 


46, Put a = parameter, AC = b, AB=x, then BC 
=b—x, and ax = yy by nature of the parabola, 


where x = >; but BC x BD = area of the re- 
angle BDCE, that is, S X y = by —yx, now 
for x ſubſtitute 5 its value, then by — 5 will be 


the area a naximum, in Fluxions is 2 — 3 So, 
a max. dividing ” is ab = 3y, whence y = 


25 and x = —. 
"i 3 
KV. | 
To inſcribe the * parallelogram in a quadrant 
of a circle. 


47. Put radius AC = CD = r, BC = x, then BD 
=Vrr—xx, but BD Xx BC = xVrr—xx, the area 
of the rectangle BDEC, which is to be a maximum, 


| Ix — 24 5 0 
in Fluxions is — = o, whence rrx— 2K 
5 rr — XU 5 8 


. =o, divide by & is rr — 2xx and x=rv/=, which 
being known, BD = V7rr—xx will be known. 
PROB. 
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| wh 
FROB - vi 


To inſcribe the qreateſ refangle in an equilateral 
byfrbola. K 


Let ADF be an equilateral hyperbola whoſe ſemi- 48. 
axis is GA, put GA = a, GC =6b, GB x, then 
by property of the hyperbola, we have * : 4: : 4: 

_ = = GT, whence BC =: 3 and hy nature of | 


the byperbola, the ſquare of any perpendicular BD 
is to the rectangle of the correſponding parts of 
that axis (ſee Emerſon's Conic Sections) as the ſquare 
of half the ſecond axis is to the ſquare of half the 
firſt, that is, BD = V zx —aa, whence the area of 


the rectangle BE will be þ—x x . xx —aa, a max - 
imum, in Fluxions is 
AX Xx —6 X*X—2Þ*xX—=204*XX + 24 ba 


„ on mamno BY eee 
- 6bx*X — 2ÞxX — 2, + 24 S o, dividing 
by 2xxX — 26x is za — bx — ag = o, whence by 
compleating the ſquare and bo . the root, we 


get x = 34 + SEL = 
known, and ä BD Ve aa. 
PRO B. VI. 
Required that curve whoſe indefinite quadrature is 1 
K* | - "ON 
expreſſed by —. _— 


The Fluxion of = is is ES, and 55 is the Flux- | 


= — — PR — — 


, then BC =b — „ is 


ion of the area of py curve by Prob. II. therefore 


" = 5 by the queſtion, or ayx = 3 &, di- 


X 3 viding 


310 
Fig. 


49. 
49 5 


49. 
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viding by 3x we have x* = - therefore the curve 


ſought is the exterior part of the Apollenian para- 
pole whole parameter is 4a. 


bor KA =<=DB. 32 8, 'AB = CD gi, then by 


roperty of the parabola tay = wx, now it is plain, 
that the area of the parabola CBD. is 3x5, there- 


fore CmBAC i is 3%) pur . : =, ww ſubſtitute 


1 
for y in the abave expreſſion, gives * * — TS = 
the area of CABnC. 1 


PRO B. VIII. 


Let x3 — 9+ = ax*y expreſs the on of co tg 
DB. Now there is given the curvilineal area CDB= 
55634, together with the invariable quaniily a a = 3. 
to find the abſciſſa CD and ordinate DBB. 


Put 53672 Sb, the equation of the curve is x: 
* = ax*y, for x write 25, then & = 2393, which 
ſubſtitute for M, and the equation becomes 23y} — 
* = az'y, divide by 5 is 23 —y = az?, therefore 
33 2 — az? , and 2y or x = 5 24 — azi, which in 
Fluxions is & = 425 — 3az*2, then = 


42 2 —3a4² R N Zeman = = = 42% — 74%YZ+ 40 242 


the: Flurion of the area, whoſe Fluent is 7 =_ 


7a2% 302 


n ona of: AY 


= 116793, whence 2 = 4, * = > hh the abſciſſa, 


gndy = = 16 the ordinate. =p 


F ROB. 
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Admit Stamford bears due ſouth So Doncaſter 70 
miles, and Sheffield due weſt from Doncaſter, ſuppoſe 
30 miles; a meſſenger is diſpatched from Sheffield to 
Stamford in order 10 perform his journey in the ſhort- 
eſt time:poſible, but by reaſon of bad roads he can tra- 
vel no more than 3 miles an hour until be arrives at 
Tuxford, fituated in à diref line between Doncaſter _ 
and Stamford, and then he can tpavel 5 miles an hour. ; 


required the time of bis performing the whole Journey, 
and the diftance between Doncaſter: and Tuxford. 


Let A denote Sheffield ; D, Dencaſter ; T, Tux: 50. 
Ford; and 8, Stamford. Then there is given DS 
$5—3 AD ="20:= 7 . de the 
miles travelled per hour, and put x DT, then T8 
m -x, and AT = Vas Txx, then will the time 


of deſcribing AT= Ve de. chat of TS = =, : 
7 


and the whole time No Vert xx + 3 4 : 
7 


a minimum, whoſe Fluxion | is 


Ne 2 Pe 
divide vy + giv = = 8 N 5 whence 4* = | 


ap 
PV aa — ad 122. = Bp = 227 miles, 
Veer © *& 
the diflance between Doncaſter and Tuxford, hence 5 
AT . = 37% from Sheffield to Tuxford, time 
of going 0 12% hours; and from Tuxford to Stam- 


ford, — = 9% hours, and the diſtance between 


Tuxford and 4 Stamford is 475 miles; and therefore 
= may finiſh his) journey in 22 hours. * 
| X 4 PR © B. 


/ 


giz An INFRODUCTION 
Fig. | 
FS p RO B. X. | 
Required the area of the greatel parallelogram iu 
ſited j in the ſeg neue of a circle, whoſe chord is 40, 
and verſed fine is s 38. 


51. Given AF = 20, EF = = 38, hence —.— + — 2 

2D = 24. n n, and EF — El = = RY — 
13.736845 . 

Let KD x, IK ,. then * = #4 * _ 

in Fluxions is xx * * = o, therefore 7 e 


2 "> 


but the maximum is my * x = mx+ xy, therefore 
its Fluxion yx + x7 + mx = o, in which for 7 and 
xx write their 9 and we have 27 + my =, 


3 rol 


therefore y = — 4 = 14.062766, hence 
& 2219.772187, and the area H= 1099. 318135 
a maximum. 

| p RO B. Xl, 


There is a paraboli lical Jolid of good oak, formed by 
the rotation of the curve of a parabola, about the axis 
at the vertex, which therefore is the axis of the body. 
If this ſolid be placed horizontally with the thick end 
in a wall, it is required to find the 3 rectum of 
the generating parabola, /o that ſuch a ſolid 20 feet 
in length ſpall jult break by its own weight. 

52. Let AB = x, AC or AD =, parameter = a 


then &y xx; S = 3.1416, in this ſolid the con- 


tent is = the diſtance of the center of e 


85 from the baſe A 2 _ 4% 
By Emerſon? Mechanics. 


1. The ſtrength of a cylinder is about 44, the 
ſtrength 


Ser. V. 2 FLUKXIONS. 
ſtrength of a parallelopipedon whoſe fide is equal 
the diameter, (being a very little n than the arca 


of the ſection, which is Ec). 


2. A cubic inch of oak weighs .463 ounces = 
— | 

3. 1651b. ſuſpended at the end of a piece of oak 
an Inch ſquare and 1+ foot long, vill juſt break... it. 


Hence the i at A will be 47 x * = y, 


— % 


as "end that is, 11 :18X165 :: Sp 

: 4X X 4x) X _ that is, 1: 29702: y: 

1091 1xx , . 47 O9 IIA . 5 % 
=. 77 or” z that is, 1: 2970: : 

47 X 30: 8 X .09118. 


- Therefore $8 ZS 29 a 22 = 5746020 inches, 
8 K. 91 


xx 
= =. QI, | inch, the thick- 
and y 7 01 and 2y = A inc the thick 


neſs of the ſolid at A, that it may break by its own 
weight. | 
Cor. Since neither x nor y is concerned in the 


equation, 4 e cherefore the para- 
meter is the ſame for any length x, as well as for 
20 feet; that is, the ſame parabolic ſolid will equal. 
ly break at any other length as well as that of 20 
feet; and the parabolic conoid will conſequently 
be equally ſtrong eyery way, or throughout to bear 


its Qwn yOu - 


ROB. 


g14 
Fig. 


LES 


A INTRODUCTION 


© +4 +. POD»: Ra 
There is a meadow bounded by three equal and fimi- 


lar curve lines, whoſe convtxities are all turned to. 
wards one another, the length F each curve line is 
given=50 7786 chains per Gunter, and 157 equation 
expreſſing the nature of each curve is 2 = = 547 **, the 
meatow's content is required. 


Let m = $0.7786 the length of the curve, 


AB= x, and BC = = then ſince f = I-20, o. 


* = axꝭ, we get J=x vas, and „Ha +} 


Va + gax,whoſe F bent by form 3 Are gals 


27a 
m, the length of the curve AC, hence * = 


27ma + $15 — 

85 85 * = AB = 40.016452, y = BC= 
29 971732 and AC = 49.996229 = 2x. 
Again, y = x Hax, which multiplied by x is y 
SN Var the F luxion of the area, whoſe Fluent by 


oye. 3 mW Vas aud by ſubſtituting for x ax 


1 the aten of the curve ACEA, hence the 


= ACE = =o, and the area of the mea- 


dow = e 307 Lg = 722. 55936 chains aue 


8 
=72 1 0.95, 


p ROB. 


www.... 


Li hd 


- 


3, 
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RO B. XIII 


A le xibie chain eigbteen inobes Tong was bung hori. 


zontally. on two pins juft 12 inches aſunder; 


required 


a theorem to find the loweſt deſcent of the FD and 5 


fe area of all ſuch curves. 


Let the chain be ſuſpended on the two fixt points 54s 
A and B, and diſpoſe itſelf into the curve ACB, 
C its vertex, CD its axis, and EF an ordinate ; 
draw the tangent FG, and F H = FC perpendicu- 


lar to the horizon and GH parallel to it; then let 


the tenſion in C be repreſented by GH = a, CE 
= e, EF =y, Fern dea 
Fm perpendicular, and un parallel to FG, then 

un = &, aF = , lee page 151 Emerſon's 


Fluxions, whence by ſimilar triangles 2: a: 


.. 


therefore ax = zy, which is one propetty of this - 


curve called the catenaria; ſince FH is the perpen- 


dicular force ar weight of the line at F, and & the 
Fluxion of the: renfion of the line in F, and there- 
fore the Eluent x=tenſion or force acting in direc- 
tion un, but in C where x = o, this tenſion = a, 


therefore by correction, the hole tenſion 


drawing 


in direction of the curve is & + x, and this is the 


force in F FG; therefore again by ſimilar tri-/ 
angles, a T *: 2: S: x, whence ax + x = 23, 


whoſe Fluent i is & + 24x = 22, Which is 


2 
3 of this curve; therefore a = 


4 


* 
che 


AE = 1 


2 + * ad +22 


by form ay is 2, 302580 X log. — 


fubſtraing 0 the value of a, We have 7 


2 
X 2.302 


2 


Ax INTRODUCTION- 
Fig. X 2.302 38 X log. ZE; now if we ſuppoſe E | in 


a flowing ſtate, and to flow to D, then 1" 
6. O31 2901 the loweſt deſcent; : an 


Again, a _ 45 — — whoſe Fluent is 


form 9 is 02 — 2, 3025806 * log, LL, 
a 
hence the ares of the curve ſpace ACB = =2xy + 


2 x — N 
| | 209 — 202 — I — — — — — = 50.1816. 


Another way. 


55+ LetABD =9 Sc AR, BD =3 6; AB Y 
drawing AR parallel to CD, and making AR AD, 
the half length of the _—_ by property of the 


curve, the parameter AP = Ae 


ſee above; 

then by nature of the > curve, we 5 7e 2.30258 X 
7 2c 22 + x+ +cc 

NE. + £5 ——_ = þ, this 


7 2x ( | (__ cOmey — 


2* 


being OS by divigon and extraction, will give 


2.36250 x log. 7 8 = g = 
5 2 "I ac 
__—_ x log. - — 2 5 t of : 


i * | el 2X7 
— 2 wy 5 
2 + 2 &c. - 6, or by ſubſtitution ax* + 
dx + n, &c. =p, whence by Theorem 6 in re- 
verſion of ſeries, # = 6.03139, and conſequently 


NE 


1 * * 
&c. thar'ts i 
» GE, that Ie + 


* 


PL. v. hd. 376 


« 


% » # 
* - 
5% 
* * 
J 
* 
f.. x 
* - 
* 
4 
* 
&+ 
1 
\ 


£ 


* - 


29 — — ww _— 


Py 


- 4 


of 


2 
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AP = 3.7; but by Huygen's Theorem, the area Fig, 
| WDbAPW is equal to twice the area of the rectan- 
gular triangle PAR, which taken from the area of 
the rectangle PWDB, leaves the area of the ſemi- 
catenaria AGDBA = 254.092, conſequently the area 
| of the catenaria = 50.184. 


PROB. XIV. 


| To determine the law of the weights, which nd 
each particle of a perfeti flexible line in ſuch manner 
4 that it ſhall form a curve, whoſe equation is ax . 


Let a = force or tenſion of the line in the point 
L of its loweſt deſcent, any abſciſſa = x, its ſemi- 
| ordinate . and the arch correſpondent thereto. 
ez; then 2 = ax (as is inveſtigated in the laſt 
Problem. ) But by the data ax=y+ whoſe F luxion 
| is ax = A = yz; therefore 2 = 451 = the gra- 
vity of the line, or the required law of the weights 
preſſing perpendicularly every particle of the {aid 
| line, which is as the cube of the ordinate. 


PROB. XV. 


Let an arc of 30 degrees of a circle whe diameter 
| is 100, revolve round its fine, required the curve's ſu- 
© perficies of the generated ſolid. 


Let DC =a=a 25, c=3. 1476. then AC gg za, 56. 
AD = 4%, = = 43.3 n, alſo put x = CF, y=FG, 
then TY. + 2x = 4), therefore x = 42 

2 — *, and the Fluxion of the curve 


ſurface i — --* 3 let = af 2 yg, 


— 


7 2 —2 0 


an 


Fig. 


ſuppoſed to be the Apollonian parabola, whoſe vertey 


57. 


A. 


5 iNnTRODUCTION 
4tanv 


| and i it is 7e Acav, whoſe Floeit, by form 


10, Is 4c X An — b, where A 55 017433 * de- 
grees in the arch, whoſe ſine is — and rad. = * 1 


Which corrected is 4c . An = E ＋ 2 — b, where 


B is the arch of zo degrees, radius = Iz and when 


5 S 24 — , it is 2c: & 2% — N arch BC = 


731. 20816 the taperficies require. 


FRO MW 
Given the perpendicular height of an Apothecary' $ 


mortar = 9 inches, bottom diameter = 6, top diame- 
ter = 12, and the curvature of tht mortar's fides are 


is a point on the uppermoſt edge of the mortar, or ex- 
tremty of the top diameter 1 required the content in 
wine gallons, 


Let AEHK repreſent the mortar generated by 
the revolution of the parabolic curve EK, about 
its axis BI parallel ro DG; put BE =6 S ga, BI = 


9 — 2 3 3.1416, * = any abſciſſa 


5 Rein + LE, — — 4 , and when 5 


DG, then EC 4 - n, and by Conics BI: 
mix 


C:: PG: DE" that is, B: W: «4“ — = 


WT 
DE: R therefore F 8 42 — 1 of? ; and the Flux- 


15 of the nnd XX X'a— mM mſi , whoſe Fluent 


mx? 3 


m = 8. i he folidiry & the mortar = c< 
1 ge 


Ster. IV. 10 FLUKXIO x 8. 319 


55 I 4 2 Ty 
Kö + 5M Pa 6 * + 33 ＋ = 57: 


466. 5276 cubic inches = 2.0196 wine gallons. 


Anot ber way. 
Put 26 = AE = 12; 25= HK=6, & = Bl =, 
(= 3.1416, S = variable ſolidity HLGKI, F El x, 
FG =y, then by property of the curve a: -. 


(= 1.) 2 124 — *: = „which gives * = . 
„ IA, which in Fluxions i is 4 = = * by . 


this drawn into cyy the area of che greet planes is 


Ix 7 by'y —J=S, whoſe Fluent is = SE 2 
Thy * 2c 3 
TE = 8, which when y flows = =bi * K 


ht hb 64 


_—— ——= 6 = 
=” + 2 466. 527 cubic inches . 


wine gallons. 


"> 


- Solidity = © x 8 =0) and 
1 4 


3 
IK = 5, and ſolidity o = x oo — — ſubtract; 


3 + 5 
and the correct ſolid. = —— * 3 + —,and 
when 7. = B, total ſolidity = = — No ens din ons nc ＋ 


3 + 3 + 
3 
= 2 NC... = „ the correct Flu- 
„ 4 


ent, as above. 


{ 


PRO B. 


320 An INTRODUCTION 
Fig. | 
To refify the common 3 whoſe equation is 
20x = . | | 


Firſt & = 7 in Fluxions x = 1 ſquared is 


"ge 2 FA and conſequently 3 2 WOE + 9* =) 


TY" 


* a” Fx ran x r. 


9 * | | 

or = 2 = - — __— now the 
75 * 2V ppty b 3 

Fluent of 975 is 2. 30258 log. y TV +)"; 


by form 9, which call F, and by Prop. 21, that of 


— - LG is 2. + 2 2. —5 ; therefore the 


p 7 
whole Fluent 2 = 9. 2 5 + 
2.30258 log. . | 


P R OB. XVIII. 
Required the  ſolidity and curve ſuperficies of the 


ſolid generated by the arc LM, of the parabola, re- 


58, 


volving round MN as an axis. 


Put a = VO, 5 =:LO, d NO g= G, x = 
Ma, y mn; then by the nature of the curve 


= 2d: : d: x; therefore x = 2 +, 


in 


- 


Ster. Ne vo \FLUXIONS 1 
in Fluxions * 2 22 hence 99% (the general ex- Fit Se A 


Preſton. for the cubation of all folds) = — 25 2 


REL at | 9 


5 whoſe Fluent i 1 35⁵ X bo = S, the folidity 


1 „ ; | | 
Jughl : | 4 

| | IC bf fi 
Faw the 8 Se 3 | 


Let every thing ſtand as before, only let C: I -” 
1 uperſicie ſought, then becauſe = 1 0 = il 


| „ 22 cherefore 5 8 (= _ SOT 5 FF =)'= 2 8 9 | 
oe TIRES 
5 SAY Wy gs = ff aN =6 « 
| ' whoſe F Juent i is 57 Ow 14 + * = 1 the curve I 
| 0 ſpaces fght, 


| To find the curve "arti of the. ungula of a colin 
der, cut off by the oblique Plane BF. 


Put zr = VQ=CD, v FD, d BD; x = £9; 
5 90, 5 ion = on, 2 S arch mQ = Qs, CES. 
quired ſuperficies; then by fimilar triangles v: 


422 * 2 2 =:BQ; whoſe velocity ax drawn into 
V 


| : v 
che generating line 22 gives 


* 
A INE 1 n 8 . rr 
C TTT 


24%2 


8 
ꝛdxN = v, and 242 — Adr 2 6 * 2dr, 
whoſe F luent is 2dx2z = vC +'24rz — 2dry, theres 


fore common Algebra we have Ty + b 72 X 


_— =, therefore 755 


) 


7 . Y | "4: 


=: 
P 


60. 


dividing the baſe AB, viz. making AC = CB; thes 


As 1NTRODUCTION. 
If the ſection be at the center, then v, #, 1, and 


5, are all equal, therefore 2 * 12 — 72 * 5 
' = 2dr = C. But if v = 2f, that i is, K the . 


tion be made Giagonal wife, then dz = 


that 85 
the curve ſurface id juſt half that of che Ao 


Tm z which Py be proved from other principle, 


P i'd B. XX. 
Lit ABDE repreſtit a cylinder, cut by h plune DC, 


wil BY 4 BD 5. the ſelidity of the flice CBD, and 


the aren if the plane ABDE = cnvex fuperfieies. 


Draw GK parallel to CD, and IK to BD, then 
are the triangles KGI, and DCB ſimilar ; put u 


AC, » = BD, x = CG, then VH x l, then 


by ſimilar triangles m: :: Vi = — 


* — therefore the area 6f the triangle GIK= 


— * nf — and multiplied by & gives 155 


Xx „x, the F * "uy the ſolidity, whole 


_— X hf — Ft un when = 2m 


3 
it is 22 SEED, the e epics 


Again, put y = diſtance of any parallel ſection 
from the plane CBD, then will xj repreſent the ve- 
locity ' wherewith the ſurface is generated, whoſe 


Fluent y is the area of the ſurface contained be- 


tween the two ſections, and when 2 z, it is 
amm the convex area of the ungula, = = AB „ BD. 


PROB. 


„ 


OR 


* 
0 


. bere is a YE: * by an EY fag 
dinate and curve, whoſe equation is ax = yy, and 0 
area 4 minimum; #wo men A and B purchaſe it, A 
being to have the triangle VBP, and B the remainder. 


erpendicular thereto) tis required to find the ſhare of 
each, and to determine the points V and M, in PA 


| are longed, and PM drawn Parallel to AB, 55 geome- 
cal FO. | 


ow there are given AP = go poles, and AB = 40; 


< 
* 
i | 1. 


Let AB = b = 40 AP =e=90, I = a” 
PM . 5 ; | 7 PS 
bb 

1. * = = bb, and . 
* ax +4 . 3 . 


3. x +c is a ninimum = x + © DET? 
25 
ind putting — — for a its equal, we have & +7 5 ＋ 


2 = 4 minimum; in. Fluxions A — 6 


8 
3 Sd 3 
e e eee & e 
— —— = 0, or 2X XK n = 
S +5 -;- * 


88 hich beg reduced gives » = 5 =45, wa % 


— 


conſtructed thus, 
Set off ZAP from A to V, and JAB fam P to 
6, and AB from P to d, biſect de in c, with the ta- 


dius cd and one foot in & deſcribe the arch aM. thro' 
VB and M, draw the curve, and the thing is done. 


The area of the whole parabola is = 6235. 38 


7 = U 72 = — : 69.282. From Shave it may be 


Y 2 a 


| 
| 


—— — — oy — 
— — &; Yeu 22 * a = 


(0 
7 
1 


/ 


34 * INTRODUCTION 532 
Eis. axles = 38 2 35. And the 5 
ele = 16 3 20. Conſequently - 115 2 
*B' e = oe: 8 118. bogs 

ſhare . 16 3 2 1 


p RO B. XXII. | 
Given the radius of a circle = a (= 2800 to Ind the 
area of the greateſt inſcribed parabola. | 


62, Let AD = 50 = a, parameter = v, abſciſa 
CE = x, ſemi - ordinate AE =y, then by nature of 
the parabola vx = , and by property of of the cir- 


cle 2a — Xx Sh; therefore vx = 24 — & X x, 
whence x 24 — v, and 9 = = /2qv vv, then 


vill the area of the parabola = 222 ——— 
3 


* 24a9—0v, N 1283⁰ 96avi—1 924*V*—1 694 
maximum, Or 1283 ＋ gbavi— 192 v—1 644 
= maximum, which in Fluxions is. 128h⁰ + 

| 28 8 — 384d*vy — 64v* = o, which divided 
by 4v 18. 324 + 72 — 96a*y—1693. = o, which 
will be revolved into theſe factors z — 2v x 8 x 24 
N 24 —V = 0, hence it is evident the parabola 
will vaniſh when 22 — v = o, and be the greateſt 
when @—2v = 0, therefore v = 44 ='2 5 the pa- 
rameter, x = 1 = 75 the abſciſſa, 2 = 2 32 


43-30127 the n ontiissse and the; — of the 
N = 4330-127, 


PROB. 


4 


Szct. IV. 10 PF L UK 10 N 8, 323 
e 1 
3 O B. XXIII. : 


_ av = = +* expreſſing the nature of a eurpe, 
to find a general expreſſion for the value of AE, ben 
EP 7s the altitude of the greateſt cylinder, that can he 


in a ſpace Sed by the rotation o — 2 its 
axis AP. >: 


Let AP =, 2PM =b, „ AE 2 DE S, hen 63. 
EP = =d—x; boar by the nature of the curve x = , 


u ee ien 1 13 * 
e hence the bare of the cylinder; is =p 141 g 5 
, e Ne „ 070 ub 
| - > <1 EY N 
2 3 
X JE =x. 1416xd—2 F maximum, or 
3 of OREN: 

n 30+" 5 N nnn N | 
"ith re Mt maximum, in Flurions N 
1 mn 2700 | n Ane 
5 e; whence y'= = 2 r N 
2 "—= | J BY Lan . 891 \ . 
and 9 AE, as. s required. © Dre Ad 


ConoLLany. ate at Ha 
Let AP = 30; now if m=1, a=25 then 
212 = AE and EP = 18. IS 

If the figure be a cone, then n = 1, 1 2 03 and 


r 20 2 AE, and EP =P: 10. EH the £ 
IE Joys then # 1 iy: 1 Ii; and =" 


* 
9 


% Ay INTRODUCTION 
Fig- | 5 2h8 ara 
rf P R O B. XXIV. 


Given y + x * n an equation expreſſing. 
FSF 
CGG 

dir Firſt yy + 15 x = xx, by ttanſpoſition — 

2xxy = * — x4, compleating the ſquare is yy — 

_  . 2xxy+**=x, whoſe root is y — A , whence 
+ & the fluxion of the area whoſe fluent is 7514 


© = 1468; 
= 140 


vte, When x is afigned then y calnot be taken 
at pleaſure, ne bran Sr apa ons 


5 NR * 
* 


P R O B. XXV. 

Suppoſe the earth's radius 3985 miles, and that ABC 

_ 3s a mountain ( formed by the lemi. rotation of the cate- 
varia inverted) whoſe Height BE. is ſuch, that a royal 
pendulum, which meaſures true time, at (A) the foot 
of the mountain being carried to the top, will. in 24 
* hours vary 1 4". 24" from the truth; and a cannon 
ball, whoſe grtafft borizontal random is = BE, be- 
ing projelted from the top at B, with ſucb à direction 
as to carry it the fartheſt poſſible, will fall at the foot 
of the mountain A. Required the length of both curves, 
be ſuperficial area of the mountain, the velocity of 
"Bad A, Ind ib gl of dem M. 6 

_ Firſt, to find the height of che mountain. 

Let r= 3985 tniles:the earth's radius, m=24X 
—-60xbo = $6400, '= 86400" —1' 41 24 = 


$6298" 2, then = — = 467684 miles the moun- 


jain's height = BE. 


| B SS 


Or 


pi of 


Bror. IV, To FLUKXIONS, - 883.5 
Or ſince the number of ofcillations-in each 5 bs 

being ent they will be as the time in ane p 

to the time in the other, viz. 1440 to 144). 69. „ 

Leer 3985 as above, x=radius of the earth and 7 

the mountain's height; the force of grayity being 


as the ſquare of the diſtance from the center, we 
ſhall have 1440s = 1441 bor, therefore we ſhall - 


. 144% bor _ 
2 2 23989. 67684 and 3989. 67684 


— 3985 = 4.67684 miles the mountain 8 height = = 
BE, as before. 
Ils et B be the focus of the parabola EDGA, ad The . 
take BD = SBE, then will the curve DGA cut the | 
line EA in the required point KA. 
Put BE = 4.67684 miles = 6, then BD = 23 
; ; parameter "0 property of the parabola) corre- 
ponding to the diameter DBE; EA = = then by 
Property of the curve yy = 3}, hence y = 2a = = 
15 10052 5 miles = EA, half the mountain's baſe, | 
| Fut £8E 16.25 feet, BD = 123468576 feet 
= 6, then 2be = = 891.24323 feet, the prejectile.s 8 
f velocity at B, Apain, fay a V 2 :; ; V3 
2322 34 = = 1543-67856 feet, the projetle's Ve- 
ity at 
By the g jon, Nu will biſect the an | 
and by : guelion, the Lig GBM dre 
46% the required angle of direction. 
Put BE N, EA =, 2 = the arc BuA, then 
by nature of the catenaria (ſee Prob. 13) 2 


2.302894 log. £ g++ nax* * 1 whence 6 2 


have * = = 


| 4 
0 7.688766, therefore 2 = VN 9638458 
= miles the length of ihe? catenarian arch BAA, the 
double of which gives the Whole Ege & the ca- 
in | tenariay arch 19. 36g16-miles, | 
| T4 | 7 O00 


150 


A IN rAepverton 


Le Put c = 3.1416 2, then by ! Flur 


bs. 


ions, y — cax g 266. 97 A r miles, the ard | 
of the mountain. . 


Laſtly, to find the length of the parabolic curve 
deſcribed. by the projectiſe. e 


Let ER =D. 35332 ene <BDC, | 


cb x, DB =, curve CB =; then will & = 


V i ; but the curve CBA is a parabo- 


\ and m= = 1 will be ceanaformed wt ® +=. 1 


whereof the corred Fluent will be 2 4 


deſcribed by the projectile, is 10.5174 miles. 


ang! te the 38 8 2 * the earth. | 


| parallel to the baſe, that the atea of the ſame may be 


« 


la whoſe equation is 2bx= I in F luxions | is 265 


= 235, whence 20 EA and by ſubſtitotion above, 


2 
* —— 2 , which h by putting v Sy cb, 


. 


Falls , 


. 


FEET 


22 77 5 230058 log, 2+ — ETA \ from whenee 


7 — © 


by taking 1 2 4, the length of the curve CBA 


N. B. In the above ſolution, no regard is had to 
che mountain's attraction, the reſiſtance of the airy 


LEN 1 * O B. XXVI. 1 
Given the altitude of a cone S a, Wy the } Waite 
of the baſe = c, to find where it muſt be cut by a plant 


4 mean proportional between the-convex ſurface of the 
Fruſtum of a cone, and that of the greateſt under that 
can be inſeribed.i in the top. part cut off, 


If a = altitude = VP, and e diameter y36, | 
= KS 3: 1416, and for 7 "pa. | 9 


R 
147 


. VT * * 
* 
1 


3 b * — 4 \ * * 0 * a „ H F ” 
. . * : " N * P * Oe FE. 7s * by d Of 
. . * "op — - My q | 
PL .VE. pw 20 7 5 | $4 
» . : * * * ue - x ; a : | 
| | 1 » 


— = — — — — 


Seem, Iu. ore  FLUXIONS, | | 
Wa-; and a: G:: 222 = = CE the diame- — 5 


- 3 * 


LY 


| 0 of the plane, and = _ hp the altitude of e 
cylinder, as was proved Ex. 9 de 3 et mini- 


= „ ANT 1: 
tis. ? 1 W AB the di- 4 
2 © - 91 ef: "el 
ameter r of che cylinder ; therefore - — Xx — * 
4 


e 
/ IY'y J $ 5 {44 * * 1 
bs a * a * SA «4 1 * 


Ae of the cxlinder, then — x 


ol 4 * $ 
e 11 4. Nen 
0 4 a 


areas of che plane. = SDR dals; 7 


we, 


4 


\ 


FE Again, 425. — 2 * <7 =EG, there: 


T1 * Ni 5 EA | 2 0 ̃ oz 1 2 9 

cr ac m 35 2 
Gre . 2 X ESR 7 7 * * u convex uke of 
ers | 70 27 


the fruſtum, —— NN 


cx +ac | 
pr * — * — 1 — * 4— K per queſtion, hence: we 
have, | iy * 648 46 
Gans 
162 © +288ab. 
LJ 2ctmab | 


Ann * 5 
eee = ſupericies' oft png plane. 


2.57} 


0 — 


* beorem I. en ofrheeylnd. 


7 beorem 2. 


remb * 
© 
. corem g. 76585 2095 5 — = ſypetfiiesf be ce ＋ 
fruſtum. ; d e 


* 97 . 


$90 Av INTRODUCTION: 8 
IS LOT DP RIK XXVII. WED 
24 


Given = a 
| plutons obo mmm ee 


eee of and A = A 
| byp log. of 4, then will X = 7 by the nature 


of exponentials wear 75. 8 , which being 


a multiplied by & is 5 = XxX __ the e of the 
variable area, bels Pen is, by Ex. 43. pa. 64. 


 Emerſon's Fluxions, — = 1 ob but x is given 
= 10, and X=2. 30288 5 its . logarithm, 


then WED = — "3900. XK 2.302884 — 1000 _ 


BA 1 2.364555 X 2 9 * 
ee = T2. 5391 e req . 


— * 2 


P R 0 B. XXVII. - 
| Given the baſe of a parabola = $0, FRY its alti- 


tude S so, required the neareſt diftan, m the mid 
dle of t the 2 to the curve. LL 4-406 mee row | 
. . BC, let BE. he the dis- 

tance required, 


Put 50 2 4, 40 = , AC =, then will CE= 
42 — 43 by nature of the curve we exe 4. * 


EZ and Y = BC, and by Theorem 11. 5 
2 4 
my — to Fortification and ts eh 


- Fluxions | 


dier. m., 10 LUX OVA . 
Flutions 3 25 — 24x + 2x 205 expunging ; & PH 


* ä r whence s c 2 


— 


= 3 und 


7 os _ 


*. ev . 


* 


RO B. XKIR, 


Vieh NE the fide of the parallelogr am BEIGE [AB 
= 18 chain (per Gunter) and "op area equal to the 
Ses of be ſy CDGEIHC,; # 3 required to find 
ie grrateſt number of ayes db can be ee 
the parallalogratn CDG HC. 1 A acer 

Put AE = BG 2 4A 18, „ = GE, then will 68. 
ED or HG = V ax by the queſtion, and therefore 


DG will be = x, conſetijuently ax — as 
= area of CDG HC, which: muſt be a minimum, in 


Flugions is ak = — = So, dividing by 4 a ceo 


SV axꝭ 


- pipe when y/a7 ain. and * 2 * 


| VÞ = 12 chains, =ED de. and | 
: Senta che maximum is - aa = : 48 ig. chains = = 


JA ZR SF. 


e 
To A the nature vf the enfve that will eur all pa- 
rabolas (that have the: my veriex and axis) at _ 
angles. | 
Let FCE be the curve e and let Ag to gg, 


parabolas AC, As, be inen near, Ce a parti- 
5 2 77 *. WP \ cle 


— 


8 Ax INTRODUCTION - 

Fig · cle of the curve between them, CT a e 

Draw BC, bc, ordinates to the parabolas, and DE 
i 45 ordinates to the curve. 

Let AB or DC = x, BC of AD = y, ED =», 

AE = d, oc = &, oC = - = andy = d—v. 

Draw the tangent CQ, then Cs perpendicular to 

O, or to the parabo] a at C. Therefore the tri- 

angles Coc, CQB, are ſimilar; and BQ = 2x, by 

nature of the parabola, ſee EA. 3. Prob. 2, for draw- 

ing tangents. Therefore QB: BC: : C: oc; that is 

2: : d—v: : : : *, whence 28 = — . 45 — Vo, and 

the Fluent i is xx = xx = do — 190 == X 2dv—vv, or 


DC = X id, 8 . to an ellipſis. 


e if AE = 10, A = cb = nearl . 
ax 01 DEE | 52 40 5 


4 wm ——ͤ— — 


P RO B. XXXI. e Dl 

zo | Given, y = 7x22 1. where 2 is an arc Am 
of the ſemicircle: AmB, y = any variable ordinate 
PM of the curve AMN, and & = its abſciſſa AP; 

to find the area of the curve ſpace APM, (When 
AB = 20, and AP = 6, ) by a general Theorem. 

' |. Firſt, there is given y razr, which multiply 
by * i = Sr to find the Fluent, let @ = 


- © 4X Ss „ 
20 ax—x x 2VL A- 
Rule 8, find the Fluent thus, aſſume Fl, * * 4A 


diameter, Tag s.= 


| 2 

| : f Nee raxizx 8 5 

2 whence 5 S = = —==; let A 

m0 L 2 CET 
p razA 

mx . and e s = "EZ — 1, whence 


e 2 


* 
41 — 


ds 


Seer: IV. nu ie ns 


r. . 
wu wy but by 10 and 1 r forms, A | & == . 


16 


3 2X — 0%" >. 05-0 5 3 | 
a . whence i nn oy 
7 * * . 
| rag = a+2% nod rhe 2 3a 3 
2 . 4 Var x = Pe ; 
ATE IC . — Vic = BE 
ar- 4 8 
ares 20788 and ; = 3 Q grfx 
— — — | 
$6.8 16 —_ 5 16 716 Sos) 16 * 
. . * — 
E, when the area = © + 1. \ 


PROB. XXXII. 
# the relation between the abſciſſa and ordinate of 


@ curve, be expreſſed by yx. ors a ol X dxtt , Jup< 
Poſing x the abſciſſa, y the ordinate, to find the area. 


Firſt y = = FF" x dei, put a+cv = v, 
then ch.] = 2. By Rule 8, wy in the laſt, 


Suppoſe the Fluent of yx = dos +9, then will 
lig eg udo inles — 411 whenge 
a dun- o : | . 
. in Fluxions: = 
!. p : | 
1 — 1 I. dun- X bn 3 
NE or SS 


= dc nu - n 3 1 
— — ——— 2 


dp 


E. 4s ids rie 3 
« == yp — <a da A 5s in » Hawn 


. dee. 


= — — — 5 1 
1 eg 1.1 41 
i P+leP+2-2 +3 1 e e 
whence the Fluent 2 9 — — a 2 
e 


* 7 


— B a c. Fc. 


— —— 


p+2-v p+3.v 


PROB. XXxiii. 


Let Heeg expreſs the naturt of te cw | 


ACDE, with reſpel to the diameter is ke 
quired to find the area of the greateſt - eher triangle 
-ACE that can be inſcribed in tbe ſaid cu1 boſe 
baſe CE Hall cut the diameter AD at r right 232 


71. Put 1000 2 4, E A, RE = 2; and 97 =, 
| then if 2h + axy expreſs the nature of the 


to the diameter AB. we ſhall 


pn” the equarign of the curve with refpect to AD, 
bu + 3QWiz* — d + 4x = 0, conſequently 2= 


27 =, and — 9 — 


= 2 be a ar, 
which put into Fluxions and reduced, \ ſhall have 
this quadratic eqQuAtion,u — Su = = 75 where a= 


542.76, and à = 143 9s. and bt area will 
de 7815% - 
P R O B. 


PE” | "oe. Me. an Ac oo ah. WR. 


m 2 


zer. V. ro FLUXIONS 386 


. 


, * — 8 4 
+ 5 ©» 4 »1 LA ; 
2 6 | PR O B. « 
” 1 0 . 


Suppiſe a ball i be projefied with a vtlacity of 400 
feet in a ſecond, at an elevation of 4g degrees, aud 
that the refitance of the atmeſphere, at its leaving the 
mouth of the cannon, is 1 the force of gravity in a 
given ratio -( ſuppoſe that of equality); to determine 
nde diftance the bail muſt move, before-it arrives at its 

greateſt altitude, its velocity anſwering to the ſaid ak 
' fituds, together with the diſtance deſcribed by the ball 
when its velocity is a minimum ; ſuppoſing the law of 
reſiſtance ta be as the ſquare of #be celerity. 


As ET: EH: : Ait: 2 400: 282.8 fa6 the 72. 
velocity in the direction of the horizon, which . 
and let a = velocity with which the refiftance of 
the body is equal to its gravity, then by Simpſon's 
Fluxions, the velocity at the vertex A will be er- 


preſſed by FE 5 and 127 diſtaner or arch 
EA by 2% x 2.30258 lag, 1 + 22S, uhere Q! 
= +wVTF# + * X 2.30258 X log. w + 
VI T, (u being the tangent of rhe given cleva- l 
tion 45 degrees) and 4 £5 z therefore in the pre- 
ſent caſe 2vv being = aa, and waz x, the velo⸗ 
eity at A vill become —— and * n 


= 67 X 2.30258 x log. TFQ = 1901. 1h 
Let the velocity at A thus found be denoted by & 
then the velocity at any other point B, in 3 
a | | rection 


\ 


3% Af 18 TRODUCTION » 
Fig · 
tein PB vin be expreſſed by r 40 


the arch AB 15 20 * 2.50258 & log. 1 += 7 | 
w being the tangent of the ==> an and. Q ay 


above 3 - whence | 1: V7 EET: ; 
2 F 

ET I RF 8 A f 

250 the abſolute velocity a at B, which will 


be a 1 when E244, ; iS a nurimun. 


Therefore its Fluxion 26 0. X 1 + w 7 2 x 
I FF: Q=03 — == + 2Q: 25 


WY TID 9 + 2.30258 X log. w + VIT Tess, and 
conſequently LEED. — 2.30258 v log. 0 + 


VIEW = Ep = 4:29, whence = 227 = = 


tangent of 12* 48'; therefore the leaſt velocity is 
= 188.24, the diſtance deſcribed from the vertex 


2239.25, and the whole diſtance 88 — 
214030. ö N > 


b RO B. xxxv 


27 0 6 the ſolidity and convex ſurface of a ſemi 
e paraboloid, the abſciſſa and ſemi-ordinate of 
n * pou is x and y 5 


FS = =, Wo = _ pron 5 ern | 
Z = _ = $thcF laren of che ſolid ; Chat | is, C47. 
; * 


— 


* 


rer. IV. 10 FLUXIONS 


i * 5 
* xx+.= 5, whoſe Fluent | is ca? K 2 


— — 7 * — —-— 


ting — for 455 we have N * 1 1 = — = y 


3 41 28, che ſolidity; that is, the ſemicubica!l 


araboloid is + of the circumſcribing cylinder, as 
been ſhewn another way, Ex. 6. _ 


Alſo from the equation of the curve, * =: — 2 


* 


which) in b luxions is & = - 97 e * Xx 
24% | 


29 then xx +59 = 5 5 + . 


* 


3 ther PE 


FF + 7＋ * * = 2 VIE + 4a, e 20 


FFF (= 155 „ 5, the Fluzion of 


the curve ſurface ai whoſe Fluent is © x: 


23 8aBB 3” 
ON * Q (ſome avian quantity) = 
5.9.9 309.9 


8 where B = : V/ gy +44, but when y S o, C'=0, 5 


and 828 425 therefore the correct F luent i is * 55 


N 


| by 73 das 2.8.86 


— — r — = the eng lebe. 


5.949 3.9.9 307ſ5˙9.9 | 
of the ſemi-cubical paraboloid. 


Now if x 8, and y = 12, then As folidiry of 


the paraboloid will be = 1 551 nearly, and the 


convex ſuperficies = 582. 409, 4 _= has been ſhewn 
another * before. 


* 
5 . * v2 * 
921 >. 4 4 - L 


. 5 6.5 k 
q TR >. s £4 FE KS EF. 
- 
* 


1 * 
* 
—— —— d — — 9 
— 2 2 - 


- Pl . 
= * > - — r <; * 7 
BBB EA EE OS & . 
1 9 — 


—— »»» 7 ˙ A VO ot e 


= OS TN 8 * 
3 4 = P 
n * 
r — — — 
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In a parabolic conoid, whoſe altitude is , and baf 
b inches, be cut by a right line at ſome diſtance from, 
but parallel to its axis; what is the ſolidity and con- 
ver ſurface of that ſegment, ar part cut off, when the 
beight of the plane of that ſection is 5 inches, 


1. For the Solidity. 
73. Ler AC = hb, CD S b. 4 = latus refum, pn or 
1 S, Du = v. Then yy = Bn x Du = ax Mn, 
becauſe Mg is a parabola, whoſe 275 rectum is a, 


and Mn = 5 8 the area pMg = b y x Mn = 
12 13 "YES. 8 WIL FRE 49 

—, but y =—= , whence—— 

3a TOY V bb — = My 3a — gav bby bb=yy 

= Fluxion of rhe ſolidity, But by Form 10, Fl. 

= 017453 * degrees i in the arch whoſe 


fine 2 1 Se. Whence by Form It, 
24 457 | 
F.. IJ. = 4 X24 069 — 2 75 


1 * B © 3s 8 
. that is, ( by reducing, and expunging 55 
= I” FT 8 V Hy. 


| 2, For the Curve Surfade. 
74. Let AB , CG or HI =c, CD=z, Al = *, 
ID =y, ax=y, 324%? =», arch DEA, then 

8 2 
. the Fluxion of the ſurface CDE i AZ, bu but by 
the nature of the parabola & = 2 Vaa T. ſee 
Ex. 2. Prob. 3. And the __ whoſe radius 1 is y and 
| _— c, is Ag e — — L, &c. by Prob. 

7 3 y 2 rh 40% * 

7, there- 


Sect. IV. 10 FLUXIONS. 7s 370 


7, therefore the Fluxion of that ſurface is Fig. 
2 Hl ＋ * * - — . 
f 65 „ 
* . — + I 
%%% . Dog; 0 
&c. : X + a # get c 2157 
: * 4994 4 8 ta os 
vp — 2 x; 2cy + 3 c. 
4 649 
18 25 
4 4 LE Is. 
Cy 243) 2 
+ dre. 
705 


whoſe Flu. i Aa — = X pour apes HE _— —= sosse 


9 3 
x = + © xlog.y— — + 2 
4 6459 9 205 


from which take the value of the quantity when 
c, the remainder i is the tyrfacy CDE. 


P ROB. XXXVIL 


App ABG DA to be a ſpberoid; it is required to 
Aud S, the quantity of the ſolid generated by the circu- 
lar ſegment mnropcm, moving from BD towards A. 

. Or C the ſolid generaled by the ſow naorn move . 
ing from BD towards As 


1. To find 8. 


put c = CD, AC, 5s = CN (Scr) x = bc 78 
= cd, and y = ro rn; then by nature of the 
circle we have 2 — , therefore 2* = + y*, 


and by the nature of the ellſipſis we have = = 


8 = 


«% 


340 


Fig: 


; 
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— co or by ſubſtitution © 50 ON == — 2 = Ce, pur 


2 g = 4, then N —5 S, whoſe Flux- 
Cohn —_— 233 2 . 1 5 * 
é drawn 1 into — &: + —— — 
—9 N | 7 7 7 7. 
- 3 _— nc x 1 the area of the _ 
7. 0 7 


rating plane mnropem, gives; 


—2tyy | — ay - 
T5 36 d. 
| 25*ty 3 

— &cwhoſ Flu- 
- 22 5.70 dd—yy DE. 


25t dd StyR 8. 
ent by E. 9. r a - 


& ie YE -/ 


ſt 2 &c. When S=0, 4 . and R=0o, 


and z Or >= = * arch 2 8 3 


4 

= 210199 = = 1. 670794 &c. for which put Q, 

| stdd 
and then the correct F went is 8 = 5 Q — 
add S ũR 257 TY 255 
Ic eg . 
27ſt 2235 arc 

+' —— &c. where 8'= —- of a circl 
57750 7 5 


whoſe radius is 4 and ſine 9”; R — Vad —=” 


" — p. 
If the Fluent i is required when y = o, or when 


Fr, o, u, coincide. in M, it may be found by Form 


17 of Mr. Emerſon's Table in finite terms. The 


een quantity muſt be ought to - this 


. — 1 * 
15 aw. 2 


Ster. IV. ro FLUXI 0 N S. 


we | Fig : 
. Fat X: N als aft 


* 36 3 56 
and the correſponding quantities being compared 


with thoſe in the form, there will come out ox: 
— 255k 


1 25 — — F — 7 : for the Fluent, PINE. ves @ or 5 
Fluent of — 1 + 5 i or —— wa 


$4 * day 5 
found before to be — — * arch (rad, = d, and. ſine 


8 on * — — = R, and this laſt F vent corre&ted vey 


ad 
— —=q+ 3 — . and when = 0, "TY 


40. 


comes — — cherefore the F luent 1 is — 22, * : 
— at % F246 — 


e Zcdd wy rg 3c N 
0 a 
= 

| 2. To find C. 


Let the quantities be repreſented as before, then 
will rd 2 -, and br =2 +5, then by nature 
of the figure we get for the area of the plane 
2—5 
5 * 2 X 27 73. 5 * * ＋ — 
: — + — — &cc. = #, which 
3-57X2+' 5.7.9X2 z + | 


drawn into the F luxion e 2 = C, vix. | 


. ives u — 225 . a 1 
e 5 72 bt cc - * 


I 2 2 


* 4 4 
E — 5 N BE ; 
3 
2 
2 = % : 
' 3 


75 
tum of the parabola AMAD, CN, x=cC, and 


\s 


85 An INTRODUCTION: 52 

Fig. 2—5. EN 2 e. 22 „„ 4122 
1.35 2 ＋ 3.5. n W 
. ͤ —— ON OOO 
cz f 7. 3.5 2 T 3.5.7 Z2+5 

&. whoſe F luent (by Ex. 11.) is = — 3254v; x; 

= - + EY, 54 „ v. Ke. 

=c' the Glidir of e 


39 W XXXVIII. ; 
Let ABGDA be a parabolic ſpindle z, "tis required 


10 find S the ſolid generated by the ſegment een, 
moving from BD towards R. 


Or C the ſolid generated by the ſegment W mavs 
img from BD A 3 | 


put . &=BC=CD, a= Jt = latus rec- 


74 


dd , then by the property of the curve 


4 — 
6245.68 a: = y=bc; and (by Mr, 
RT 258 94 
Brown's Theorem) — X ü 1— ͤ — 
af | 2, 5 — 
. 
2 4. 5 
rating plane nurepen, which veide FRACE into the 
— 2X =. 
Fluxion of C & is - * 3 
a 3.6 
3 Has | 
TE — TI whoſe Fluent (by Ex, 10,) is 


N \ V 9 
n 


5 | "1 . 
Je; 2 EY 4 


— 


EIT"? 5 2 ks Vis 


P -#< — 6 . 3-H 
Y Oo * 
* - 
oo 8 9 L 
an HR. 4x \ : . 
Oo Vs — 71 745 "4 * 
* 5 


. 10 ＋ L v x 1 01 N 2 


7 — — 2% 8 ; 
og Hy 26 . 5 45 Pe, for the N 
E* lair of CmepornNC. * 3 25 
put 22 BN, 4=DN, 00 the biber, quantities as 5 5 


F in the laſt proceſs, then CN =5—b, therefore Ir : + 
be* - e's. - 1 
(by ſubſtirurion) 285 + — = s 7 


| by race of he figure MN =e 7938 0 e 
| and 9: eZ + + #4: 2 : g 8 5 


| T hen E-=2 X JF ge _ br = * 


did e. 
172 3.5 5477 — E 1 3.8. 7 X ge — bx 
H=beV 

5 ect = area of the plane 2 
6-7-9 * ebe 
which being mukiplied Fug 4 is 2 Bo 


Pak * T cal 1 5 5 de” == 


* \ : 4 
+ * » 4 8 
* * 


EE . ae —_ Kc. whoſe 4 54 
MI #3+5* 75 ge b 1 
| «> 2.46 4, 654 7% 1 are, aber f 2 . 2 

by E. 10 c X — + — 
0 f TE LOT 
722535 © ae the ſolidity of NorodDN. —— 


5 . * 
1 9 1 ö 4 * > | * 


FF inet: 


* Wa * k * n 
J >.< Ni * ; Ar * A 
8 WIS $4 ©. e * * £6, + 
* 8 * 
3 CF ; Is . 
0 * 8 N * 
— 
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